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Abstract

We present a new Pareto criterion to provide a minimal guidance
to a social planner, who is concerned by the robustness of social deci-
sion with respect to imprecise beliefs of the true probability distribu-
tion over the state space. This new criterion, the obvious belief-free
Pareto criterion, implies that the social planner is necessarily ambi-
guity averse. We show that given the set of reasonable beliefs and
the set of individual risk preferences, the obvious belief-free Pareto
criterion is the only axiom needed to characterize Maxmin Expected
Utility social preferences. This result further brings us a preference
aggregation theorem for Subjective Expected Utility individuals: A
Maxmin Expected Utility social planner can linearly aggregate indi-
vidual tastes and beliefs simultaneously if and only if s/he respects

the obvious belief-free Pareto criterion.
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1 Introduction

This study proposes a robust Pareto criterion for social decision in the pres-
ence of imprecise beliefs. The decision maker is a social planner, who has
complete knowledge of the state space, but only has imprecise knowledge
of the probability distribution over it. Suppose the imprecise knowledge of
probability distribution can be represented by an exogenously given possible
scenario set, called the reasonable belief set. Furthermore, suppose the social
planner completely understands the risk preferences of all individuals in the
society. Equipped with these two sets of data, how should a social planner
evaluate a social alternative?

The new Pareto criterion, which we dub the obvious belief-free Pareto
criterion, is intended to provide a minimal guidance for social decision. The
obvious belief-free Pareto criterion tells us that the attractiveness of a so-
cial alternative depends on the underlying scenarios: Given two social alter-
natives f and g, a social planner respecting the obvious belief-free Pareto
criterion would conclude that f is better than g if some possible scenario
after choosing g is outperformed by all possible scenarios, hence by the worst
scenario, after choosing f, with the performance of a social alternative eval-
uated by all individual risk preferences. In this sense, a social planner who
respects the obvious belief-free Pareto criterion behaves similar to an am-
biguity averse decision maker a la Gilboa and Schmeidler (1989)[11]. We
formally show that a social planner respecting the obvious belief-free Pareto
criterion is necessarily ambiguity averse in the sense of Epstein (1999)[6].

The obvious belief-free Pareto criterion reduces to the standard Pareto
principle in von Neumann-Morgenstern (vNM)’s Expected Utility setting
when only constant acts are under consideration, thus is an alternative way
to strengthen the standard Pareto principle.

The virtue of the obvious belief-free Pareto criterion can be clearly illus-



trated if one persues a functional representation of social preferences. The
main contribution of this paper is to establish a social preference represen-
tation result in the Maxmin Expected Utility (MEU) environment, with the
obvious belief-free Pareto criterion being the only axiom.

To be exact, in order to capture a cautious social planner when proba-
bility distribution over the state space is imprecise, we further assume that
the social planner’s preference relation can be represented by an MEU func-
tional. Given the set of reasonable beliefs and the set of individual risk
preferences, we show that the obvious belief-free Pareto criterion is equiva-
lent to the following two conditions: (i) The social planner’s risk preference
is a linear aggregation of individual risk preferences; (ii) The social planner’s
subjective belief set and the exogenously given reasonable belief set coincide.
Our representation result makes it possible to treat the social planner’s MEU
functional as a social welfare function and to compare two social alternatives
by direct evaluation.

If we restrict our attention to preference aggregation problems, the above
characterization of social preferences would bring us a new preference ag-
gregation theorem. Assume that all individuals are Subjective Expected
Utility (SEU) maximizers and the reasonable belief set is the convex hull of
all individual beliefs, then our main result implies that one can aggregate
these individual preferences into an MEU social preference: An MEU social
planner respecting the obvious belief-free Pareto criterion is able to linearly
aggregate both individual tastes and individual beliefs.

We shall discuss the related literature for the rest of this section. This
study is mainly related to two strands of literature: studies on preference
aggregation and studies on characterizing alternative Pareto criteria.

In the literature on preference aggregation, it is known that Harsanyi’s
aggregation theorem cannot be extended directly to SEU setting. (See, for
example, Mongin 2016[14].) Positive aggregation results are established in
many studies by modifying the Pareto principle. Our SEU-MEU aggrega-
tion result can be treated as one of them and we briefly review the related
literature along this line in Section 6.1.

Among preference aggregation studies, Alon and Gayer (2016)[1] is closely



related to our paper. They modify the standard Pareto principle into two
weaker conditions, Lottery Pareto and Likelihood Pareto. Alon and Gayer’s
(2016)[1] main result tells us that these two conditions are necessary and
sufficient conditions for aggregation of SEU individual preferences, with indi-
vidual beliefs partially aggregated: While an MEU social planner respecting
Lottery Pareto and Likelihood Pareto can aggregate individual vINM utility
functions in a utilitarian style, her/his subjective belief set only has to be a
subset of the convex hull of individual beliefs.

Given this result, can one further establish exactly the same aggregation
result as ours, that is, can one ensure that the social planner’s subjective
belief set and the convex hull of individual beliefs coincide? Alon and Gayer
(2016)[1] show that to do this, one needs an additional axiom, Social Ambi-
guity Avoidance, which has the same ambiguity averse flavor as our obvious
belief-free Pareto criterion. Hence, focusing on this SEU-MEU preference
aggregation problem, one can treat the obvious belief-free Pareto criterion
as a new and simple re-interpretation of Alon and Gayer’s (2016)[1] whole
axiom set. However, we also argue that our social planner’s attitude towards
individual subjective beliefs is distinct from theirs: While their social plan-
ner has to identify the owner of each subjective belief, ours treats individual
beliefs anonymously. Detailed discussions on Alon and Gayer (2016)[1] can
be found in Section 5 and Section 6.1, where we also show that their axiom
set is not equivalent to the obvious belief-free Pareto criterion in general.

In the literature on characterizing alternative Pareto criteria, several cri-
teria have been suggested to capture various concerns about social decision
making. Gilboa, Samuelson and Schmeidler (2014)[10] offer a refinement of
the standard Pareto principle, which they call the no-betting Pareto domi-
nance. Their main message is that a social planner respecting the no-betting
Pareto dominance criterion will not encourage voluntary trade if it can not
be rationalized by any common belief. In Section 6.2, we show that the ob-
vious belief-free Pareto criterion has a similar implication as the no-betting
Pareto dominance criterion. When MEU social planner assumption is im-
posed, a “risky” trade will never be strictly preferred by a social planner who

respects the obvious belief-free Pareto criterion. As a result, both a social



planner respecting the no-betting Pareto dominance criterion and a social
planner respecting the obvious belief-free Pareto criterion would not encour-
age a voluntary trade from a fully insured allocation to some other one, if
the incentive to trade only comes from difference in subjective beliefs.

Brunnermeier, Simsek and Xiong (2014)[3] ask what social welfare cri-
terion should be adopted if the social planner knows that individual beliefs
are distorted, but does not know the objective probability distribution over
the state space. Their belief-neutral Pareto efficiency criterion tells us that
a social planner should then take the convex hull of all individual beliefs as
the reasonable belief set, and conclude that one social alternative is better
than another if the former Pareto dominates the latter under every reason-
able belief. In Section 6.2, we show that although the implicit presumptions
under the belief-neutral Pareto efficiency criterion and the obvious belief-free
Pareto criterion are conceptually different, these two criteria still have several
features in common.

The unanimity Pareto dominance criterion of Gayer et al. (2014)[7] es-
sentially requires the social planner to conclude that a social alternative is
better than another if the former Pareto dominates the latter under every in-
dividual’s belief. Some comparison of the obvious belief-free Pareto criterion
with the no-betting Pareto dominance criterion and the belief-neutral Pareto
efficiency criterion applies to the unanimity Pareto dominance criterion. We
also discuss some possible relations between the obvious belief-free Pareto
criterion and the unanimity Pareto dominance criterion in Section 6.2.

We start by collecting the preliminaries of the model in Section 2. The
definition of the obvious belief-free Pareto criterion is proposed in Section 3,
where we also show that this criterion implies that the social planner is
ambiguity averse in the sense of Epstein (1999)[6]. In Section 4, we provide
the main representation theorem. A leading application of our new Pareto
criterion, a preference aggregation result, is established in Section 5. Related

literature is discussed in detail in Section 6.



2 Preliminaries

There are I individuals in the society we consider. Denote the set of all
individuals by Z = {1,...,I} and let our desicion maker (DM), the social
planner, be individual 0.

Let Q be a set of states of the world endowed with a o-field ¥ and let
P be the set of all probability measures over ). Let X be a non-empty
set of social outcomes and let A (X) stand for the set of all simple (i.e.,
finitely supported) lotteries on X. For x € X, denote 6, € A (X) to be the
degenerated lottery that gives probability 1 to outcome z. We sometimes
use x to stand for degenerated lottery d,.

Call a finitely valued, ¥-measurable mapping f :  — A (X) a simple act
and let F be the set of all simple acts, which is the set of social alternatives.
The DM is endowed with a preference relation 2~ over F. Let >y and ~q be
the asymmetric and symmetric part of - respectively.

In the natural example where X stands for the set of all possible con-
sumption plans for individuals in the society, i.e., X =R, f: Q — A (R’)
is interpreted as a state contingent randomized consumption plan, and the
DM’s preference relation is defined over all such plans.

The DM can access two sets of data. First, s/he completely understands
individual risk preferences. That is, for any ¢ € Z, there is a corresponding
vINM utility function u; : X — R and the DM knows it. Note that each vNM
utility function u has a natural extension to A (X)), that is, u (p) = E, (u) =
Jx udp for all p € A(X). We apply this extension to all u;’s whenever
needed.

Second, the DM is exogenously given a set of “reasonable” beliefs over
the state space, denoted by II C P. At this stage, we do not impose any
restriction on II, and we do not ask how this set is derived. In interpretation,
the DM is confident that the true probability distribution belongs to II.

Remark 1. There are many candidates for the reasonable belief set I1. For
instance, Il can be a collection of beliefs which do not contradict hard ev-
idence. This may happen when II is the set of reasonable scenarios of the

world provided by government consultants who have expertise in the issue of



the social decision problem under consideration. It may also be the case that
IT comes directly from individual subjective beliefs when they are known to
the DM: If each individual holds a unique belief over the state space, which
is the classical Bayesian case, a DM who listens to all individual opinions
would take the set of all individual beliefs as II. If each individual holds a
set of beliefs, a DM who values the consensus of opinions would take the
intersection of all individual belief sets as II, while on the contrary, a DM
who cares about collecting all possible probability distributions would take

the union of all individual belief sets as 1I.

By construction, the outcomes of a simple act f € F consists of finitely
many simple lotteries over X. Whenever 7w € P is given, m and f constitute
a two-stage lottery and we can reduce them to a one-stage lottery over X.
Denote L™ (f) the reduced lottery of 7w and f, with outcomes given by the
union of outcomes of all the simple lotteries in f’s support and probability
of each outcome given by Pr(z) =3 o7 (w) f (w) (x).

Denote L' = {L™ (f) | f € F, 7 € 1} to be the set of all reduced lotteries
derived from IT and F, which is a subset of A (X). Note that by the linearity
of expectation operation, u; (L™ (f)) = E, (u; (f)) for all i € Z. Moreover,
since our DM can access individual risk preference data, s/he is able to rank

any pair of reduced lotteries in L from any individual’s perspective.

3 The Obvious Belief-Free Pareto Criterion

We aim to provide a new Pareto criterion to guide our DM’s decision making,
with the environment given in Section 2 being the primitive. For this purpose,

we first recall the standard Pareto dominance on the set of reduced lotteries.

Definition 1. (Dominance of Reduced Lotteries) For any f, g € F and any
7,7 € P, say L™ (f) weakly dominates L™ (g) if u; (L™ (f)) > u; (L™ (g)) for
all i € Z. Say L™ (f) strictly dominates L™ (g) if u; (L™ (f)) > u; (L™ (g))
for all i € 7.

Since the DM thinks reasonable beliefs are contained in II, if s/he seeks

benefits of the whole society, s/he would prefer an act f to another act g if

7



f dominates g no matter which reasonable belief turns out to be true. Thus

we propose the next new Pareto criterion.

Definition 2. (The Obvious Belief-Free Pareto Criterion) The DM’s pref-
erence relation 7y respects the obvious belief-free Pareto criterion if the fol-
lowing two conditions hold: (i) For any f,g € F, if there exists 7’ € II such
that L™ (f) weakly dominates L™ (g) for all = € II, then f *=¢ g; (ii) For any
f.g € F, if there exists 7' € II such that L™ (f) strictly dominates L™ (g)
for all m € 11, then f > g.

Given f,g € F, if the DM can find a «’ € II such that L™ (f) dominates
L™ (g) for all © € II, then s/he is sure that one scenario () after choosing
g is outperformed by all scenarios, hence by the worst scenario, in II after
choosing f. Therefore, one possible interpretation is that a DM respecting
the obvious belief-free Pareto criterion is concerned by the worst case sce-
nario thus exhibits a kind of ambiguity aversion described by Gilboa and
Schmeidler (1989)[11].

However, we do not impose any explicit structure on the DM’s preference
relation. In particular, the DM’s preference relation might not conform with
the Gilboa and Schmeidler (1989)[11] model. Therefore, it is a non-trivial
question to ask whether a DM respecting the obvious belief-free Pareto crite-
rion is indeed ambiguity averse in some sense. We shall show that the answer
to this question is yes.

Following the classical way to define ambiguity aversion proposed by Ep-
stein (1999)[6] and Ghirardato and Marinacci (2002)[8], in order to define
an absolute version of ambiguity aversion, we first define comparative am-
biguity aversion and then provide a class of benchmark preferences which
are intuitively ambiguity neutral. To do this, assume the following minimal

agreement condition.

Assumption 1 (Minimal Agreement). There exist z*,z, € X such that
w; (x*) > u; (z,) for all i € Z.

We assume that Assumption 1 holds throughout the rest of this paper.

Since individual vNM utility function u;’s are unique up to positive linear



transformations, we will from now on normalize them so that u; (z*) = 1 and
u; (x,) =0 for all i € Z.

For an event £ € X and two lotteries p,q € A (X), denote pEq to be
the act that gives p in states in F and gives q otherwise. The acts under
consideration here are binary acts which have the form x*FEz, for £ € ¥,
where z* and x, are outcomes specified by the minimal agreement condi-
tion. The next observation would be useful: For all 7 € II and all £ € X,
the reduced lottery of m and xz*FEx, is a lottery that gives x* with proba-
bility 7 (E£) and gives z, with probability (1 — 7 (£)). Hence for all i € Z,
w; (L™ (z*Ez,)) = E; (u; (x*Ex,)) = 7 (E).

Let £ :={EFe€X:n(F)=n"(E) Vr,n’ € I1}. This is the set of events
whose probabilities are agreed on by all reasonable beliefs, hence it is natural
to call £ the set of unambiguous events.! Call z*Ex, an unambiguous act if
Eek.

Given any pair of preference relations - and ='; say ==’ is more ambiguity

averse than - if for any unambiguous event E € £ and any event F' € X
t*Ex, 7 (resp. =)a* Fu, = x*Fx, =’ (resp. »')z" Fu, (1)

The next step is to provide a class of ambiguity neutral benchmark pref-
erences. Following Epstein (1999)[6], we choose the set of probabilistically
sophisticated preferences as the benchmark. Let =(»") be the preferene re-
lation of some probabilistically sophisticated individual, where p € A (Q) is
a probability measure over the state space and W : A(X) — R is a real
function of the set of simple lotteries. When evaluating an act f € F, this
individual first calculates the reduced lottery L*(f), then concludes that
her/his utility is W (L* (f)). As usual, we assume that W satisfies mono-

tonicity: W is strictly increasing with respect to the first-order stochastic

Epstein’s (1999)[6] unambiguous event set is exogenously given thus is not defined
by probabilities. However, when considering multiple-priors (MEU) preferences, where
there is a set of probability measures that the DM believes, he argues that a natural way
to model the nature of unambiguous events is to require that all measures in the DM’s
subjective belief set agree when restricted to the unambiguous event set. (See Section 3.2
of Epstein (1999)[6].) In our model, the DM starts from the reasonable belief set, thus we
define the set of unambiguous events by the reasonable beliefs in the same spirit.



dominance.

Say a preference relation 7 is ambiguity averse if there exists a probabilis-
tically sophisticated preferene relation =~ *") such that - is more ambiguity
averse than >=»"W)_ Similarly, say a preference relation - is ambiguity loving
if there exists a probabilistically sophisticated preferene relation =) such

that for any unambiguous event F € £ and any event F' € X
z*Bx, 30 (resp. <"V a*Fa, = 2*Fx, X (resp. <)z*Fu, (2)

Finally, define a preference relation =~ to be ambiguity neutral if it is both
ambiguity averse and ambiguity loving.

The next Lemma 1 shows that this definition of ambiguity neutrality is
internal consistent. To state the lemma, say the set of unambiguous events £
is rich under preference relation =~ if * > x, and if for every event FCFeYXY
and F € & satisfying * Ex, ~ x*Fx,, there exists a set £ € £, E C E such
that z*Ex, ~ 2*Fz,.

In Epstein (1999)[6], an unambiguous act is an act that is measurable to a
A-system of unambiguous events which are given exogenously, and ==’ is more
ambiguity averse than 7~ if 7=/ prefers an unambiguous act whenever 77 does.
We define the set of unambiguous events £ using probabilities and one can
readily confirm that £ is a A-system. It follows that Epstein’s (1999)[6] proof
also works in our setting, so we put the proof of Lemma 1 in Appendix A

only for completeness.

Lemma 1. If a preference relation 2~ is probabilistically sophisticated, then
it is ambiguity neutral. If the set of unambiguous events &£ is rich under
preference relation -, then ambiguity neutrality of 7 implies that it is prob-

abilistically sophisticated.
Proof. See Appendix A. n

We shall prove that a DM respecting the obvious belief-free Pareto cri-
terion is ambiguity averse in the above sense. In fact, we can find some
probabilistically sophisticated preference relation ") that supports = in

the sense of (1).
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Proposition 1. The DM’s preference relation 77y respecting the obvious

belief-free Pareto criterion is ambiguity averse.

Proof. Consider a probabilistically sophisticated individual who ranks z*
higher than z, and whose belief is in the set II. Let ~(™") be her/his
preference relation.

We shall show that -, is more ambiguity averse than >=(™"W)  For this
purpose, pick any £ € £ and any F € ¥ and suppose that z*Ez, =(™W)
x*Fx,. By the monotonicity property of W, we have 7 (E) > 7 (F'). Since
E € &, for any 7' € II, we have ' (E) = n(F) > «(F), which implies
that for all i € Z, u; (L™ (z*Ex,)) > u; (L™ (z*Fz.)) holds for any 7' € IL.
Thus we can conclude that for any ©' € II, L™ (2*Ex,) weakly dominates
L™ (x*Fx,). By the obvious belief-free Pareto criterion, x*Ex, o z* Fz,.

The strict part, 2*Ez, =™") z*Fz, implies 2*Ex, = x*Fz,, follows

from an analogous argument. O

We next state an implication of the obvious belief-free Pareto criterion
on the set of constant acts. Call f. € F a constant act if f. maps every state
to one particular lottery. To state formally, f. € F is a constant act if there
exists p € A (X) such that for all w € Q, f. (w) = p. Denote the set of all
constant acts by F.. Given such a constant act f. € F., the reduced lottery
of any 7 € IT and f,. is p, which implies that for all i € Z, w; (L™ (f.)) = u; (p)
for all # € II. Thus the knowledge of Il does not affect the evaluation of
constant acts.

With the observation above, the restriction of Definition 2 to constant
acts reduces to the standard Pareto principle in the vNM setting?® : For any
fe € Feand g, € F, such that f, always gives p € A (X) and ¢, always gives
g€ A(X),if u; (p) > wi(q) (resp. u; (p) > u; (q)) for all ¢ € Z, then f. 7o ge
(resp. fe >0 ge)-

We close this section by a remark on the set-up of this paper. Our DM
starts from two sets of data: individual risk preferences and reasonable be-

liefs. These two sets of data are given separately, but this separation is

2The environment where each individual’s preference domain is the set of all (simple)
objective lotteries, i.e., A (X).
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inessential for the results reported so far.®> However, this separation is valu-
able since under this assumption, the obvious belief-free Pareto criterion
makes a utilitarian type aggregation result possible if the DM’s preference
relation - can be represented by an MEU functional, as we shall show in

the next section.

4 Main Result

In this section, we establish a representation theorem for the DM’s preference
relation when it can be represented by an MEU functional.* The only axiom
we use to characterize this social welfare function is the obvious belief-free
Pareto criterion.

Now, suppose 7, is represented by an MEU functional. That is, we
assume that there exist a utility function uy : A(X) — R and a unique
non-empty, convex, closed® set of countably additive, non-atomic subjective

probabilities over €2, denoted by Fy, such that > is represented by

Up(f) =minE, (uo (f)), VfeF

pER

Remark 2. We are interested in the situations where the true probability

3For example, one can assume that probabilistically sophisticated individuals constitute
the society. Redefining Definition 1 using these probabilistically sophisticated preferences
and Definition 2 using the probability measures that represent these probabilistically so-
phisticated preferences, one may find that the argument in this section still works, since in
the proof for this section, only the monotonicity property of probabilistically sophisticated
preferences is used.

40f course there are social preferences which respect the obvious belief-free Pareto
criterion but are not MEU. For example, let Q@ = {wj,ws}, X = {1,2}, II =
{m =(1/4,3/4) ,m2 = (2/3,1/3)}. Suppose there are two individuals, 1 and 2, and
let w;(z) = 1+ 1In(x)/In(2) for i = 0,1,2. Consider f; = (2,2), f2 = (1,2),
fs =(2,1), fa = (1,1). One can confirm that fj obvious belief-free Pareto dominates
f;j for 7 > k and that this ranking is respected by an ambiguity averse social plan-
ner with utility function Uy (f) = (1/2) ¢o (Ex, (uo (f))) + (1/2) ¢po (Ex, (uo (f))), where
¢0 (y) = (1 —exp(—y)) /(1 —exp(—1)). This is a smooth ambiguity utility function (see
Klibanoff, Marinacci and Mukerji 2005 [13]), thus this social planner’s preference exhibits
smooth ambiguity aversion. However, the purpose of this paper is to illustrate the virtue of
the obvious belief-free Pareto criterion, not to specify the whole class of social preferences
that respect this criterion.

5In weak* topology.

12



distribution over the state space is imprecise, that is, the social planner faces
ambiguity when s/he has to choose a social alternative. We use MEU social
preferences here to characterize a cautious DM, which is justified by Proposi-
tion 1. As also noted in Alon and Gayer (2016)[1], caution plays a role when
the DM is making influential, especially irreversible social decisions. While
we take MEU social preference as a primitive, a similar characterization can
be found in Danan et al. (2016)[4], where they assume Bewley incomplete
social preference (Bewley 2002[2]). See Alon and Gayer (2016)[1], Danan et

al. (2016)[4] for further discussions on the ambiguity averse DM assumption.

We will focus on the case where the reasonable belief set is the convex hull
of a finite number of countably additive, non-atomic probability measures.
So let 1T = co ({my, -+ ,mx}), where m, € P for k=1,..., K.

The following representation theorem shows that in this environment, the
obvious belief-free Pareto criterion is the only axiom we need to characterize

an MEU social preference.

Theorem 1. The DM’s preference relation -y respects the obvious belief-

free Pareto criterion if and only if there exists a non-zero social weight vector
{)\i}le > 0 such that ug = >, 7 \u; and Py = 11

Proof. We only prove the if part in the main text. The proof of the only if
part is technically involved thus is left for Appendix B.

If part: Suppose there exists a non-zero social weight vector {)\i}le >0
such that uy = ), 7 A\ju; and Py = II. Given any f € F, the DM’s MEU
evaluation of f is Uy (f) = mingen E; (uo (f)). Note that for each = € II,
the expectation E, (ug (f)) only depends on the reduced lottery of = and f,
thus Ex (ug (f)) = uo (L™ (f)).

To show that the DM’s preference relation respects the obvious belief-free
Pareto criterion, we only have to show that condition (i) and condition (ii)
in Definition 2 hold. To show condition (i), pick f,g € F and suppose there
exists 7' € II such that L™ (f) weakly dominates L™ (g) for all 7 € II. That

13



is, for all m € I1, w; (L™ (f)) > w; (L™ (g)) for all i € Z. Then we have

Uo(f):%ﬁle(Uo(f)):%ﬂluo( —ggﬁl;)\ul (L
> - 7T/ > 0 — T _ .
> ;Azuz (L ) 21161%[12)\ u; (L mmug (L™ (g9)) = Us (9)
Thus f 7o g.

To show condition (ii), pick f, g € F and suppose there exists 7’ € II such
that L™ (f) strictly dominates L™ (g) for all = € II. That is, for all 7= € II,
u;i (L™ (f)) > w; (L™ (g)) for all i € Z. Let I, := {i € Z: \; > 0}. That is,
7. is the set of individuals with positive social weights. Note that ¢’s risk
preference affects the DM’s utility only when ¢ € Z.. Then, similar to the

proof of condition (i), we have

- {Pg%}z i (L7 (f Ernelqul Z Niwg (L7 (f)) > Z Aill; (Lﬂ/ (9))

1€T ZEZ> iEI>
> min Z A (L7 (9)) = gleigz Aiui (L7 (9)) = Uo (9) -
i€l €T
Thus f >¢ g. ]

The idea for the proof of the only if part of Theorem 1 can be described
as following. To show that the DM’s preference relation respecting the ob-
vious belief-free Pareto criterion implies linear aggregation of individual risk
preferences, it is enough to recall that the obvious belief-free Pareto cri-
terion reduces to the standard Pareto principle when considering constant
acts. Then, Harsanyi’s theorem (Harsanyi 1955[12], De Meyer and Mongin
1995[5]) applies. The obvious belief-free Pareto criterion implying Py = II
is proved by seeking a contradiction: Assuming that either direction of the
two inclusions does not hold will make it possible to construct two acts con-
tradicting the obvious belief-free Pareto criterion by applying a separation
result of convex sets.

By Theorem 1, our DM uses a utilitarian way to aggregate individual

risk preferences by assigning social weight \; to individual 7. Also, if the DM

14



believes that the obvious belief-free Pareto criterion must be respected, then

her/his subjective belief set must coincide with the set of reasonable beliefs.

5 Application: Aggregating SEU Individual

Preferences

In this section, we restrict attention to preference aggregation problems, as-
suming that all the individuals in the society are SEU maximizers. In fact, a
preference aggregation result can be established as an immediate implication
of Theorem 1.

To state it formally, assume that each individual ¢ is now equipped with
a subjective belief 7; in addition to her/his vNM utility function u;. Thus
individual 7 can rank simple acts directly by evaluating its expected utility,
where the expectation is taken with respect to her /his own belief ;. Let the
set of reasonable beliefs, II, be the convex hull of all individual subjective
beliefs, i.e., Il = co ({my,--- ,7/}) C P.

The next corollay of Theorem 1 tells us that an MEU DM respecting
the obvious belief-free Pareto criterion is able to linearly aggregate both

individual tastes and individual beliefs.

Proposition 2. (Aggregation of SEU Individual Preferences) The DM’s
preference relation - respects the obvious belief-free Pareto criterion if and

only if there exists a non-zero social weight vector {/\Z-}Z.I:1 > 0 such that

ug = Y _ier Aty and Py = co({my, -+, m1}).

Alon and Gayer (2016)[1] also provide a model to aggregate SEU indi-
vidual preferences into an MEU social preference. In order to linearly aggre-
gate both beliefs and tastes for SEU preferences, they modify the standard
Pareto principle in two directions. We briefly review their Pareto conditions
and compare them with the obvious belief-free Pareto criterion. For ease
of comparison, the terminology mentioned below follows Alon and Gayer
(2016)][1].5

SThey use Savage acts while we do not. Definition 3 and Definition 4 are restatements
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Call a partition {Ey,--- , Ey} of Q a socially unambiguous partition if,
for all © € Z, Eq, (u; (2" Epnzy)) = Eq, (u; (2" Epz,)) for all 1 < m,n < M.
A socially unambiguous act is an act that is measurable with respect to a

socially unambiguous partition.

Definition 3. (Lottery Pareto) The DM’s preference relation 7, satisfies
the Lottery Pareto condition if, for two socially unambiguous acts f and g,
E., (u; (f)) > Ex, (u; (g)) for all i € Z implies f > g.

Definition 4. (Likelihood Pareto) The DM’s preference relation 27 satisfies
the Likelihood Pareto condition if, for two events F and F, E,, (u; (z*Ez,)) >
E,, (u; (z*Fxz,)) for all i € Z implies 2*FEx, 7o v*Fx,.

The above two Pareto conditions stem from the idea that Pareto principle
in the SEU setting is more convincing when individual beliefs or tastes agree.
The Lottery Pareto condition weaken the standard Pareto principle so that it
only adopts to acts for which individual beliefs agree. The Likelihood Pareto
condition, which adopts to bettings on different events, is a natural analogy
of the Lottery Pareto condition when individual tastes agree.

Although the obvious belief-free Pareto criterion does not capture the idea
that Pareto principle should be devided into common belief part and common
taste part, it turns out that the obvious belief-free Pareto criterion implies
both the Lottery Pareto condition and the Likelihood Pareto condition.

Proposition 3. If the DM’s preference relation 7, respects the obvious

belief-free Pareto criterion, then it satisfies the Lottery Pareto condition and
the Likelihood Pareto condition.

Proof. First recall that for all ¢ € Z and all 7 € II, E, (u; (z*Ez,)) =
T (E)u (x*)+ (1 — 7 (E)) u; (z) = 7 (E).

The obvious belief-free Pareto criterion implies the Lottery Pareto condi-
tion: Fix two socially unambiguous acts f,g € F such that E., (u; (f)) >
E., (u; (9)) for all i € Z. Suppose f is measurable with respect to a socially

in our setting, but these restatements do not change the idea since outcomes of Savage act
can be treated as degenerated lotteries.
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unambiguous partition {Ey,--- , Ejy}. By the definition of socially unam-
biguous partition, for all i € Z, m; (E,,) = m (E,) for all 1 < m,n < M.
Since every m € 1l is a convex combination of my,--- 7, 7 (E,,) = 7 (E,)
for all 1 < m,n < M, all # € II. The measurability of f with respect to
{E4,--- ,Ey} thus implies 7 and f always give the same reduced lottery
L™ (f) for all w € II. Similarly, 7 and g always give the same reduced lottery
L™ (g) for all = € II.

By the assumption of the Lottery Pareto condition, u; (L™ (f)) = Eq, (u; (f)) >
Er (ui(9)) = ui (L™ (g)) for all i € Z. Since L™ (f) = L™ (f), L™ (9) =
L™ (g) for all = € II, we have u; (L™ (f)) > u; (L™ (g)) for all m, 7’ € II and
all i € Z. Then there exists a 7’ € II such that L™ (f) strictly dominates
L™ (g) for all 7 € II. By the obvious belief-free Pareto criterion, we can
conclude f >¢ g.

The obvious belief-free Pareto criterion implies the Likelihood Pareto con-
dition: By the assumption of the Likelihood Pareto condition, for events
E Fe¥ m(E)=E; (u(z*Ex,)) > E;, (u; (z*Fz,)) =m (F) foralli € 7.

Pick up one individual who gives the lowest belief to event . Without loss of

generality, suppose individual 1 does so, i.e., m (E) € min{m (E),--- 7 (E)}.
We then have m; (E) > m (E) > m (F) for all i € Z. Since each 7 € II is
a convex combination of my,--- 7, w(E) > m (F) for all 7 € II. Hence

for all i € Z, w; (L™ (z*Exz,)) = E;(w (2*Ez,)) = w(E) > m (F) =
E., (u; (x*Fx,)) = u; (L™ (z*Fz,)) for all # € II. That is, we find m € II
such that L™ (z*Ez,) weakly dominates L™ (z*Fz,) for all = € II. By the

obvious belief-free Pareto criterion, x*Ez, =~ *Fz,. O

A more detailed literature review on aggregating SEU individual pref-
erences and more discussions on Alon and Gayer (2016)[1] can be found in
Section 6.1.

6 Related Literature

More detailed discussions on related literature are provided in this section.

Here we extensively use the MEU social preference representation given by
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Theorem 1 (Proposition 2).

6.1 Aggregating SEU Individual Preferences

In this subsection, we compare our preference aggregation result (Proposi-
tion 2) with the existing literature on aggregating SEU preferences. Again,
assume that each individual preference is represented by an SEU functional
and that IT = co ({my, -+ ,71}).

Harsanyi (1955)[12] studies the role of standard Pareto principle in the
vNM setting. Harsanyi’s aggregation theorem states that standard Pareto
principle is equivalent to the DM’s vNM utility function being a linear ag-
gregation of all those of individuals. However, it is known that Harsanyi’s
aggregation theorem can not be extended directly to other settings. Espe-
cially, when individual preferences are represented by SEU functionals, the
following analogy of standard Pareto principle will make it impossible to
linearly aggregate both individual vNM utility functions and beliefs, if the

existence of a dictator is not allowed.

Definition 5. (Pareto Principle for SEU Individuals) If E., (u; (f)) > Ex, (uw; (9))
for all - € Z, then f 779 g.

Gilboa, Samet and Schmeidler (2004)[9] point out that, the above axiom
used to derive the impossibility result for aggregation is itself counterintu-
itive. In the vNM setting, Pareto principle only describes the difference in
tastes, while in the SEU setting, Pareto principle describes the mixture of
differences in both tastes and beliefs. As a result, even if two SEU individuals
have opposite beliefs and opposite tastes, it is still possible that these effects
cancel out when taking expectations, so that these two individuals give the
same ranking when comparing two acts, which leads to spurious unanimity.

Gilboa, Samet and Schmeidler (2004)[9] give a duel example to show how
Pareto principle for SEU individuals leads to uncompelling social decisions
and suggest that Pareto principle is more convincing when individual be-
liefs or tastes agree. Indeed, they show that when the DM also maximizes

some SEU functional, it becomes possible to linearly aggregate both beliefs
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and tastes of SEU individuals if a condition similar to the Lottery Pareto
condition, which they call “the restricted Pareto condition”, holds.”

As also mentioned in Section 5, following Gilboa, Samet and Schmeidler’s
(2004)[9] idea, Alon and Gayer (2016)[1] successfully aggregate SEU individ-
ual preferences into an MEU social preference. Theorem 1 of Alon and Gayer
(2016)[1] shows that the DM’s utility function linearly aggregates individual
ones and Fy C II if and only if the Lottery Pareto condition and the Likeli-
hood Pareto condition hold. The difference between our result and theirs is
that in our aggregation theorem, not only Fy C II but also the other inclu-
sion hold. This is because the Lottery Pareto condition and the Likelihood
Pareto condition are weaker than the obvious belief-free Pareto criterion, as
we have shown in Proposition 3.

Alon and Gayer (2016)[1] also provide a stronger aggregation result. They
show that we can further impose the following axiom which states that the
social preference relation is more ambiguity averse than any individual, to

ensure Py = 11.

Definition 6 (Social Ambiguity Avoidance). Let E be a socially unambigu-
ous event and F' be any event. If E. (u; (z*Exz,)) > E, (u; (x*Fz,)) for

some individual ¢ € Z, then z*Ex, ¢ 2* Fx,.

Alon and Gayer’s (2016)[1] socially unambiguous events are defined as the
unions of events in a socially unambiguous partition (see Section 5), hence
belong to our unambiguous event set £. It is straightforward to verify that
Social Ambiguity Avoidance condition is implied by the obvious belief-free
Pareto criterion.

An interesting question is that whether Alon and Gayer’s (2016)[1] axiom
set (Lottery Pareto, Likelihood Pareto and Social Ambiguity Avoidance) is
equivalent to the obvious belief-free Pareto criterion. This is true only in
a limited sense. If we consider exactly Alon and Gayer’s (2016)[1] Savage

set-up or our set-up, including all the technical details, the equivalence is

"The restricted Pareto condition weakens the standard Pareto principle so that it only
applies to acts which are measurable with respect to the set of events whose probabilities
are agreed on by all individuals.
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straightforward because their axiom set and the obvious belief-free Pareto
criterion both give us the same aggregation result. Hence, when focusing
on SEU-MEU preference aggregation problem, the obvious belief-free Pareto
criterion can be treated as a simple way to reinterpret Alon and Gayer’s
(2016)[1] whole axiom set.

However, they are not equivalent in general. In the next example, we
consider Savage acts as Alon and Gayer (2016)[1] do, assume MEU social
preferences, but consider a finite state space where an additional assump-
tion on the DM’s preference® used in Alon and Gayer (2016)[1] does not
hold. In this example, their axiom set does not imply the obvious belief-free
Pareto criterion. Thus in general, there is a gap between their axiom set
and the obvious belief-free Pareto criterion, and one should be careful when

understanding or applying these axioms.

Example 1. There are three states of the world, represented by the state
space ) = {wy, ws,ws}. Two individuals, 1 and 2, whose utility functions are
uy and wus, respectively. Individual 1 and 2 hold different subjective beliefs
over : m (w, wa,ws) = (1/3,1/3,1/3), 7 (w1, ws,ws) = (0,1/2,1/2). Let
the DM be an MEU maximizer with utility function uy and let the reasonable
belief set, which is supposed to be identical to the DM’s subjective belief
set, be I = {m, m}. Note that the only socially unambiguous event in this
example is Q. Let X = {1, 2, 3,4} and suppose that u; (4) > u; (3) > uy (2) >
uy (1), ug (1) > ug (3) > ug (2) > ug (4), ug (4) > ug (1) > ug (3) > up (2).

Note that z*, x, in the minimal agreement condition can only be 3 and
2. We first check that the Lottery Pareto condition holds. In this example,
any socially unambiguous act is a constant act. Thus there is only one pair
of acts that satisfy the assumption of Lottery Pareto: 3 and 2. The rankings
are respected also by the DM, so the Lottery Pareto condition holds.

Next we show that the Likelihood Pareto condition holds. Since the
ranking of * and z, is agreed on by all individuals and the DM, we only have
to check the probabilities. For each pair of events E and F such that 7; (E) >

8The existence of some socially agreed “fair” event E such that U (z*Ex.) =
0.5ug (z*) + 0.5up (x).
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m (F) for i = 1,2, our MEU DM with subjective belief set II = {m, 2}
concludes that x*Fx, 7—¢ x*Fx,. Thus the Likelihood Pareto condition holds.

To show that the Social Ambiguity Avoidance condition holds, note that
the socially unambiguous event E in the assumption can only be 2. For
any event F', if x*Qu, >=; 2*Fx, for some i, we have 7; (F) < 1. Hence
our MEU DM with subjective belief set I = {m,m} also concludes that
r*Qx, ¢ x*Fx,.

Now, assume further that uo (z) = (z—9/4)% wuy(z) = In(z)/In2,
us () = (x—9/4)% if < 3 and uy (z) = —1 otherwise. It is straight-
forward to check that the rankings mentioned above hold for these utility
functions. Consider act f = (f (w1),f (w2), f(ws)) = (3,1,4) and g =
(g (w1),9(w),g(ws)) = (3,3,3). It can be readily confirmed that L™ (g)
strictly dominates L™ (f), L™ (g) strictly dominates L™ (f). Thus if the ob-
vious belief-free Pareto criterion holds, we have g »=q f. However, Uy (f) >

Up (g), which implies f > g.

Furthermore, Alon and Gayer (2016)[1] maintain the convention that i’s
belief must be attached to ¢’s risk preference. In the SEU model of individual
decision making, ¢’s belief is simply ’s subjective view of the possible sce-
nario. Thus, whether ¢’s belief is “right” or not, it has nothing to do with j’s
evaluation of any alternative. To maintain this convention in a social decision
making model, Alon and Gayer’s (2016)[1] social planner has to identify the
owner of each possible scenario.

On the other hand, similar to Brunnermeier, Simsek and Xiong (2014)(3]
and Gayer et al. (2014)[7], we allow the DM to pool all the individual opinions
into one reasonable belief set to capture the idea that all individual beliefs of
possible scenarios should be treated anonymously. When the DM cannot pin
down a single scenario, what only matters is the set of reasonable scenarios,
not the owner of each one. Even in the same SEU setting, whether the DM
preserves the anonymity of individual beliefs draws a distinction between our
model and that of Alon and Gayer (2016)[1].
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6.2 Alternative Pareto Criteria

This paper directly relates to studies on characterizing compelling alterna-
tive Pareto criteria when individuals hold heterogeneous beliefs. In this sub-
section, we explore the connection between the obvious belief-free Pareto

criterion and other existing ones.

No-Betting Pareto Dominance: Gilboa, Samuelson and Schmeidler
(2014)

Gilboa, Samuelson and Schmeidler (2014)[10] offer a refinement of the stan-
dard Pareto principle in the SEU setting. Given two acts f and g, say
individual ¢ € Z is involved in a trade from g to f if there exists a state
w € Q where ¢ is not indifferent between the outcomes of f and g, i.e.,
w; (f (w)) # u; (g (w)). Denote Z (f, g) C Z the set of individuals involved in
the trade from ¢ to f. Say f is an improvement upon g if Z (f,g) # 0 and
E., (ui (f)) > Ex, (u; (9)) for all i € Z(f,g).

Now we can state the definition of no-betting Pareto dominance. The
following condition (i) requires that all individuals involved in a trade strictly
prefer the act after trade, according to their subjective belief. Condition (ii)
requires that the voluntary trade, possibly based on heterogeneous beliefs,

has to be rationalized by some common belief.

Definition 7. (No-Betting Pareto Dominance) An act f no-betting Pareto
dominates g if: (i) f is an improvement upon g; (ii) there exists a probablity

measure 7y over the state space such that E., (u; (f)) > Eq, (u; (9)) for all
1€ Z(f.9)

Note that condition (i) in the definition of no-betting Pareto dominance is
not comparable to the obvious belief-free Pareto criterion unless Il is singleton
set, which corresponds to the common belief case.’

Although it seems difficult to compare our criterion with the no-betting

Pareto dominance criterion clearly, the obvious belief-free Pareto criterion

9Also notice the fact that condition (i) in no-betting Pareto dominance always implies
standard Pareto principle, while the obvious belief-free Pareto criterion implies standard
Pareto principle only when II is singleton set (or, when only F, is under consideration).
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still provides a similar insight into the social attitude towards “bet”, the key
concept in Gilboa, Samuelson and Schmeidler (2014)[10].

Gilboa, Samuelson and Schmeidler (2014)[10] call a feasible trade from
some act f to g a bet if it satisfies two conditions: (i) Each individual involved
in the trade strictly prefers g to f; (ii) For each individual who strictly
prefers to trade, the initial act f fully insures her/him. Condition (i) in their
definition captures the idea that unless regulated, individuals in the market
would voluntarily trade from f to g.

However, shifting to the risky act g from the riskless act f is often thought
of as socially undesirable, as long as the incentive to shift comes from different
subjective beliefs only. Gilboa, Samuelson and Schmeidler (2014)[10] argue
that such a trade should be regulated if there is no common belief that
supports it, that is, when g does not dominate f under the no-betting Pareto
dominance criterion.

We use the next example, which is a leading example (Example 2) of
Gilboa, Samuelson and Schmeidler (2014)[10], to illustrate that a DM re-
specting the obvious belief-free Pareto criterion would not prefer such a trade

neither.

Example 2. There are two states of the world, represented by the state
space 0 = {wy,wy}. Two risk neutral SEU individuals, A and B, each has
one dollar whatever the state is. That is, the initial endowment is an act
f=(fa, ) € F such that f(wy) = f(w2) = (1,1). However, A and B hold
different subjective beliefs over Q: 74 (w1,wq) = (2/3,1/3), mp (w1, ws) =
(1/3,2/3). Consider another act g = (ga,95) € F such that g (w1) = (2,0)
and ¢ (w2) = (0,2). Under the SEU assumption, both individuals prefer
g to f. Suppose all reasonable beliefs lie between 74 and 7p, ie., Il =
co({ma,mp}). Then it can be readily confirmed that a DM respecting the
obvious belief-free Pareto criterion will never rank the act g strictly higher
than f, by taking 7’ (w1, w2) = (1/2,1/2) € II in the definition of the obvious

belief-free Pareto criterion.

In general, a similar result can be established if we further assume that

the DM’s preference relation can be represented by an MEU functional, i.e.,

23



social welfare function is that in Proposition 2.

To illustrate this, consider a one-good exchange economy studied in Sec-
tion 3.2 of Gilboa, Samuelson and Schmeidler (2014)[10]. Let X C R, where
x € X specifies an allocation, x;, for each individual ¢ € Z. Further, consider
the acts that are state contingent non-randomized consumption plans, i.e.,
whose outcomes are degenerated lotteries over X. Individual vNM utility
functions are assumed to be standard: strictly monotone and (weakly) con-
cave. Given an act g, we say a trade from ¢ to another act f is feasible if
for each state, the aggregate consumption of f does not exceed the aggre-
gate consumption of g. That is, we say a trade from g to f is feasible if
Yo fw), <> g (w), for each w € Q.

The following definition says that trading from a fully insured act to some

other one is “not safe”.

Definition 8 (Risky Trade). A feasible trade from ¢ to f is risky if g (w),

does not depend on w for all i € 7.

A risky trade is a feasible trade to a risky allocation from a fully in-
sured riskless one. Unlike the way to define a bet in Gilboa, Samuelson and
Schmeidler (2014)[10], in order to define a trade to be risky, it is not neces-
sary to require that f is an improvement upon ¢g. But these two definitions
both imply that if a trade is proposed by the individuals in the market, the
motivation behind it can never be risk sharing.

The next proposition shows that an MEU DM respecting the obvious
belief-free Pareto criterion would never strictly prefer a risky trade, thus

would never encourage such voluntary trades.

Proposition 4. Suppose that the DM is an MEU maximizer respecting the
obvious belief-free Pareto criterion. If a feasible trade from ¢ to f is risky,
then f >q g does not hold.

Proof. By Proposition 2, if the DM is an MEU maximizer and respects the

obvious belief-free Pareto criterion, then her/his utility of any act h € F is
minﬁen :E7T (ZiEI )\zuz (h)) .
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Now, suppose f ¢ g holds, then

min B (Z At ( f)) > minE, (Z Aiti; (g)> (3)

i€ i€T

Take any 7/ that achieves the minimum of LHS and let g (w) = g for all

w € ), we have
E.s (Z Ait (f)) > Z A (g) (4)
i€ i€T
since the RHS of equation (3) is unaffected by taking expectations. Note
that due to the concavity of individual vINM utility functions,

E.s (Z it (f)) = Z AiEqrs (ui (f)) < Z Aiwi (Ezs () (5)
Combining equation (4) and (5), we have
Z Aiti (Eqr (f)) > Z it ()

By strict monotonicity, E.s (f) > g, which further implies E. s (f;) > g;.

Summation over ¢ yields

Y Ew(fi) =Ewy (Z ﬁ-) > g

1€L i€l 1€l

which leads to a contradiction because feasibility of trade from ¢ to f implies
that for each w € Q, >, .7 f (W), < > 7 Gi- O

Belief-Neutral Pareto Efficiency: Brunnermeier, Simsek and Xiong
(2014)

Brunnermeier, Simsek and Xiong (2014)[3] provide a social welfare criterion
under distorted beliefs, called belief-neutral Pareto efficiency (inefficiency).
Assume that the set of social reasonable beliefs is the convex hull of beliefs

of SEU individuals, that is, Il = co ({71, - ,7r}), where m; is i’s subjective
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belief. When judging whether an act is belief-neutral Pareto efficient or not,
it is sufficient to see whether the act is Pareto efficient if we first fix any belief

in II as the common belief for all individuals.

Definition 9. (Belief-Neutral Pareto Efficiency/Inefficiency) An act f is
belief-neutral Pareto inefficient if for every reasonable belief © € 1I, there
exists another act g, such that E; (u; (f)) < E; (u; (¢9,)) for all i € Z, with
strict inequality holding for at least one ¢+ € Z. An act f is belief-neutral

Pareto efficient if for every reasonable belief m € I, there does not exist such

Gr-

The analysis of Brunnermeier, Simsek and Xiong (2014)[3] is based on
the presumption that distorted beliefs come from distortions in updating.
Thus, irrationality plays a crucial role in their study. In contrast, we require
the elements of reasonable belief set II to be derived rationally. Hence, we
assert that our stance on heterogeneity of beliefs is similar to that of Morris
(1995)[15].

Although our study and Brunnermeier, Simsek and Xiong (2014)[3] are
conceptually different, these two studies still share some common features.
First, Brunnermeier, Simsek and Xiong (2014)[3] propose belief-neutral Pareto
efficiency criterion to characterize a DM who knows that individual beliefs
are distorted but does not know the objective probability distribution. Thus,
similar to our DM, a DM who adopts belief-neutral Pareto efficiency crite-
rion is also concerned by the robustness of social decision with respect to
imprecise probability distribution over the state space. Furthermore, under
both criteria, when evaluating the utility of some act to individual 7, not only
’s belief but also the others’ beliefs are taken into account. Since the DM
has no knowledge of the “correct” belief, the way to deal with the robustness
problem is to treat individual beliefs anonymously.

Secondly, both belief-neutral Pareto efficiency criterion and the obvious
belief-free Pareto criterion can be interpreted as a kind of ambiguity aversion
in the DM’s decision process. Our obvious belief-free Pareto criterion has
the following intuitive explanation. Facing a set of reasonable beliefs II, a

cautious DM can ask her /himself the following question: Suppose nature will
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choose a distribution from II against me after I choose an act to implement,
in what circumstances can I guarantee that an act f does better than an act
g, if T also would like to take care of individual risk attitudes? The obvious
belief-free Pareto criterion suggests that if a bad case when our DM chooses
g is worse than every case, thus the worst case, when the DM chooses f, then
our DM should conclude that g really does worse than f. As also pointed
out in Section 3, our DM concerns the worst case, with a flavor of ambiguity
aversion as the Gilboa and Schmeidler (1989)[11] model. On the other hand,
a DM adopts belief-neutral Pareto efficiency criterion is ambiguity averse in a
Bewley-type way (Bewley 2002[2]). That is, s/he only concludes that an act
f is better than g if f does better than g under every belief in II. This can
be understood as another kind of caution when the DM’s view of nature’s
moving time is different. A belief-neutral DM believes nature will choose a
distribution against her/him before s/he chooses an act to implement, which
makes it reasonable to say an act is better if it is better whatever nature’s
choice is.

Finally, an immediate implication of Harsanyi’s theorem tells us that a
belief-neutral DM’s preference can be represented by a set of utilitarian so-
cial welfare functions, one for each reasonable belief in II, with social weights
depending on the belief chosen. This is Proposition 1 provided by Brunner-
meier, Simsek and Xiong (2014)[3]. Although their social welfare function set
only provides an incomplete ranking over social alternatives, this approach,

as our Proposition 2, offers a direct way to compare two social alternatives.

Unanimity Pareto Dominance: Gayer et al. (2014)

Gayer et al. (2014)[7] suggest another Pareto criterion called unanimity
Pareto dominance, requiring that the social planner ranks an act f above g

if for every individual belief, f is a Pareto improvement over g.

Definition 10. (Unanimity Pareto Dominance) An act f unanimity Pareto
dominates g if for every m;, j € Z, Er, (ui (f)) > Ex, (wi(g)) for all i €

The unanimity Pareto dominance criterion is similar to the belief-neutral
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Pareto efficiency criterion because they both require Pareto dominance for
every belief in a fixed belief set. Hence, the comparison in the previous
subsection applies.

Also, one can immediately check that unanimity Pareto dominance im-
plies no-betting Pareto dominance. Thus a DM respecting this criterion and
a DM respecting the obvious belief-free Pareto criterion have similar attitude
towards risky trades.

A direct comparison of the obvious belief-free Pareto criterion with the
unanimity Pareto dominance criterion seems to be difficult. Specifically, the

following facts hold when comparing these two criteria:

1. An act g may be unanimity Pareto dominated by an act f, but may not
be obvious belief-free Pareto dominated by f. The unanimity Pareto
dominance requires Pareto dominance of f over g for any fixed belief,
which tells us nothing about the individual rankings when f and g can

be attached to different worst case beliefs respectively.

2. An act g may be obvious belief-free Pareto dominated by an act f, but
may not be unanimity Pareto dominated by f. The obvious belief-free
Pareto criterion ensures that there exists a 7’ such that f constitutes
a Pareto improvement over g under 7/, but is silent about the Pareto

dominance relation between f and g under other individual beliefs.

3. There may be no act that unanimity Pareto dominates g, while g may
still be obvious belief-free Pareto dominated by some f. This is because
the unanimity undomination of g only tells us for any f, there is some
individual belief 7 under which f is not a Pareto improvement over
g, thus provides no clue when comparing the worst case individual

expected utilities.

4. There may be no act that obvious belief-free Pareto dominates g, while
g may still be unanimity Pareto dominated by some f. This is because
while the obvious belief-free Pareto undomination of g implies ¢ is no
worse than any f in the worst case, it is still possible that f improves

over ¢ if we first fix a common belief.
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7 Conclusion

This paper proposes a new Pareto criterion for social decision making. This
new Pareto criterion, the obvious belief-free Pareto criterion, suggests that
a social planner should conclude that an act f is better than another act ¢
if the worst case performance of f is better than the performance of g under
some case, thus is better than the performance of ¢ under the worst case,
with the performance of an act evaluated in view of all individuals in the
society. The obvious belief-free Pareto criterion provides a minimal guidance
when the social planner persues the robustness of social decision with respect
to imprecise probability distribution over the state space. We formally show
that this criterion implies that the social planner is ambiguity averse in the
sense of Epstein (1999)[6].

We further show that the obvious belief-free Pareto criterion is the only
axiom needed to characterize an MEU social preference: Given the set of
individual risk preferences and the set of reasonable beliefs, an MEU social
planner respecting the obvious belief-free Pareto criterion will aggregate in-
dividual risk preferences linearly and conclude that her/his subjective belief
set is in fact the same as the reasonable belief set. A direct implication of
this characterization is a preference aggregation result: Suppose individuals
are SEU maximizers and the reasonable belief set is the convex hull of all
individual subjective beliefs, then an MEU social planner respecting the ob-
vious belief-free Pareto criterion is able to linearly aggregate both individual

tastes and individual beliefs.
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Appendices

A Proof for Section 3

Proof of Lemma 1. The first part follows directly from the definition of am-
biguity neutrality.

To prove the second part, suppose that 2~ is ambiguity neutral. Then
there are probabilistically sophisticated preference relations = ") and = V)
such that (1) and (2) hold. By the definition of richness of £, z* >~ z,.

From (1), we can show that »~(*"W) agrees with - on the set of unambigu-
ous acts. It suffices to show that the converse of (1) holds for all E, F' € &.
For any E,F € &, suppose that z*Exz, <®") (resp. 3+"W))z*Fzx,, then
by (1), we have 2*Ex, < (resp. 3)z*Fx,. Similarly, 7-") and - agree on
the set of unambiguous acts by (2). Thus, we know that z* =®") 2, and
=0V gz,

By the monotonicity assumption of probabilistically sophisticated prefer-

ences, we have
z* B, =W (resp. =WV z* Fa, < pu(E) > (resp. >)u (F)
So we can restate the definition of ambiguity aversion of 7~ as
w(E) > (resp. >)u (F) = x*Ex, 7 (resp. =)z Fux, (6)

forall £ € £ and all F' € ..

Similarly, the definition of ambiguity lovingness of 7~ can be restated as
v(E) < (resp. <)v (F) = z*FEx, 3 (resp. <)z* Fux, (7)

forall E € £ and all F' € X.
Note that forall E € &, F C E, G C E°, u(G) < u(F)=v(G) <v(F).
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Indeed, we have

p(G) S p(F) < p(G)+p(E) —p(F) < p(F)+p(E) = pu(F)
Sp(E+G—F)<u(E)
=2 (E+G—F)x, Z2"FEx,
=v(E+G—-F)<v(E)
< v(G)<v(F)
where the third line follows from (6) and the fourth line follows from (7).

Apply the same argument to E° instead of E, we have pu(G) > p(F) =
v(G) > v (F). Thus, foral E€ &, F CE, G C E°,

p(G) < p(F) < v (G) <v(F) (8)

Let U represents - and define u (F') := U (x*Fz,) for all F' € 3. We first
show that u is ordinally equivalent to p and v.
From (6), (7) and (8), we have

1 (G) < p(F)

where the fifth line follows from (8). Hence for all E € £, F C E, G C E°
1(G) < (F) & u(E+G - F) < u(E) )
Forany Fe X, F— ENF C E°, E—ENF C E. Apply (9) to get

u(F)<u(F)eu(EFE+F—-ENF—(E—-—ENF)) <u(E)
s u(F-ENF)<u(E—ENF)
S p(F) < p(E)
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for all ' € £ and all F' € 3.

Thus, every lower contour set (hence, every indifference curve) for u con-
taining some unambiguous event corresponds to a lower contour set (hence,
an indifference curve) for p containing the same unambiguous event. By the
richness assumption of £, every indifference curve for u contains some unam-
biguous event. Therefore, =~ is ordinally equivalent to probability measure p
(and v by (8)).

We next show that >~ and =" coincide.

For each F' € ¥, there exists E € £ such that z*Ez, ~®W) 2*Fz, and
r*Ex, ~Y) x*Fx,. To see this, use the richness of £ to find E € & such that
u(E) = u(F). Since u is ordinally equivalent to p and v, u (E) = p (F) and
v(E) =v(F). Thus L* (z*Ex,) = L* (z*Fx,), L" (¢*FEx,) = L¥ (z*Fx,),
which imply that z*FEx, ~ W) p* B and ¥ Ex, ~WY) 2*Fr,.

At the beginning of the proof of Lemma 1, we showed that »*") and
=WV agree with = on all unambiguous acts. Thus =®") and =) agree
on the set of all unambiguous acts. By the argument of the above paragraph,
=) and =(™V) agree on the set of all binary acts.

Then, (1) and (2) further imply that for all F € £ and all F € ¥,

z*Ex, i(“’w) ' Fr, < 2" Fr, = 2" Fr,

From which we can conclude that every indifference curve of >=*»") contain-
ing some unambiguous act is also an indifference curve for ~. But we know
that every indifference curve of ~*"W) contains some unambiguous act, thus

> and =) coincide. That is, = is probabilistically sophisticated. O

B Proof for Section 4

Proof of Theorem 1. We show the remaining only if part here.

Recall that the reduced lottery of any 7= € Il and a constant act is the
outcome of that act, which is a vNM (objective) lottery. Focusing on constant
acts and extending w;’s domain to A (X) for i € Z, we go back to the vNM

setting. As confirmed in the main text, the obvious belief-free Pareto criterion
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reduces to the standard Pareto principle if we restrict attention to constant
acts. Hence the DM’s problem reduces to preference aggregation with the
presumption that all the individuals and the DM respect vNM axioms, which
is exactly a version of Harsanyi’s aggregation problem (Harsanyi 1955[12]).

Under the vNM assumption, the range of u; is always convex for all
i € {0} UZ. Thus we can apply the aggregation result of De Meyer and
Mongin (1995)[5]:'° If the obvious belief-free Pareto criterion (applied to
constant acts) and the minimal agreement assumption hold, then there are
non-negative &; for i € Z, not all of them zero, and there is a real number
p, such that ug (p) = >,c7 &wi (p) + p for all p € A(X). The term p does
not affect the DM’s ranking since ug is cardinal. Also, since at least one &; is
strictly positive, we can normalize {fi}le to a set of social weights {)\i}i[:l
such that 327 A = 1.

It remains to show P, = II. To show this, we adopt a separation theorem
of probabilities used in Alon and Gayer (2016)[1]. To explore the details, we
need some further notation. Denote the space of all bounded and finitely
additive real functions over 3 by ba (X). Let B (2, X) stand for the set of all
bounded, X-measurable real funtions over 2. Let B, (2, X) C B (2, %) be the
set of all finite-valued, bounded, »-measurable real funtions over 2. Weak*
topology of ba (X), denoted by 7, is the topology of ba (¥X) generated by
linear functionals f (p) = [, fdp for each f € B(Q, %) for p € ba (¥). Denote
T the topology of ba (¥) generated by linear functionals f (p) = [, fdp for
each f € By (Q2,%) for p € ba (X). It is known that .7 and .9 coincide when
restricted to probability measures in ba (X). Hence we know both Py and II
are closed in %, as well.

By definition, if a function « is an element of By (€2, X)), there exist finitely
many real numbers «, - - -,y and a partition {Ey, - -+, Ey } of € such that
one can write o« = Zn]\le amlg, , where 1g is the indicator function of £ € ¥..
With this observation, we can state the following two existing results used

to prove Fy = II.

Lemma 2 (Alon and Gayer 2016, Claim 5). Let P C ba (X) be a convex set of

0T heir aggregation result only requires that the vector (ug, uy, - - - ,uz) is convex ranged.
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probability measures, closed in the 74 topology, and p’ € ba (3) a probability
measure such that p’ ¢ P. Then there exsit @ = .0 ay,lp, € By (2, %)
with 0 < o, < 1, and a scalar 0 < ¢ < 1 such that a(¢) > ¢ > a/(p’) for all
qe P.

Lemma 3 (Alon and Gayer 2016, Claim 6). Let ¢, -+, gg be non-atomic,
countably additive probabilities over ¥ and suppose there is a = 27]‘714:1 amle, €
By (2, %) such that 0 < «,,, < 1. Then there exists an event G € ¥ such that
a(q)=¢, (G) forallr=1,---  R.

In Lemma 4 and Lemma 5, we show the two inclusions. Both results
are proved by seeking a contradiction: We first assume that the inclusion
does not hold, then construct two acts that contradict the obvious belief-free
Pareto criterion. The non-atomic assumption of elements of Fy and II is used

when we apply Lemma 3 to find a key event to construct the acts we need.

Lemma 4. By C Il =co({m, -+ ,7k}).

Proof. Suppose there is some py € Py such that py ¢ II. Since II is closed
under % topology, by Lemma 2, there exsit a@ = Z%Zl amlp, € By (Q,%)
with 0 < a,,, <1, and a scalar 0 < ¢ < 1 such that

a(m)>c>a(py) Vrmell (10)

Since probabilities my, ---, T, po are non-atomic and countably additive
over ¥ by assumption, Lemma 3 implies that there exists an event G € X
such that a (7)) = 7 (G) for all k =1,--- | K and a(po) = po (G).

Let f = 2*Gx,, that is, let f be the act that gives J,~ in states in
G and 6., otherwise. Then a(m;) = 7 (G) = Eg, (u; (f)) for all ¢ € T,
& (7o) = 0 (G) = By, (0 (). Note that a (m) = En, (u; (£)) = us (L™ (£))
and a (po) = By (o (1)) = mingen, By (o (1)) = U ().

Let p = cx* + (1 — ¢) x,, that is, let p € A (X)) be a lottery that gives z*
with probability ¢ and gives x, with probability (1 — ¢). Define g to be the
constant act that always gives lottery p whatever the state is. Then for all

Tk, k=1,--- , K, the reduced lottery of 7, and ¢ is p. We then have for all
i €I, u;i (L™ (g9)) = ui (p) = cu; (27) + (1 — ¢)u; (2:) = ¢ = ug (p) = Vo (9)-
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Since for each 7 € I, 7 = Zle By for some 0 < 55, < 1 with 25:1 B =
1w (L™ (f)) = 7 (G) = Y4y Bk (G) = T4y B (mi) =  (7), where the
last equality holds because « is linear. Since g is a constant act, we also
have w; (L™ (g)) = c for all i« € Z, all # € II. Hence by equation (10),
for any m, 7' € I, w; (L™ (f)) = a(7) > ¢ = u; (L™ (g)), that is, L™ (f)
weakly dominates L™ (g) for all 7, 7' € II. By the obvious belief-free Pareto
criterion, this implies f 7o g. However, U (g9) = ¢ > a(po) > Uy (f), a

contradiction. O
Lemma 5. [l = co({m, -+ ,7x}) C R.

Proof. Suppose there is some m; € II such that m ¢ P,. Since Py is closed
under 7, topology, by Lemma 2, there exsit a = Z%:l amle, € By (2,Y)
with 0 < a,,, <1, and a scalar 0 < ¢ < 1 such that

ap)>c>a(m) Vpe bR (11)

Since probabilities 7, - - -, mx are non-atomic and countably additive over X
by assumption, Lemma 3 implies that there exists an event G € ¥ such that
a(m,) =7 (G) forallk =1,--- | K. As shown in Lemma 4, each p € Fy is a
convex combination of 7y, - -+, g, we then have a (p) = p (G) for all p € F.

Let f = 2*Gx,. Then a(m) = m(G) = E., (u; (f)) for all i € Z,
a(p) =p(G) = E, (uy(f)) for all p € Py. Note that o (m) = Eg, (u; (f)) =
ui (L7 ().

Pick any d < ¢ such that a(p) > ¢ > d > «a(m) holds for all p € B.
Let ¢ = da* + (1 — d) z,, that is, let ¢ € A(X) be a lottery that gives x*
with probability d and gives x, with probability (1 — d). Define h to be the
constant act that always gives lottery ¢ whatever the state is. By a similar
argument as Lemma 4, for all i € Z, all 7 € I, w; (L™ (h)) = d = Uy (h).

Hence for any m € I, u; (L™ (h)) = d > a(m) = w; (L™ (f)), that is,
L™ (h) strictly dominates L™ (f) for all 7 € II. By the obvious belief-free
Pareto criterion, this implies h > f. However, Uy (f) = min,ep, E, (uo (f)) =

minyep, a (p) > ¢ > d = Uy (h), which implies f > h, a contradiction. — [J

Combining Lemma 4 and Lemma 5 above, we have Py = II. O

35



References

1]

Shiri Alon and Gabi Gayer. Utilitarian preferences with multiple priors.
Econometrica, 84(3):1181-1201, 2016.

Truman F Bewley. Knightian decision theory. Part 1. Decisions in
Economics and Finance, 25(2):79-110, 2002.

Markus K Brunnermeier, Alp Simsek, and Wei Xiong. A welfare criterion
for models with distorted beliefs. The Quarterly Journal of Economics,
129(4):1753-1797, 2014.

Eric Danan, Thibault Gajdos, Brian Hill, and Jean-Marc Tallon. Robust
social decisions. American Economic Review, 106(9):2407-25, 2016.

Bernard De Meyer and Philippe Mongin. A note on affine aggregation.
Economics Letters, 47(2):177-183, 1995.

Larry G. Epstein. A definition of uncertainty aversion. The Review of
Economic Studies, 66(3):579-608, 1999.

Gabrielle Gayer, Itzhak Gilboa, Larry Samuelson, and David Schmei-
dler. Pareto efficiency with different beliefs. The Journal of Legal Stud-
ies, 43(S2):S151-S171, 2014.

Paolo Ghirardato and Massimo Marinacci. Ambiguity made precise: A
comparative foundation. Journal of Economic Theory, 102(2):251-289,
2002.

Itzhak Gilboa, Dov Samet, and David Schmeidler. Utilitarian aggrega-
tion of beliefs and tastes. Journal of Political Economy, 112(4):932-938,
2004.

Itzhak Gilboa, Larry Samuelson, and David Schmeidler. No-betting-
Pareto dominance. Econometrica, 82(4):1405-1442, 2014.

Itzhak Gilboa and David Schmeidler. Maxmin expected utility with non-
unique prior. Journal of Mathematical Economics, 18:pp—141, 1989.

36



[12]

[13]

[14]

[15]

John C Harsanyi. Cardinal welfare, individualistic ethics, and interper-
sonal comparisons of utility. Journal of Political Economy, 63(4):309—
321, 1955.

Peter Klibanoff, Massimo Marinacci, and Sujoy Mukerji. A smooth
model of decision making under ambiguity. Econometrica, 73(6):1849—
1892, 2005.

Philippe Mongin. Spurious unanimity and the Pareto principle. FEco-
nomics € Philosophy, 32(3):511-532, 2016.

Stephen Morris. The common prior assumption in economic theory.
Economics & Philosophy, 11(2):227-253, 1995.

37



	表紙No.1086
	OBFP_Chen_Li

