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Abstract

This study investigates the effect of hiring a monitor to observe an agent’s behavior
in situations where a principal can use subjective measures of his performance. We
assume there is a possibility of collusion between the agent and the monitor, i.e., the
agent can promise the monitor a monetary payment and get the monitor to make a
false report. We derive the optimal contracts in the principal-agent model and the
optimal collusion-proof contracts in the principal-monitor-agent model and compare
them. The analysis shows that the optimal collusion-proof contracts with the monitor
can reduce the agent’s rent and burnt money that occur in the optimal contract without
the monitor to zero. Furthermore, we also find that, under the optimal collusion-proof
contracts, the amount paid to the monitor is never greater than the above payment
reductions. Thus, hiring a monitor benefits the principal despite the possibility of
collusion, which implies that monitors play vital roles in contracts with subjective

evaluations.

*I am grateful to Tadashi Sekiguchi for his very helpful discussions and comments.



1 Introduction

When hiring workers to do a task, employers often cannot provide objective measures of
the outcome at the time of writing contracts or paying compensation. For example, let us
consider the case in which a person hires an expert to produce a product, such as software,
which requires a high level of knowledge. The value of such a product will become explicit
only after the client uses it for a long time, and it is generally difficult for the client without
the expertise to prepare objective measures of the product quality in advance and write
them into the contract. Alternatively, the extent to which employees contribute to the firm
value is often complex and ambiguous, and it is difficult to measure this with objective
measures (Thiele, 2011). In such situations, employers often use their subjective evaluations
to determine how much to pay workers (Prendergast, 1999).

On the other hand, there is another method in which, instead of relying solely on subjec-
tive evaluations, they hire monitors who can more accurately observe workers’ performances
and also use their reports to determine compensation. It is common in society to hire an-
other expert to report on the quality of technical products or to have supervisors report on
the subordinaries’ performances. In most cases, reporting the quality of the product or the
extent of the worker’s effort is not as costly a task as producing the product or putting forth
the effort. Hence, the monitor seems beneficial to the employer since she can obtain more
accurate information almost for free.

However, it is unclear whether hiring a monitor is the better choice for the employer
because the monitor may collude with the worker. For example, the monitor might receive
money from the worker and report to the employer that the quality of the product is good,
even though the actual quality is poor. In this case, the employer must pay additional
compensation to prevent collusion, which costs the employer. In particular, if the employer
can only use subjective evaluations, preventing collusion is expected to be a more troublesome
problem than if objective ones are available. Thus, it is important to ask what kind of

contract the employer should draft to prevent collusion and whether the monitor will benefit



the employer even in light of the possibility of collusion.

In order to answer these questions, this paper analyzes two models: one in which a princi-
pal and an agent play, and one in which a monitor, in addition to them, also plays. Through
these analyses, we obtain two main results. First, hiring the monitor allows the employer
to write contracts where she does not have to pay the agent’s rent and the costs inherent
in subjective evaluation. Second, as a result, even allowing for the possibility of collusion,
hiring the monitor is always optimal for the employer. We describe the characteristics of the
model and the result below.

In the first analysis, we consider the game, played by the risk-neutral principal and agent,
with minimum wage constraints. The agent chooses either a high effort or a low effort, and
the principal obtains noisy and subjective signals about the action. Subjective signals here
mean that they are private information of the principal, i.e., they are not observed by the
agent or a third party. In common with the second model, we set the specific model to derive
the optimal contract explicitly.

The characteristics of the optimal contracts in this model are that the principal gives
the agent rent and burns money on the equilibrium path. The latter feature is specific to
contracts with subjective evaluation and has already been mentioned in many other studies
(MacLeod, 2003; Kambe, 2006). When signals about the action are private information for
the principal, she can make false statements about the signals she receives. Thus, even if
the principal receives a signal that suggests the agent’s effort, she can claim to have received
a signal indicating that he did not make an effort to keep the payment low. The rational
agent would anticipate it and thus would not make efforts in the first place. To avoid this,
the principal must convince the agent that she will report the truth. It is made possible by
money burning. When the principal wants to vary the amount the agent receives depending
on the signal to incentivize the agent, the principal pays a fixed amount regardless of the
signal and commits to burning the differences. Since this burnt money becomes a literal cost

that goes to no one, contracts based on subjective evaluations generally lead to inefficient



consequences.

In the second model, we consider the game in which, in addition to the two players above,
the risk-neutral monitor also plays: the monitor observes the agent’s action or performance
perfectly at no cost and sends a monitoring report to the principal. Hence, in this game,
the principal can write the contracts that rely on monitoring reports from the monitor
and the subjective signals she receives. However, we assume the monitor can manipulate
the information she observes without cost and may collude with the agent. Therefore, the
principal must draft the contracts that prevent collusion between the agent and the monitor,
which we call the collusion-proof contracts.

We find that one of the optimal collusion-proof contracts in the model has the property
that, on the equilibrium path, whether to reward the agent and monitor depends solely on
the monitoring report. Specifically, the contract is characterized as follows: (1) The agent is
rewarded if and only if the monitor reports a high effort, regardless of the principal’s signal.
(2) The monitor is rewarded when she reports a high effort, regardless of the signal; when
she reports a low effort (this is off the equilibrium path), she is rewarded only if the principal
receives the worst signal.

Finally, we compare the two games above and show that hiring the monitor reduces the
principal’s payment because the optimal collusion-proof contracts allow the principal and
monitor to reduce the agent’s rent and the money the principal would burn to zero. As
noted above, in the optimal collusion-proof contract, the monitoring report alone determines
whether to reward each player on the path, so the principal’s noisy subjective signal does
not affect this. Thus, there is no need for the principal to pay rent to the agent, and to burn
money since it eliminates the problems inherent in the subjective evaluation discussed above.
The latter is remarkable. The literature on contracts based on objective evaluations stated
that the delegation of the monitoring to the monitor is profitable, mainly because the princi-
pal can recover the agent’s rent (Tirole, 1993; Strausz, 1997). On the other hand, our study

shows that, under subjective evaluation, hiring the monitor can also revive burnt money and



expand the economic pie, which suggests that monitors play vital roles in contracts with
subjective evaluations.

This study is related to the literature on monitoring and collusion in organizations (Tirole,
1986, 1993; Strausz, 1997; Che et al., 2021). Some of this literature is associated with sub-
jective evaluations or unverifiable signals, of which Deb et al. (2016) and Thiele (2011) are
the closest to our study.

Deb et al. (2016) study the optimal dynamic contract with multiple agents where com-
pensation is based on public performance signals and privately reported peer evaluations.
Deb et al. (2016) analyze a static model by the monitor (supervisor) and agent as a baseline
model and shows that the principal achieves the first-best outcome. There are two main
differences between our study and this one. First, they rule out the possibility of collu-
sion throughout the paper, while our study considers the possibility of collusion. Deb et al.
(2016) assume that the monitor receives private signals, including noise, about the agent’s
action, and it is generally challenging to consider the collusion problem in such a model. On
the other hand, our study assumes that the monitor can perfectly observe the agent’s action,
and thus the agent knows what the monitor sees. Therefore, our model allows to study the
collusion problem between the agent and monitor. Second, their study does not take into ac-
count the minimum wage constraints. As this study clarifies, the minimum wage constraints
are an essential assumption in discussing the use of monitors. Due to the constraints, our
analysis shows that hiring the monitor is beneficial for the principal, but does not achieve
first-best.

On the other hand, Thiele (2011) studies the optimal relational contract in games played
by potentially colluding monitor and agent. The difference between ours and this one is
the quality of the signal. Thiele (2011) assumes that signals are unverifiable but shared
among players and hence addresses this as a long-term relationship problem. In our study,
we assume that the information is completely private for the principal and monitor.

Also, Section 2 of our study addresses the model of subjective evaluation without the



monitor as a baseline model, and related to this are MacLeod (2003) and Kambe (2006).
MacLeod (2003) studies the contract with subjective evaluations without minimum wage
constraints and shows that signal compression occurs in the optimal contract. In particular,
MacLeod (2003) shows that the optimal contracts have the properties that the agent is
punished when the worst signal is realized and he is rewarded when all other signals are
realized. On the other hand, Kambe (2006) works on the contract with subjective evaluations
with minimum wage constraints and shows that signal compressions do occur in the case
of the existence of minimum wage constraints, but there is not always just one signal for
punishment.

Since we are working on the model with minimum wage constraints, we should clarify
the similarities and differences between our results without a monitor and ones in Kambe
(2006). Kambe (2006) analyzes a general setting and derives general characteristics of op-
timal contracts in subjective evaluations. Our model without a monitor is a special case of
the general model of Kambe (2006), and in fact our results in Subsection 2.2 are special case
of the Kambe’s result. However, Kambe (2006) is not explicit about the specific features of
the optimal contract in our model. Thus, our paper contributes to the literature on opti-
mal contracts in subjective evaluations by explicitly deriving optimal contracts with discrete
signals.

This paper demonstrates the positive effect of introducing an additional player in a sub-
jective evaluation environment. A study showcasing a similar effect is Ishiguro and Yasuda
(2023). Ishiguro and Yasuda (2023) show that in situations involving multiple agents in sub-
jective evaluations, the efficiency loss associated with subjective assessments, which would
exist in a single-agency optimal contract, disappears. In contrast, this paper establishes that
the elimination of efficiency loss in the optimal contract occurs even when adding a monitor
to a model with a single agent.

The rest of the paper is organized as follows. Section 2 studies the contract without a

monitor as a benchmark. Section 3 studies the contract with a monitor. Section 4 examines



the role of the monitor under subjective evaluation by comparing the results of the two

games. Section 5 concludes and discusses extensions.

2 The Game without the monitor

2.1 The Model

First, as a benchmark, we study a game played by only two risk-neutral players: a principal
and an agent'. As mentioned in the introduction, we consider a situation where the principal
can only evaluate the agent’s action on subjective measures. Since subjective measures are
unverifiable and unobservable, this model has a different setup from models of objective
evaluations. Including this explanation, the following will discuss the environment, contract,
and payoff.

The principal offers a contract to an agent to perform a task. If he accepts it, he chooses
an action a € {a;,an}, where a; means a low effort or performance and a; means a high
effort or performance. If the agent chooses the action a;, the cost of effort is ¢;, and we
assume ¢, > ¢ > 0. When the agent chooses the action a, he can produce the output
Y (a). The output Y (a) takes time to be determined and is unknown until the end of the
game?. The principal cannot observe the agent’s action or the output but receives a signal
k € {1,..., K}, whose probability depends on his action. When the agent chooses a;, the
principal receives the signal k with probability P(k|a;). We assume that the probability

distributions P(-|ay) and P(+|a;) have the full supports, P(k|a) > 0 for any a and any k, and

L As noted in the introduction, the model in the section is a special case of Kambe (2006). Especially,
Lemmas 1 through 3 in our paper are subsumed by Lemma 2 in Kambe (2006). However, whereas Kambe
(2006) characterizes optimal contracts from these lemmas by approximating the signals as continuous, our
study explicitly characterizes optimal contracts with discrete signals and minimum wage constraints in
Propositions 1 and 2.

2We can also assume that the output is Y, which depends on the subjective signal the principal receives.
In this case, the output Y} is observable for the principal but not the others.



satisfy the monotonicity of the likelihood ratio,

P(k—i— 1|CLh) < P(kz\ah)
P(k+1la;) = P(k|ay)

for any k € {1,..., K — 1}.

While the probability distributions are common knowledge, we assume that the signal
that the principal receives is her subjective evaluation, which implies that the others can-
not observe or verify it. Thus, the signal itself is not contractable information. We also
assume that the agent and a third party do not get signals that correlate with the principal’s
evaluation.

Now, we define the contract. Since the signal is the principal’s private information, she
cannot draft the contract which depends on it. Then, we assume that she makes a report r
after she receives the signal. The principal determines her payment and the agent’s receipt
separately. Let {v,,w,} be the contract, where v, is the amount of money the principal pays
and w, is the amount of money the agent receives when she reports r, and we assume that
the contract satisfies the minimum wage constraints, which implies v, > w, > 0 for all r.
We also assume that the principal can commit to burn the difference v, — w, > 0.

We define the principal’s report strategy as the function r(-) whose domain and range are
both {1,2,..., K'}. The image r(k) is the report of the principal when she receives the signal
k. When the agent chooses the action a and the principal chooses the report stragtegy r(-)
and receives the signal k, the agent’s payoff is u4 = w,x) — ¢(a) and the principal’s payoff is
up =Y (a) — vp(r). Similarily, when the agent chooses the action a and the principal chooses

the report strategy r(-), the expected payoff functions are given by,

K
Euy =Y _ P(kla)w,u — c(a),

k=1

K
Eup =Y (a) = > P(kla)v,),

k=1



respectively. If the agent rejects the contract, he obtains the reservation utility normalized
to 0.

The timing of the game is as follows:

The principal offers the contract {v,,w,} to the agent.

The agent decides whether to accept it. If the agent rejects it, he gets the reservation

utility 0, ending the game.

The agent chooses his action a.

The principal receives the signal & and makes a report r = r(k). Then, the principal

pays v, and the agent receives w,.

2.2 The Analysis of the Game

In this subsection, we analyze the game defined above. We restrict our analysis to contracts
that elicit good performance a; from the agent. Since the model is specific, we can derive a
closed-form solution, as we will see below. We proceed in the following order: the formulation
of the cost minimization problem, the derivation of the lemmas indicating the properties of
the optimal contract, and the derivation of the optimal contract.

First, we formulate the cost minimization problem. By the revelation principle, we can
focus on equilibria that report r(k) = k for any k without loss of generality. Furthermore, for
the principal to report truthfully and minimize her payment, for any k, v, = maxy wp must
hold. If ming v < maxy wy, then the principal would report k € arg ming vy regardless of
the actual signal. If ming vy > max wy, then the principal would minimize her payment
by changing each v to maxy wy.

Thus, we can concentrate on {wy} instead of {vg,wy}, with vy = maxy wy for each k.



The problem can be formulated as follows:

minmkz/xxwk/,
K
Z P(k:|ah)wk — Cp, Z O, (1)
k=1
K
k=1
wk207Vk6{17 7K}7 (3)

where AP, = P(k|ap)— P(k|a;) for any k and Ac = ¢(ay)—c(a;). The constraint (1) is the in-
dividual rationality condition (IR condition), the constraint (2) is the incentive compatibility
condition (IC condition), and the constraints (3) are the minimum wage conditions.

Before the derivation of the optimal contract, we state the necessary conditions for {wy}
to be the optimal contract. In the following, the smallest k that satisfies P(k|ay) > P(k|a;)

is denoted by k*.
Lemma 1 If {wy} is an optimal contract, the IC condition is binding.

Proof. Suppose that a contract {wy} would satisfy the IC condition strictly. Then, we can
always reduce the principal’s payment while keeping all constraints hold by setting the new
contract {w}} to, for an arbitrarily small € > 0,

Wk = gy (KER)

w;: — kek ,

Wt pgay (K ER)

k¢k

where k = arg maxy wy. Note that, since the IC condition is satisfied strictly, wy, for any

k € k is strictly positive and there always exists a constant ¢ such that w} > 0 for any k. =

Lemma 2 [f{wy} is an optimal contract, then wy = maxy wy for any k such that P(k|ay) >

P(k|ay).



Proof. Suppose that in an optimal contract, there would exist some k satisfying both
P(klap) > P(kla;) and wy < maxy wy. In this case, if we increase the corresponding wy
by max wy — wy, we can satisfy the IC condition strictly, keeping the principal’s pay-
ment unchanged and the IR condition hold. Therefore, from Lemma 1, this contradicts the

assumption that {wy} is an optimal contract. m

Lemma 3 If {wy} is an optimal contract, then there is at most one k satisfying
0<w, < mkz}xwk/.

Furthermore, wy, = maxy wy for all k > k and w, = 0 for all k < k.

Proof. Suppose otherwise in an optimal contract {wy}. Then, there would exist s and t < s
such that wy < maxy wy and w; > 0. Note that k* > s > t from Lemma 2. Hence, AP, <0

and AP, < 0. Let ¢, and ¢; be positive constants satisfying

AP, & < P(s|ap)

<
AP, "z, = P(tlay)’

€5 < MAX Wy — W,
k

g < wy.

Increasing w, by £, and decreasing w; by €; can make the IC condition satisfy strictly while
keeping the principal’s payment unchanged and the IR condition hold. Therefore, from
Lemma 1, this contradicts the assumption that {wy} is an optimal contract. m

From Lemmas 2 and 3, the optimal contract has two or three values. As with MacLeod
(2003) and Kambe (2006), these lemmas show that optimal contracts with subjective eval-
uations compress variations in payment. Dividing the evaluation too finely increases the
expected amount of burnt money and the principal’s payment. Therefore, the optimal con-
tract distinguishes about only two types of signals: the signal that the agent works hard and

the signal that the agent shrinks.

10



Given these properties, we solve the problem by dividing it into cases based on whether

the IR condition is binding or not.

Proposition 1 Suppose that

> P(kla)e, > > P(klay)e

E>k* E>k*

holds. If P(k*|ap) # P(k*|a;), the optimal contract is

A A
(W), oWy Wy wle) = [ 0,0, 0, < . ¢ .
Zkzk* AP Zkzk* AP

If P(k*|ap) = P(k*|a;), then the optimal contract is one in which wj. satisfies

i {O’ i AL (Klan)a — P(k|al)ch}} ) Ac

<wh < ———
P(k*|ap) Zk>k* AP, B Zk>k* AP

and the others are the same as above.

Proof. We show that the contract in Proposition 1 is the solution to the optimization

problem without the IR condition, and yet it satisfies the IR condition when the inequality

(4) holds.

First, suppose P(k*|an) # P(k*|a;). We solve the optimization problem without the IR

condition. From Lemma 2, we must set w; for any k£ > k* to maxy wy. In addition, wy

for any k < k* should not be strictly positive, because we can relax the IC condition by

changing it to wy — € for sufficiently small e, which is contrary to Lemma 1. Thus, in order

to minimize the payment while satisfying the IC condition, it is desirable to set w;, for any

k < k* to 0 and wy, for any £ > k* to maxy wy . Since the IC condition is established by

equal in the optimal contract, solving this equality based on the above yields

Ac Ac
(W1 ey Wt 1, Wy oy W) = (0 > )

sy 0, Sy
Zk:Zk* AP Zka* AP

11



This is the optimal contract, excluding the IR condition, and is the same as the contract in
Proposition 1.

Furthermore,

K
Zk>k* P(klay)Ac
P(klan)wy, — ¢ = = —cp
; Zkzk* AP
_ Zkzk* {P(klar)en — P(klan)ci}
Zkzk* AP
> 0.

Thus, the contract in Proposition 1 satisifies the IR condition when the inequality (4) holds.

Next, suppose P(k*[an) = P(k*|a;). Hence >, ;. AP, = > - ,. AP In this case,
the value of wy+ does not affect the IC condition. Thus, the contract obtained above, in
which only wy- is changed to satisfy 0 < wy < Ac/ 7,0, APy, is still the solution to the
optimization problem wihtout the IR condition. Therefore, the contract in Proposition 1 is
the optimal contract without the IR condition. Furthermore, when wy« satisfies the range

described in Proposition 1,

K
Z P(klap)wy — cn = Zk;f P(IZC?)AC + P(k*|ap)wix — cp
1 k>kx k
P(k:*|ah)wk* Zk>k’* APk — Zk>k*{P(k|ah>cl — P(k|al)ch}
- Zkz>k* AP,
> 0.

Thus, the contract in Proposition 1 satisifies the IR condition. m

Since the signals £* or more signals indecate a high effort, it is plausible to make only wy
satisfying k > k* positive in the optimal contract. As explained in the lemmas, a distinctive
feature of contracts with subjective evaluation is that in order to minimize the amount
of burnt money, all wy satisfying P(k|a,) > P(k|a;) are made constant, eliminating wage

variations.

12



Note the effect of the minimum wage conditions. As in the case of objective evaluations,
the minimum wage constraints require the principal to pay the agent rent even if he is risk-
neutral. In addition, there are circumstances unique to subjective evaluations. As shown in
MacLeod (2003), in the absence of the minimum wage constraints, it is optimal to reward
when k£ > 2 and to give a considerable punishment only when k£ = 1 to minimize the amount
of burnt money. However, the minimum wage constraints require w; > 0, so the principal
cannot do it. Therefore, in a case where the inequality (4) holds and it is difficult to make the
agent work hard, the difference between reward and punishment must be significant enough,
then the principal should treat signals that satisfy 1 < k < k* as punishment signals. Hence,
the amount of burnt money is more significant when there are minimum wage constraints

than when there are no minimum income constraints.

Proposition 2 Suppose that

> P(kla)e, < > P(klay)e (5)

k>k* k>k*

holds. Denote by  the largest of the k' satisfying ) i~ P(klar)en > > o0 P(klan)cr. The

optimal contract is

w =0,

o — > isei AP (klan)er — P(k|ay)en}
" P(kla) Zk2n+1 P(k|ay) — P(k|an) Zk2N+1 P(klay)’
. cnP(kla) — ¢ P(klap)
P(la) Y s 1 P(klan) — P(klan) 3 sy P(kla)’

where w = wy for any k < k, and w = wy, for any k > k.

Proof. If the inequality (5) holds, since the solution to the optimization problem without

the IR condtion does not satisfy the IR condition, both the IR and IC conditions are binding

13



in the optimal contracts. Thus, from Lemmas 2 and 3, there exist w, k' and w such that

w Z APk—f—APk/wk/—AC:O, (6)
E>k'+1
w Z P(klay) + P(K'|an)wy —cn =0, (7)
k>k'+1
w > wy > 0. (8>

Solving the equations (6) and (7), we get

Zkzk’+1{P(k’ah)cl — P(k|ar)cn}
P(K|a;) Zkzkurl P(klan) — P(K'|an) Zkzkurl P(klay)’
chP(k/|al) — clP(k/\ah)

O P ) S s P(klan) — P(Fan) Yoy s P(Klar)’ (10)

Wp' =

Finally, we only need to identify &’. From (8),(9) and (10), &’ must satisfy

P(k’|al)ch — k‘ |ah Cl Z {P k‘|ah C — (k|al)ch},

k>k/+1
Z {P(k|ay)c; — P(k|a;)en} > 0.
k>k/+1

These inequalities imply that >, -, P(kla)en > 325 op P(klan)e and 3oy, P(klap)c >
> kw1 P(klag)cy. Therefore, k' must be x defined in the proposition. Note that x always
exists because the first inequality holds when k' = 1, and the second inequality holds when
EF=k—=1 =

The need for the principal to burn money and the compression of evaluations are common
to the contracts in Propositions 1 and 2. However, in the situation where it is easier to elicit
the agent’s effort than that of Proposition 1, it is optimal to set the threshold for rewarding
and punishment signals to x instead of £*. Lowering the threshold of signals has the disadvan-
tage of taking away the agent’s incentive to work hard, but also has the advantage of lowering

the expected amount of burnt money. In particular, when ., P(kla)cn < >, P(klan)c

14



holds, i.e., when it is easiest to make the agent exert effort, the punishment signal can be
only 1, as if there are no minimum wage constraints.

Furthermore, the optimal contract is 3-valued when it holds that the inequality (5),
k# Land ) o, P(klai)en > 32, P(klan)e; . This feature is not present in models with no
minimum wage constraint (MacLeod, 2003) or continuous signals (Kambe, 2006). As already
mentioned, when no minimum wage constraint is imposed, in order to make burnt money
as small as possible, the optimal contract gives a considerable punishment only when k£ =1
and rewards the other signals. Also, if the signals received by the principal are continuous,
the optimal contract is binary, because the probability of realization of x is infinitesimal and

insignificant.

3 The Game with the Monitor

3.1 The Model

Next, we set up the game in which a risk-neutral monitor participates. The monitor observes
the agent’s action perfectly at no cost and reports it to the principal, though she potentially
colludes with the agent. Since introducing a monitor needs another different setup, this
subsection mainly describes the changes from the previous game.

The principal hires a risk-neutral monitor in addition to the agent. After the agent
chooses the action, the monitor perfectly observes it without cost and sends a monitoring
report m(a) € {l,h} to the principal. We assume that the information the monitor gets is
her private information, and she can make false monitoring reports costlessly. Note that the
agent knows what the monitor observes because he knows that the monitor can perfectly
observe his action. Although the information the monitor gets is private, the monitoring
reports are verifiable, and the principal cannot rewrite or hide them.

In addition, we assume that the monitor and the agent can collude. After the monitor

observes the action, the agent proposes a side contract {z.,,} to the monitor. The monitor

15



can choose to accept the side contract or not, and if she accepts, according to the monitoring
message m, she gets z,,, from the agent at the end of the game.

In this game, the principal receives two types of information: monitoring reports and
signals. Thus, the principal can draft the contract conditioning the monitoring report, in
addition to the report of the previous game. We denote the amount paid by the principal as
Urm, the amount received by the agent as w,,,, and the amount received by the monitor as
Zrm When the principal’s report is r and the monitoring report is m.

The monitor’s payoff function is up; = X + 20 Since she is risk-netutral, the expected
payoff function is Euy = o1, P(k|a){€pm+ 2zmm}. Her reservation payoff is also normalized
to 0.

The timing of the game is as follows:
e The principal offers the contract {v,m,, Wym, Zrm} to the agent and monitor.

e The agent and monitor decide whether to accept it. If either of them rejects it, they

get the reservation payoff, ending the game.
e The agent chooses his action a. At this time, the monitor observes his action.
e The agent proposes the side contract {z,,,} to the monitor.

e The monitor decides whether or not to accept the side contract, and she sends the
monitoring report m = m(a) to the principal. If she accepted the side contract at the

previous stage, the agent pays her according to {2}

e The principal receives the signal k& and makes the report r = r(k,m). Then she pays

Urm, and the agent and monitor receive w,.,,, and v,,,, respectively.

3.2 The Analysis of Game

In this subsection, we derive the optimal contract under the condition that each player makes

an honest report, preventing collusion between the monitor and the agent. As in the previous

16



game, we proceed in the following order: formulation of the cost minimization problem,
derivation of lemmas indicating the properties of the optimal collusion-proof contract, and
derivation of the optimal collusion-proof contract.

First, we formulate the cost minimization problem. We restrict our analysis to contracts
that all parties tell the truth and the agent chooses aj. As in the case without the monitor,
Up(kym = MaXp (Wy(k'ym + Tr(krym) must hold for any &k and m so that 7(k, m) = k. In addition,
since we consider the equilibrium that the agent chooses a;, and the monitor tells the truth,
the principal’s payment is maxy (wgp, + ). Therefore, the problem to be solved can be

formulated as follows.

min max(wgp, + Tprp),
k;/

K
> Pklan)win — cn > 0, (11)
k=1
K K
Z P(klap)wy, — e > Z P(kla))wy — (12)
k=1 k=1
K
> Pklan)zen > Y P(klay)aw, (13)
k=1 k=1
K K
> P(kla)z > Y P(kla)zin, (14)
k=1 k=1
K K
> P(klan){win + i} > Y P(klap) {ww + zu}, (15)
k=1 k=1
K K
P(klay) {wi + w0} =Y P(klar) {win + 24}, (16)
h=1 k=1
Wem, Tem > 0,V € {1,..., K},Vm € {l, h}. (17)

The constraints (11) and (12) are the agent’s IR and IC conditions, respectively, based
on the premise that the monitor sends the truth monitoring report. The constraints (13)
and (14) are the conditions for the monitor not to lie without collusion. The constraints (15)

and (16) represent that the sum of the payoffs of the agent and monitor if the monitoring
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report is accurate is greater than or equal to the sum of the payoffs if the monitoring report
is false, which is to prevent collusion between them. The constraints (17) are the minimum
wage conditions.

Before going into the main issue, we should mention the optimal contract in two special
cases as references. First, we derive the optimal contract for the situation where collusion is
exogenously prohibited. When there is no possibility of collusion, the constraints (15) and
(16) can be ignored, leaving only equations (13), (14), and (17) for the monitor’s wage. These
constraints can be satisfied by setting xy,,, = 0 for all £ and m. Thus, the principal can have
the monitor report honestly without paying any compensation. Furthermore, the constraints
(11) and (12) for the agent’s wage can be satisfied by setting wg;, = ¢, and wy; = ¢ for any
k. In other words, if there is no possibility of collusion between the monitor and the agent,
the principal pays only ¢, for the agent to choose a; and can achieve the first-best outcome
by hiring the monitor.

Second, we consider the optimization problem above with the additional constraints
xpp = 0 for all k, which we call NPM (no payment for the monitor) problem. Since xy =0
for any k from the constraint (13) holds obviously, NPM problem is one whose variables are

P

only {wg,}, and we denote the solution of this problem by {wiF}. The following lemma

holds for {wNPM}.

NP
Lemma 4 {wy),

M1 s the equivalent of {wy} defined in Propositions 1 and 2, therefore the
principal’s payment in any solutions of NPM problem is equal to the payment in the game

without the monitor.

Proof. Since we can derive the constraint (2) from the constraints (12) and (16), {w)™}

must satisfy the constraints (1), (2) and (3). Thus, if all the other constraints can be satisfied

by adjusting {wy}, {wif

M1 must be the equivalent of the contract defined in Propositions
1 and 2. In fact, for any wyy,, there always exists wy, that satisfies >, _, P(k|an)wi, >
Sy P(klan)wy and Sk | P(kla)wy = Sb | P(k|a))wy, simultaneously (for example,

wiPM = wNPM for any k), so this lemma is valid. m
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This lemma implies that even if there is a possibility of collusion, the employment of the
monitor is not a loss for the principal. Since contracts feasible in NPM problem are also
feasible in the original problem, the principal can achieve the same gain as she does not hire
the monitor by paying only to the agent.

We now derive the solutions to the original optimization problem and examine whether
an even better contract exists than the solution to NPM problem. To derive the optimal
collusion-proof contracts, we relax the problem as follows. First, let the objective function be
min(maxy Wy, +maxy Trp,) instead of min maxy (wyp, + gy, ). Note that the former is equal
to or larger than the latter, and further that if wy, and xy;, are both monotonically increasing
for k, then these two values coincide. That is, if wy, and xp, are both monotonically
increasing for £ in the solution to the problem where the objective function is relaxed in this
sense, then it is a solution to the original problem. Also, as in ordinary contract theory, we
once ignore the constraints (14) and (15) in deriving the optimal collusion-proof contract.
As shown in the proof of Proposition 3 below, the contract derived in this way may be too
broad to satisfy these constraints, so we adjust it to satisfy them in the end.

We list some properties of the solutions to the relaxed optimizeation problem.

Lemma 5 If {wim, Trm} i a solution to the relaxed optimization problem, then the con-

straints (12), (13) and (16) are binding.

Proof. First, we prove the constraint (13) must be binding in the optimal contract. If
the constraint (13) were not binding, by slightly decreasing xy, for any k € argmaxy xyp,
we could reduce the value of the relaxed objective function without violating the other
constraints. Therefore, if {wgm, Trm } is a solution to the relaxed problem, then the constraint
(13) must be binding.

Next, we prove the constraint (16) must be binding in the optimal contract. If the
constraint (16) were not binding and if zy, > 0 for some k, we could make the constraint

(13) not binding by slightly decreasing it. Then, as described above, we can reduce maxy xyp,
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without violating the other constraints, which implies we can reduce the value of the relaxed
objective function. If xy, = 0 for any k, x, = 0 for any k because (13) is binding. From
Lemma 4, any solution with zg, = 0 for any k has {wy,} satisfying (2) with equality.
However, substituting (16) to (12), we would have (2) not binding. Therefore, if {wgm, Trm }
is a solution to the relaxed problem, then the constraint (16) must be binding.

Finally, we prove the constraint (12) must be binding in the optimal contract. Note that
S | P(k|a;)wy, should be greater than or equal to ¢;. This is because if S r P(k|a))wy <
¢, then by increasing wy,; slightly, we could make the constraint (16) satisfy stirctly without
violating the other constraints, which implies that we can reduce the value of the relaxed
objective function in the way shown above. Thus, S_r | P(k|a;)wy > ¢ and the constraint
(11) can be ignored. Therefore, if the constraint (12) were not binding, we could decrease

maxy wyp, while keeping the constraints (12) and (16) valid. =

Lemma 6 If {wWgm,Tem} s a solution to the relazed optimization problem, then for any

k>2, =0 and xy, = maxy Typ.

Proof. Suppose that there would exist an optimal contract satisfying xy; > 0 for some
k # 1. We arbitrarily take one corresponding k, and let ¢, and e; be positive constants
satisfying

P(kla;) &1 P(klay,)
P(la) = 2 - P(lay)

€k < Tiy-

Increasing x1; by €1 and decreasing zy; by e can make the constraint (13) satisfy strictly
while keeping the value of the relaxed objective function unchanged and all conditions hold.
Therefore, from Lemma 5, it contradicts the assumption that the given contract is optimal.

Next, suppose that there would exist an optimal contract satisfying maxy xip, > i

for some k£ # 1. We arbitrarily take one corresponding k, and let €4, and e1; be positive
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constants satisfying

P(kla) _ eu _ Pkl
P(1|al) - Ekh P(1|ah)’

Exn < MaX Ty, — Thh-
k/

Increasing zx;, by €5, and z1; by €1; can make the constraints (13) satisfy strictly while keeping
the value of the relaxed objective function unchanged and all conditions hold. Therefore,

from Lemma 5, it contradicts the assumption that the given contract is optimal. m

Lemma 7 If {wim, Tkm} s a solution to the relaxed optimizaiton problem, then any con-
tracts {wy,,, Tt that modify only x1, and x1; to satisfy 0 < z!, < maxy xp, and r}, =

xy + (2}, — x15) are also solutions.

Proof. The value of 21, — xy;, not zy;, or zy;, determines whether or not the constraints (13)
and (16) are satisfied. Besides, 2/, defined above is always greater than or equal to 0 because
xy > xy, from the constraint (13) and Lemmas 5 and 6. Thus, if {wgy,, Trn,} satisfies all
constraints, then {wj, ., } also satisfies all constraints. Furthermore, ), and z1; do not
affect the value of the relaxed objective function as long as 0 <z}, < maxy x, is satisfied.
Therefore, the lemma holds. m

The variation in wages received by the monitor is binary from Lemma 6. In other words,
as in the previous game, there is signal compression in this game. Lemma 7 also shows that
there are multiple optimal collusion-proof contracts.

We obtain the following proposition by deriving the optimal collusion-proof contracts

based on the above lemmas.

Proposition 3 A contract {wy,,, x,,} is the optimal collusion-proof contract if and only if
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it satisfies these conditions:

w;, Y P(klay) + P(]ay)wi, = ci, (18)

k>2

Z P(kla)wy, = a, (19)

k=1
K
> Pklan)wy, < cn, (20)
k=1
> ks2 P(klan)er = 305, P(klay)en
0 = = < wf <w; 21
a0, S et S < <, (21)
wy; >0, Ve e {1,..., K}, (22)
P(1lan) { A, P(k|a)w; + P, — o }
T, = , (23)

P(1|a;) — P(1|an)

e P(1|ay) {Zk>2 (kla)wy, + P(1|a))ws), — cl} (24)
S P(1]a;) — P(1]an)
z; =0, (25)
. A1 = P(1lan)} {2 pss P(k|ay)wy, + P(1]a)wy, — ¢
o = {Diso h 1h } +al, (26)

P(1fa;) — P(1]ap)
where Wy, T, and x; are wgy, Tk, and xy for any k > 2, respectively.

Proof. We derive the optimal collusion-proof contract by the following procedure. First,
we derive the optimal contract under the relaxed problem. Since it is clear from Lemma 7
that there is a plurality of solutions, we derive the contracts that satisfy xy, = maxy zpp,
for any k£ and then apply Lemma 7 to obtain all contracts. Finally, we find the contracts
that satisfy the constraints (14) and (15) of those contracts, and check those are satisfying
the monotoniciy on k.

First, we find the contracts that satisfy the conditions xy, = maxy xy for any k. In the

following, we denote by T, = zy, for any k. From Lemmas 5, 6 and 7 and the constraints
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(12), (13) and (16), there exist T, =3, and {w;,} such that

v _ P(1]ap)(Ac — S APwwy,)
" P(1a;) — P(1|as) ’

Ac — Zf:l APwyy,
P(1la;) — P(1|ay)

(27)

*

Ty =

(28)

We now consider {wyj,,}. We prove that the optimal contracts satisfy wj, = maxy wj,,
for any k& > 2. Denote by V(wyy) the value of the (relaxed) objective function when the
contract to the agent is {wy,} and the equation (27) is satisfied. In other words,

P(l]ah) (AC — ZkeE APkwh — ZngE APkwkh)
P(llar) — P(1an) ’

V(wgp) = max wyy, + max xg, = 0y, +

where k = arg maxy wyand W, = maxXyg Wy/p,.

Next, for a contract {wj,}, we define @ as w = 37, ¢ P(k|an)w), + 305 P(klan)why,,
and consider the contract {wg,} such that wy, = @ for all k. Note that, as long as T},
is determined by the equation (27), if the contract {wy},} satisfies all the constraints, then
{wyy} also satisfies all the constraints. Furthermore, for {w},} and {w},

Viwl,) — V(i) = W, {—AP, — P(|an) Y ek APk}A—PP(Hah) > kek APswyy, + APy
—AR

_ 2 ngr (@, — wy ) AP (Aer) P(klan) — P(Lap) P(k|ar)}
—APl

>0

is satisfied. As for the last inequality, the equality sign is established if and only if k =
{1,2,...,K} or k = {2,3,...,K}. Therefore, we find that the optimal contracts satisfy
Wy, = maxy wy,, for any k> 2.

Based on the above, we derive the conditions that {wyj, } must satisfy. From Lemma 5
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and the constraint (12), for w; and wj,

. B=P(la)u;
" Zk22 P(klap)

where B = Y1 | P(k|a;)w}; + Ac. Then the following holds:

P(1fan)(Ac = ) sy APW, — APywy)
P(la) — P(1an)
_ B— P(l|ap)w} P(1|ay) {Ac — D k=2 APk% — Alef}
ks Plklan) P(la) = P(1]an)
P(1llap)Ac+ B Y o, AP,
N AP

From this result, we can find that V(wj,) depends only on the value of B as long as (12) is
satisfied. Since V (wj,) is increasing with respect to B and Y r_, P(k|a;)wy > ¢ must hold
as shown in the proof of Lemma 5, it is desirable to set S 1, P(k|a;)w}; = c;.

From the above, we get the equations (18),(19) and (23) in the proposition. If we fix wj,,

w; is determined by (18). This in turn determines 7} in (27). For 7} to be non-negative,

Y kse P(Klan)er — D250 P(klar)cn o
= Wyp
P(1la;) — P(1an)

must hold, and we obtain (21). Substituting the equation (18) into the equation (28) also

yields

. {1 = P(Uan)} {3 ys0 P(kla)wy;, + P(Ha)wh, — e}
L P(ila) — P(1|an)

*
+ Zqp-

Applying Lemma 7 to this, we obtain the equations (24) and (26) of the proposition. Fur-
thermore, we can easily check wy, and zj, are both monotonically increasing for k.
Finally, these are adjusted to satisfy the ignored constraints (14) and (15). The contract

derived above clearly satisfies the constraint (14). On the other hand, substituting the above
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contract into the constraint (15), we obtain Zszl P(k|ap)wy, < cp. Therefore, adding this to
the above conditions is the necessary and sufficient conditions for {wy,,, x5, } to be optimal.
|

Although there are multiple optimal collusion-proof contracts, the agent’s expected payoff
as well as the principal’s expected payoff remains the same regardless of which contract is
chosen that satisfies the conditions. On the other hand, the monitor’s expected payoff can
change depending on which contract is chosen. The contract that is optimal collusion-proof
and maximizes the monitor’s expected payoff (i.e., Pareto optimal) is uniquely determined

for all but wy;.

Corollary 1 Of the optimal collusion-proof contracts, a Pareto optimal contract is

Wgh = Cp, (29>

Wy = Cy, (30>
P(1lay)A

Tih = ( ‘ah) ¢ (31)

P(l|a) — P(1]an)’

for any k and

o Ac (32)
' P(tfa) — P(1ay)’
Tl — 0 (33)

for any k > 2.

Proof. As already pointed out, for any optimal collusion-proof contract, the expected
payoffs of the principal and agent are invariant. Therefore, the contract that maximizes the
expected payoff of the monitor is the Pareto-optimal optimal collusion-proof contract. Since
the expected amount of compensation the monitor receives on the path is Y1, P(k|ay )z},

we can determine 7; and x7, to maximize it. First, ], can be maximized by setting 27, = 7,
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from inequality (24). Also, note that we can rewrite the equation (23) for

P(1fan)(Ac =3 iy APW; — APywi,)
P(l|a) = P(1az) ’

—%

l‘h:

T; is maximized when wj, is minimized and wj, is maximized. From the equations (18) and
(21), these conditions are satisfied when w;, = wj, = ¢, hold, and we get the contract defined
in the corollary by substituting this to the equation (23). m

The feature of the contract is that the payment to the agent and the monitor on the
path does not depend on any signals, and the amount of the burnt money is zero. The
contract with the agent is the same as when the principal can completely observe the agent’s
behavior, i.e. the first-best contract. This is because the principal can draft the contract
conditional on the actual action of the agent through the monitor’s report. Note that the
signal received by the principal is less informative than the monitor’s report, and the optimal
collusion-proof contract above does not depend on the signals. This result is consistent with
the Informativeness Principle (Holmstrém, 1979).

In the contract with the monitor, z, does not depend on the signal, which implies that he
is always rewarded just by sending the monitoring report h. On the other hand, x;; depends
on whether the signal is the worst or not, and then the monitor is punished in most cases for
sending the monitoring report [. This alone clearly makes it more attractive to the monitor
to send the report A, so the wage when the principal receives the worst signal must be high.
Such a contract can reduce the money burned on the equilibrium path to zero, including
one to the agent. We have already mentioned that the evaluation is compressed to make
the amount of burnt money as small as possible. In the optimal contract that includes the
monitor, the variation is fully compressed on the equilibrium path, setting the compensation
to a single value.

Contracts other than those defined in Corollary 1 can be characterized in comparison to

them as follows. First, wy, can differ in the reward amount between k = 1 and the other. In
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this case, the principal apparently loses money because she must burn money, but by making
the difference here, it becomes easier to clear the constraint (16). Hence, T, the amount
paid to the monitor on the path, can be reduced. In other words, in this case, the increase
in the amount of burnt money can be offset by the decrease in payments to the monitor.
Also, for xyy, it is possible to differentiate between £ = 1 and other signals. In this case,
there will naturally be the burnt money again, but this can be adjusted by increasing zy;
that will not be paid on the path, as proved in Lemma 7. Thus, this is still the optimal

contract for the principal.

4 The Effect of Hiring a Monitor

In this section, we examine the effects of hiring a monitor by comparing the results of the
two games above. First, we show that the principal’s payment in the collusion-proof contract
obtained in Section 3 is not higher than the payment in the contract without the monitor
obtained in Section 2, and we briefly discuss the causes of this difference.

In the following, the principal’s payments when hiring the monitor and when not hiring
the monitor are denoted by V,, and V,,, respectively. First, from Propositions 1, 2, and 3,

the following corollary is immediately obtained.

Corollary 2 V,, is less than or equal to V,,. The equal sign is established if and only if

Zkzz P(klar)en < 21@2 P(klap)c.
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Proof. Suppose } ;... P(kla;)en > 245y P(klan)c. Then,

Ac
o Zka* AP
Ac— (Zka P(k|a)en — Zkzk* P(k|ah)cl)
Zkzk* APk
B (1= ispe P(klan)) Ac
Zkzk* APy -
_ > PEan)Ac c
- Zk<k* AP "
P(1lap)Ac

= Plla) — P(lar)

= Vn.

Next, suppose >~y P(klar)en <3054 P(klan)c. Then,

Vo cnP(kla)) — ¢ P(klap)
" P(sla) Zkznﬂ P(klay) — P(k|an) ZkZH—H P(k|a)
- cenP(1a;) — ¢ P(1)ay)
— P(1]a) Zk22 P(klay) — P(1]ap) Zk22 P(kla)
_ P(llap)Ac
P(lla) — P(1ap)

+ ¢y,

= Vn.

The inequality holds with the equal sign if and only if & = 1, which implies that } 7, -, P(k|a;)cn <
Zk22 P(k|ap)c;. m

The corollary shows that hiring the monitor is beneficial to the principal. The principal
can draft the contract by hiring the monitor as if there were no minimum wage conditions.
In the game without the monitor, the minimum wage constraints are hindrances in two
ways. The first is that there are cases where the agent gets rent, i.e., solutions for which
the IR condition is not binding. The second is specific to subjective evaluation, in that the

principal wants to minimize the punishing signal as much as possible, but the minimum wage
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constraint prevents her from doing so. On the other hand, hiring the monitor allows the
principal to solve these problems.

We indicate more clearly that hiring the monitor eliminates the problems associated with
the minimum wage conditions. Consider the contract defined in Corollery 1 and let A Fup,
AFEuy, AEuys, and AEBM denote the principal’s payoff change, monitor’s payoff change,
agent’s payoff change, and expected the amount of burnt money change between the two
games, respectively. Since the expected payment amount of the principal should be equal
to the sum of the expected receipts of the other players and the expected amount of burnt
money, AFup + AEuy + AEuy + AEBM = 0 always holds. In addition, the sign of
each of them can be seen from a straightforward calculation to be AFup > 0, AEuy <0,
AFEuy >0, AEBM < 0. This result indicates that the principal and monitor recover the
agent’s rent and the burnt money, which are caused mainly by the minimum wage conditions.

It is simply illustrated by the fact that the payment amount remains the same when
> ks Pklar)en < D045y P(klap)e. When 32,0 P(klaj)en, < D4y P(klan)a, it is easy to
make the agent work hard, and in this case, there is no need to give the agent rent and
a single signal is enough to punish him. Hence, from the beginning, there is no effect of
the minimum wage constraints. Thus, the payment remains the same whether or not the
monitor is hired.

The fact that the principal and monitor recover the agent’s rent is often pointed out in
the contract theory of objective evaluation and is not unusual. As long as the agent has the
rent, hiring the monitor will yield good results for the principal. However, as Corollary 2
shows, under subjective evaluation, even when the agent has no information rents, i.e., if the
inequality (5) is valid, the monitor is beneficial for the principal. This is because the amount
of burnt money can be recovered by hiring the monitor. It is especially important to note
that since AEBM is strictly negative, the delegation of monitoring tasks always expands
the economic pie. If we follow MacLeod (2003) and interpret burnt money as the cost of

conflict between the principal and agent, this result shows that the presence of the monitor
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can completely resolve the conflict, even if there is a possibility of collusion.

These results show that we may have underestimated the usefulness of delegating the
monitoring tasks. For example, in previous studies on contracts with objective evaluation,
when the information received by the monitor was soft, there were cases where hiring a mon-
itor is not profitable for the principal (Tirole, 1986, 1993; Strausz, 1997). Indeed, assuming
that the principal receives verifiable signals in our model, we can see that when the IR and IC
conditions both bind, the principal loses her payoff by having the monitor report truthfully.
This result is inconsistent with our casual observations. In most organizations, principals do
not evaluate agents based on relatively noisy signals alone, but rather ask someone who has
more accurate information about the agent, and his information is often soft. We show that
this gap between reality and theory can be bridged if we take into account that principals
can only use subjective measures in many cases. In other words, under the assumption that
principals can only make subjective evaluations, hiring monitors never hurts efficiency, and

like many organizations, we should always hire them.

5 Conclusion

In this paper, we prove the usefulness of monitors in contracts with subjective evaluations
by comparing two games. It turns out that hiring the monitor benefits the principal because
the principal and monitor can recover the agent’s rent and the money that would be thrown
away.

The remainder of this section discusses aspects that can be further extended based on
the results of this study.

First, we can consider the case where the agent receives signals that correlate with the
principal’s evaluation. This model assumes that the agent has no information about the
principal’s subjective evaluation, which is a rather strong assumption. Usually, the agent’s

perception of performance and the principal’s subjective evaluation are more or less corre-
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lated. MacLeod (2003) shows that when the agent has some prediction about evaluation, the
principal’s payment decreases. Therefore, the monitor may not be useful in this situation.
Second, we can consider the case where the monitor cannot perfectly observe. In many
situations, it is difficult for the monitor to perfectly observe the agent’s performance or
behavior. While usually somewhat more accurate than the principal, the observation of the
monitor may be imperfect. This naturally reduces the value of the monitor for the principal,
thus it is an important task to determine what quality of information the monitor receives

makes it worthwhile to hire the monitor.
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