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Abstract

This paper examines the effect of initial values and small-sample properties in sequential unit
root tests of the first-order autoregressive (AR(1)) process with a coefficient expressed by a local
parameter. Adopting a stopping rule based on observed Fisher information defined by Lai and
Siegmund (1983), we use the sequential least squares estimator (LSE) of the local parameter
as the test statistic. The sequential LSE is represented as a time-changed Brownian motion
with drift. The stopping time is written as the integral of the reciprocal of twice of a Bessel
process with drift generated by the time-changed Brownian motion. The time change is applied
to the joint density and joint Laplace transform derived from the Bessel bridge of the squared
Bessel process by Pitman and Yor (1982), by which we derive the limiting joint density and
joint Laplace transform for the sequential LSE and stopping time. The joint Laplace transform
is needed to calculate joint moments because the joint density oscillates wildly as the value of
the stopping time approaches zero. Moreover, this paper also earns the exact distribution of
stopping time by Imhof’s formula for both normally distributed and fixed initial values. When
the autoregressive coefficient is less than 1, the question arises as to whether the local-to-unity or
the strong stationary model should be used. We make the decision by comparing joint moments
for respective models with those calculated from the exact distribution or simulations.
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1 Introduction

The unit root test is a basic problem in economics, and a quicker test procedure will save the
cost of doing the test. Anscombe (1953) first proposed the concept of sequential analysis. This
is an approach in which statistical inferences are made while data are acquired sequentially, and
significant decisions are made when sufficient information has been collected. After his study, some
researchers considered the sequential estimation of autoregressive time series. Lai and Siegmund
(1983) introduced a stopping rule based on the observed Fisher information, and they also showed
the limiting approximation of the stopping time. Nagai, Nishiyama, and Hitomi (2018) considered
a unit root test against a local-to-unity hypothesis. Using a 3/2 dimensional Bessel process, they
obtained the joint approximation of the sequential autoregressive coefficient estimator and stopping
time. For stationary AR(1) processes, Hitomi et al. (2021) demonstrated the asymptotic joint
normality of the stopping time and autoregressive coefficient estimator.

We consider the sequential unit root test for AR(1) process with an initial value xz and error
terms €y;

Tp = Prp_1+e, (n=1,2,..)

In the large sample theory developed in this paper, €1, €2, - - - are assumed to be strict stationary and
ergodic martingale differences with variance 02 < co. On the other hand, in the small-sample strict
distribution theory, we make a stronger assumption that the error terms consist of independent nor-
mal random variables. For both theories, the influence of initial values is investigated. The limiting
approximation and exact distribution of stopping time are compared by numerical computation.

2 Asymptotic Property of Test Statistic and Stopping Time

Based on the observed Fisher information Iy = Zf:;l 22, /02, Lai and Siegmund(1983) defined
a stopping time by 7. = inf {N : Iy > ¢}. They also proved 7./+/c converges in distribution to Uy
under g = 1;

¢
Tc/\/E:Ulzinf{tEO:/ W2ds:1}.
0

where = stands for weak convergence and W is a Brownian motion.
While § is close to 1, one can localize the regression coefficient with a local parameter ¢ and a
localizing number c¢;
1)
=14+ —.
8 v

We consider a unit root test with respect to the null and alternative hypotheses;
Hy:6=0vs H;:0<0.

We make the following asymptotic assumption to investigate the effect of the initial value xg in the
AR(1) process (1). Letting Xy be an Ly random variable, we assume that as ¢ — oo,

xo/cl/4 5 X,

where 5 represents convergence in probability. Of course, when considering small-sample theory
and simulations, we set X = zq/ /% gince ¢ is fixed at a constant value.

Following the argument of Nagai, Nishiyama, and Hitomi (2018) with this assumption, z |z / et/
converges in distribution to an Ornstein-Uhlenbeck process X, with coefficient § (OU(4)) and initial
value Xg; as ¢ — 00,

t
mtﬁq/cl/‘l =X =Xo+ 5/0 X.ds + oW, (1)

where |a] represents the integer part of real and W is a Brownian motion. In most cases, including
this one, weak convergences will be carried out on D[0, c0), the space of right continuous functions
with left limits (cadlag).



Nagai, Nishiyama, and Hitomi (2018) proved

¢
T./Ve= Uy = inf{t >0 :/ X2%/o%ds = 1}.
0

They also gave the limiting approximation of the sequential LSE for the local parameter

LS x, 1Az
N A~ n=1+*n—1 n
57‘(‘:\/E(ﬁ7-(‘_1) = Ve T,

‘ ) PO DI -

U
ledXs Ul ~
Jo XedXs s (T X raw, = b,

I3 X2ds 0

Let M; = fot Xs/odWs, then its quadratic variation is (M); = fot X2/o%ds. Extend the random
variable Uy into a stochastic process U, by defining

U,=inf{t >0: (M), =v}.

Since (M), is a continuous increasing process, the definition of U, implies v = fOU” X2/o%ds. By

2
v, _ _1 Xy, —[v_1 '
. 2o+ then Uy = [ 5-ds. According to the

Dambis-Dubins-Schwarz (DDS) theorerrvl, B, = My, is called a time-changed Brownian motion or
DDS Brownian motion. See Revuz and Yor (1999) for time change. By applying the Ito’s lemma to
the OU process, we have

. Denote p, =

the inverse function theorem

t t
X2 =X2+ 20/ X dW, + 25/ X2ds + o?t. (2)
0 0

Then, we can see that p, = X [ij /202 is a 3/2-dimensional Bessel process with drift . In general,
a k-dimensional Bessel process with constant drift for k¥ > 0 is defined as a process p,, satisfying the
following stochastic integral equation (see Linetsky (2004)).
k-1 (Y1

pp=po+ B, +ov+—— | —ds (3)
2 0 Ps

where B, is a Brownian motion. Dividing (2) by 202 and substituting ¢ with U, yields

X[Q] Xg Uy X, U, X2 U
= — 2 = — —dW, Sds+ —.
P 202 202 +/0 o +/0 o? st 2
1 /%1
po+ By + v+ - —ds (4)
4 Jo ps

In conclusion, (5%, \%) = (6 + B1,U1). The joint probability density function (PDF) of By

and U; can be computed through Bessel process in the following subsections. Then the marginal
distribution of U; can also be derived.

2.1 Joint Density of Bessel Process and Stopping Time with zero initial
value under H,

Let PY and E° be the probability and the expectation under Hy, and ¢; be a k-dimensional (k > 0)
squared Bessel process under P° defined as the following stochastic equation with initial value z.

t
qt:x+2/ VasdWs + kt (5)
0



where W is a Brownian motion. The transition density of g; is

o wolt) = - (4)" e (—;y) I, (“fy) 6)

where v = k/2 — 1 is the index of ¢; and I, is the modified Bessel function for » > —1 and z > 0

2/2
k'F v+k+1)

See Revuz and Yor (1999) for details on squared Bessel processes.

For a k-dimensional squared Bessel process ¢; with initial value z, Pitman and Yor (1982) derived
a conditional Laplace transform of fot gsds given ¢; in the following form, named Bessel bridge.

t
E° [eXp (—7/ qsd5> lg: = y]
0
D( VEYV2Y )

I, (=
t\/2y r+y sinh(tv/27)
= 1—1/2 th(ty/2 _— 7
sinh(t/27) eXp{ T v coth( 7))} I (my)

t

(7)

We obtain the joint PDF of ¢; and fg gsds from the above Bessel bridge. See Borodin & Selminen
(2002) for functions isy,es,, sy and D, ().

Lemma 1. Let f, [t qods (y,v) be the joint PDF of q; and fot qsds for a k-dimensional squared Bessel
t)Jo s
process with initial value x defined in (5). Then,

— r+y VTYy\ 1 /y\s
o v (s 0) =10 (”’t’“’ 2 ’2)2(95) ®)

where v =k/2 — 1 is the index of ¢ ,and forv> —1,t+vt+r+2>0,t>0

isy (v, 6,1y z,w) 1 =L

=2 |

' (Sm}:(/jﬁ exp (—r/27 = 2/2y coth(ty/2) ) T, (%))

wu+21

T(v+1+ 1)

tnqg

esy(1+v+20,14+v+20trz2)
1

Il
=

esy (u, v t, 1, 2) 0 = L;l (bméz’gg} exp ( r\ﬁ— z\ﬁcoth t\r ))

Z k' o (4 kv 4k tr + 2+ kt)
k=0

B 2y H/2 .

s (+k) St vitzt 2kt
= Vamth 2Lk TR

), v>0, vt4+2z>0.
k=0

D,, (z) is the Parabolic cylinder function.



Proof. Multiplying the Bessel bridge in (7) by the right-side of (6), one obtains

/ exp (=7v) fo, f¢ guas (45 0) dv

0

x 2y 5
= Gy {5 Ve b (5 )5 ()

An inverse Laplace transform yields the expression of f, T guds (y,v) as in (8). O

The OU process X; under Hy : 6 = 0 can be expressed as X; = Xg + cW;, and it is well-known
that ¢ = X?/o? can be identified with one-dimensional squared Bessel process (see Revuz and
Yor (1999)). In this case, as shown in (4), p, = X /202 is a 3/2-dimensional Bessel process and

Uy _fo 21 ds.

Theorem 2. The joint densities of (2p,,U,) and (qt, fot qsds> have the following relationship.

fQPquu (y7t) = fqt,fg‘ gsds (y,’l)) Y (9)

Proof. Let u = U, then v = fou gsds and dv = qudu. In the Laplace transform of the joint CDF for
2p, and U, we change the integral variable from v to u.

/O e—’YUPO (2/)1) g Y, U, § t) dv = EO [/O e_vvl{qufy,qut}dU]
- E° [/O e o qusl{qSS%uSt}q“du]
t
= /O E° |:67W Jo' qsdsl{qugy}QU] du

Taking the derivative with respect to t, and expressing the expectation in the integral form,

o —yv 9 0 0lemJo ards
/0 e P (2p, Sy, Uy Sty dv = B [T g

Yy 00
N / / ej’yqut ftq‘ds (Z,v) zdvdz
0 0 »Jo 4s

o) o 82 0 ) L
/0 e oy’ (200 = 9, Uy §t)d”:/0 € fap gt quas (W5 v) ydv

Next, taking the derivative with respect to y ,

The uniqueness of the inverse Laplace transform gives (9) O

Combining Lemma 1 and Theorem 2 together, the joint PDF of 2p, and U, under Hy : § = 0
can be written as

f2pvaUU (y7t) = fq,,,fot qsds (y7U) Y
1 vy 1 —1/4
:isv (7t50’m+y ) 7<7) Yy
2 2 2

where  is the initial value of ¢, = X? /o>
Since 2p, = X¢/o? + 2B, + U,, we can obtain the joint PDF fp, p, (2,t) of B, and U, by
variable transformation. For (z,t) € R x [0, 00) satisfying z > —t/2 — X2 /202,

fBo.U, (2:8) = 2f2,, U, (Xg/a2 + 2z —|—t7t) . (Xg/a2 + 22+ t) .



2.2 Joint Density under Alternative via Girsanov Transformation

The joint PDF of B, and U, under the alternative hypothesis can be obtained by a Girsanov
transformation. Denoting the probability measure of the null hypothesis as P and that of the
alternative hypothesis as P°, the Bessel process p, differs in drift for these two measures.

1 [t .
P52p1=po+31+5+1/ fd3:p0+(5U1+U1/2
0 Ps

Under the Girsanov’s transformation, the Radon—Nikodym derivative is

dp°® ! 1, . 52
2P0 lg,=Fy,, = exp (/0 ddB; — 5/0 ) ds) = exp (55[]1 - 2)

Therefore, under the alternative hypothesis, i.e. § # 0, the joint PDF of B, and U, is
12 o (208 = €77 f 0 (210)
5U1 Ui ) B1,Uy )

2.3 Joint Density with Zero Initial Value under H,

Since the OU process X; with Xg = 0 under Hy can be written simply as X; = oW, letting
M, = fot WedWs, its quadratic variation is (M); = fg W2ds. Define U, = inf {t > 0: (M); = v},
then 7./4/c converges in distribution to U;. Since (M); is a continuous increasing process, the

. . . » . . 1465
definition of U, implies v = fOU W2ds. By the inverse function theorem, dgj’ = ﬁ where p, = —5*,
then U, = fov ids. According to the Dambis-Dubins-Schwarz theorem, B, = My, is a time-

changed Brownian motion, which makes p, to be a 3/2-dimensional Bessel process.
The distribution of W2 and [ W2ds is

1
_ Yy 11 Yy
thQ,fOtWSst (y,’l)) - mesv (2u27t7072>
By the theorem 2, we get

f2p717U'u (yvt) =yx fo,fUt W2ds (yvv)

ys L1,y
= €Sy | 555U, 35
2T 2°2 2

Since p, = B, + % while pg = 0, the joint PDF of (B,,U,) is

IB,u, (2,t) = 2f2, v, (22 +1,1)

2z 4+t (1 1 22+t>
€Sy —_—

=2 =210,
27 2'2°"7 2

Let v = 1, then by a Girsanov transformation, under the alternative hypothesis, i.e. & # 0,

£ () = fp i (201)
buy 0y VY T BuU 1%

Hence, the distribution of U? is its marginal distribution, which can be computed by integrating

9 with respect to z.

Su,,Us

fus (2,1) :/_ [ vs (2,1) dz



3 Exact Distribution of Stopping Time

3.1 Normally Distributed Initial Value

For a stationary AR(1) process, i.e. 8 < 1, we assume €1,€9,--- are normal random variables
with mean 0 and variance o2, and g ~ N (0,02/ (1 - ﬂ2)). Put © = (0,21, - ,2zn) and &€ =
(e0,€1,- - ,Z—ZN)/ with g = /1 — 82z¢. Using the recursion formula, we have the relation © = Ae
where

1

1-82

8 1 0

1-82

62

A - 1752 6 1
Y 6N_1 6N_2 o1

! !
—P<€ A2A5 ZC)

a

Following Imhof (1961), we can compute the exact distribution of stopping time, which is

/)
_ sin 1 3 [arctan (A\u)] — Scu
/ du

. 1 1 r=1
P(n§t>=+
C 2 ™ Jo

where A, are the eigenvalues of A’A.

[Vet] 1
u [ (14 A2u2)7
r=1

3.2 Constant Initial Value

Put z = (z1, - ,on_1) , pp = (Bxo, BPag, - - ,ﬁN_lxo)/and e=(e1, -~ ,en_1)". Using the recur-
sion formula, we have the relation x = Ae + p where

B 1 o
A— B2 B 1
61\;72 5]\273 6]\;74 1

The real symmetric matrix A’ A can be decomposed into A’A = P'AP, where A = diag (A1, A2, -+ , An—_1)
is composed by the eigenvalues of A’A and P is composed of their respective orthogonal eigenvectors,
then we have



x’ﬂ !
n=1 xrxT
o2 o2
B (Ae + )" (Ae + )
— —
(e+ A 'u) AA (s + A 'p)
— —
-1 / -1
(e (2
o o o o

Substituting N with |\/ct|, we can express the exact distribution of 7./+/c through matrices and
then apply Imhof’s formula.

2 7 up (u)
where
[Vet]—1 2
1 0ZAru 1 x5
0 (u) = 5 il [arctan (Aru) + T /\QUQ] 3 ( - 02>
Lvet]-1 L Lvet]-1
1 OrArtt)
— 1 )\2 2\ 1 (7’ r
p(u) rl;[l (1+A7u?) " exp TZ:1 2 (14 A2u2)

and ¢, is the rht element of P/ATA”.

4 Comparison of Local and Stationary Parameter in Sequen-
tial Analysis

This part compares the local and stationary parameters for the AR(1) process in sequential analysis.
For the autoregressive coefficient /3, the local and stationary estimators are both normally distributed.
Thus, our primary targets are joint moments of the stopping time and autoregressive coefficient.

4.1 Asymptotic Property of Stationary Parameter and Stopping Time

Hitomi, et al.(2021) proved the asymptotic joint property of the sequential estimator and the stopping
time for AR(1) process. Their main conclusions are

ve( ?Bflfl_—/ff) )= ((0) (25 a0 Zomyr )

(a0l ) =¥ ((0) (o )

Here 71, stands for the case that the variance of error term o2 is known, and 7. stands for the
case of unknown o2, which is also estimated sequentially.



4.2 Joint Moments of Local Parameter ¢ and Stopping Time

The local parameter 5% =.,/c (BTC - 1) is used for the sequential analysis. Nagai et al.(2018) showed

(STCa \7;6) = (6+ Bla Ul)

Although the joint PDF of By and U; has already been obtained, it is highly oscillatory in
the neighborhood of ¢ = 0. Thus the joint moments can not be computed through the joint PDF
directly. Therefore, this section computes the modified joint moment generating function of 2p, and
U,, which is derived through the Bessel bridge and Taylor expansion.

While ¢; ~ BESQZ, section 2.1 has shown that the multiplication of Bessel bridge and the PDF
of g; is a Laplace transform of f, S quds (y,v) w.r.t v. Recall that its explicit expression is

L, {fquot 0uds (yﬂ))} = QSlnh(% exp (—x;y\/ﬂcoth(t\/ﬂﬂ I, (;;}T@C)) ( )%

(10)

By taking the Laplace transform of 10 w.r.t y, we can compute the joint moment generating
function of ¢; and fot qsds.

+ o0 o0
Eg |:efa¢h7“/ Jo qsds:| :A /0 efay*“rquhfot eds (y7 ’U) dvdy

N /Ooo e Ly {f%fot qsds (v, U)} dy

vl wta v/ 2vyax coth (\/2%) + vz
=272 v 72 exp|— X
2a + /27y coth (\/nyt)

<2a sinh (\/ﬂt> ~+ /27 cosh (mt>) o

Set u (v) =U, = [ 215ds, then % = i. Since p, = ¢,,/2 and u (0) = 0, by the inverse function

theorem we have v = fo gsds. In the Laplace transform of the modified joint moment generating
function of 2p, and U,, changing the integral variable from v to u via the relation du = 1/ (2p,) dv,
then substituting 2p, and v with ¢, and fou qsds respectively, we have

e e—20p0—BU, o 1
/ e_"”Eg [} dv = Eg [/ e_BU”e_Qo‘p“_wdv}
0 2py 0 2py

o0
_ Eg [/ e Bug—aqu—y [ qsdsdu]
0
:/ e_ﬁ"Eg [e‘aqu_'yfou qsds} du (11)
0

Changing the integral variable from u to s by the relation s = exp (—2\/2fyu) and taking its
Taylor series expansion w.r.t. x at 0, we have

_20‘/)1) BU,
e "E [ } dv

" 1)" ”/28W+ T (y+vFa(s +1) - 5)"
Z n! / (\/ﬂ(s +1) —2a(s — 1))”+n+1




The last equation converts the trigonometric functions to complex exponential functions in the
Taylor series. Applying the Taylor’s theorem for the multivariate function®, the equation (12) can
be written as

oo o0 m

o0 —2ap,—BU, n,J gm—j 1
w0 | € B "ol B m S
[T | = Sy R () [ K Gsndon— s

n=0m=05=0

K(v,8,0,m,5,0) =(=1)" (145) 77777 (1= )77 log!(s)(—n — v = 1)) x

2
93 (i=8l-n—1+v, (—j, i —n— v %) Y3 (i 1=jtn)
5 _

Finally, by inverting this Laplace transform w.r.t. 7, we obtain the explicit expression of the
modified moment generating function, which is

—2apy,— o > Jgm—j 1
| e S O () [ snom - s
n=0m=05=0 nim! J 0

where

J(v,8,v,m,5,0) =(=1)™ (1 + 8) 7777 (1 — )75 7 log!(s)(—n — v — 1)@ x

. 3(J+H-n-1)
2%(]-3l—n—1)+V2F1 (_]7 —n; _,7 —— (S + 1)2> 11]2. J
(s—=12) T (3(+1—n+1))

For the alternative hypothesis, the joint modified Laplace transform of (2p,, U,) can be computed
by a Girsanov transformation. Denote P to be the probability measure of the null hypothesis and
P9 to be the probability measure under the alternative hypothesis. Under measures P and P°, the
Bessel processes p, are different in the drift 4.

1 /1
P:p,=po+ By, + - —ds
4Jo ps
5 1 /1
P°:p,=po+ B, +dv+ —ds (13)
4 Jo ps

In the Girsanov’s transformation, the Radon—Nikodym derivative is

dp? v 1 ("
e s = 8dB, — = 2d
dP |gw—]:U1, eXp (A € 2 /0 5 8)
1 52
= exp (5 <pv po — 5Us, ) - 2v>

2
I Taylor expansion for function of two variables: f (c, ) = ( ) a][z:: d aﬁgﬁp £(0,0)
= ]=0 :
> k) p(k
2Hypergeometric function: 2 F} (a,b,c,z) = ol z,f)( )W

3Factorial power: a®) =a(a—1)---(a — (k - 1))

10



Thus, the modified joint moment generating function of (2p,, U, ) under the alternative hypothesis
is

E5 e(*?ozpv*BUv) _ 6*2aﬂv7ﬁUvidP6dP0
2pv Q 2pv dPY

:e_(;po_gv/ e_(za—(s)pv—(ﬂJr%‘)UULdPo
o 2py

e(2a5)pv(5+§)UU]

= ef‘spO*%“Eg
2py

D DI I ;] m—

n=0m=035=0

/vaun],m j)ds

This gives the joint moment of p, and U,, which is computed by

B orta e(—2apy,—BU,)
5 p=lyrq| _ (_1\Pta 6 —g—
B [l 0] = (e ot [
P o o m 5/2 ( :U+q+J
—em iy Yy O /vaunJ-H% —j+a)ds

n=0m=035=0

Further, the covariance of local parameter and stopping time has following asymptotic limit.

Cov (Br..me) = Cou (\ﬁ (3. -1) \k)

~ TC
=Cov (576, \/E)
— Cov (By,Uy)

=F (BlUl)

In order to compute this covariance, multiplying (13) by U; and taking the expect value on both
sides, we have

E(p1Uy) = (po+5)E(U1)+E(BlU1)+%E (U7) . (14)

This equation enables us to compute E (B1U;) through joint moments of p, and U,.

5 Simulation and Numerical Computation

5.1 Limiting and Exact Distribution of Stopping time

Simulations are conducted to examine the limiting and exact distribution of stopping time. We use
Mathematica for all the computation reports. First, both distributions perform well if the initial
value is normally distributed. Then, for the constant initial value, even thorough c is small, the
limiting distribution is close to the simulation and exact distribution. Further, as ¢ grows, the
fitting degree of limiting distribution becomes even better.

11



W Limiting
W Exact
[ Simulation

Fig 3: #=0.95, 29 ~ N (0,0%/ (1 — %)), ¢ =400

W Limiting
M Exact
[] Simulation

0 2 4 6 8

Fig 4: B =0.95, Xo = 1, ¢ = 400

W Limiting
W Exact
[] Simulation

2 4 6 8 10

Fig 5: 8 =0.98, Xo = 1, ¢ = 6400
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1.0F
08}
0.6- M Limiting
M Exact
0.4 - Simulation
02}
0.0

2 4 6 8 10

Fig 6: 8 =0.98, X = 1, ¢ = 10000

5.2 Use the result in section 8.2, we can compute E°[(2B,)" Ud] with dif-
ferent 9.

For local parameter:

La=veB-1), (5. %) = (6+ B t)

Uy
2

9 2
2. P = starts at Po = %zfﬁ qt = Xt2 starts at x = \/:?;2 .

3. Cov(Br..7) = E (o) = (po +0) E(Uh) — LB (U?)

4. E(1.) = \eE (Uy), SE (1.) — \/cVar (Uy) = \/ (Ul)]}

Recall that for stationary parameter:

8 f(ﬁrﬁfiﬂﬁ))”((g)’(—;ﬁ 4ﬂ2+<_12—552>w2 >)

2 (o )= ((5)-( 20 3)
3. Cov ([S’m,m) = —28, Elric] = (1— %) cfori=1,2

4. SE(11c) = /c (482 + (1 — B2)w?), SE (12¢) = 2B/c
As B decreases from 0.99 to 0.8, comparison of local and stationary parameter for different c¢ is
conducted.

While the o2 is known. The comparison is shown in Figure 7-9. It is not surprising that the
stationary parameter separates from the simulation or exact distribution while the initial value grows
because the stationary theory assumes the affection of the initial value vanishes as ¢ tends to oco.

3 Cov (BTC, TC) E (7.) SE (1)

Station | Local | Simu | Station | Local Simu | Station | Local | Simu
0.99 -1.98 -1.15 | -1.07 | 49.75 129.75 | 129.94 | 99.50 64.47 | 64.11
0.95 -1.90 -1.83 | -1.65 | 243.75 | 279.85 | 273.70 | 97.53 91.05 | 88.66
0.90 | -1.80 -2.04 | -1.75 | 475.00 | 515.00 | 490.03 | 95.13 97.72 | 93.27
0.85 -1.70 -1.73 | -1.67 | 693.75 | 755.36 | 703.77 | 92.80 | 106.45 | 91.71
0.80 | -1.60 10.95 | -1.58 | 900.00 | 436.07 | 907.92 | 90.55 | 435.40 | 90.00

13



Tab 9: ¢=2500,02=1,20=0

5 Cov (B.,7.) E(r.) SE (r.)

Station | Local | Simu | Station | Local Simu | Station | Local | Simu
0.99 -1.98 -1.12 | -1.07 | 49.75 128.76 | 129.08 | 99.50 64.47 | 64.20
0.95 -1.90 -1.77 | -1.67 | 243.75 | 278.85 | 272.91 97.53 91.05 | 89.07
0.90 | -1.80 -1.94 | -1.73 | 475.00 | 514.00 | 489.19 | 95.13 97.72 | 92.97
0.85 -1.70 -1.58 | -1.67 | 693.75 | 754.44 | 703.26 92.80 106.31 | 91.92
0.80 | -1.60 10.11 | -1.58 | 900.00 | 434.54 | 906.70 | 90.55 | 439.01 | 90.14

Tab 10: ¢ = 2500, 0> =1, 29 =1

— Simulation — Local Stationary Exact

CoV(Brg, o) Eltc] SE[te]

0.0 1000 130

120
-05 zgg / 110
100
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s obs 090 085 Aoo” 400 gg \
T 200 .
-20 — 0 Sy Zs& B

0.80 085 0.90 085 1.00 0.85 090 0.95 1.00
Fig 7: ¢ = 2500, xg =0
— Simulation — Local Stationary Exact

CoV(Byg Tc) Elzg] SEzg]

0.0} 1 B 1000 120
05 0.85 0p0 095 1.00 110

- 800
-1.0 100
s 600 a0
20 400 80

' 70
-25 200 60
-3.0 ol . g 50

080 085 090 095 1.00

Fig 8: ¢ = 2500, g = 10

While 02 is unknown, the initial value of the Bessel process is unknown either. So only the zero
initial value is compared in this case. We take 100000 times iterations in this simulation, using its
estimator s? = ﬁ ZQ’ZI (xn — xn_l)Q. The result shows that the local parameter is closer to the

simulation result when f is greater than around 0.93.

5 Cov (Bm TC) E (1) SE (1.)
Station | Local | Simu | Station | Local Simu | Station | Local | Simu
0.99 -1.98 -1.15 | -1.08 49.75 129.75 | 128.64 99 64.47 | 62.81
0.95 -1.90 -1.83 | -1.67 | 243.75 | 279.85 | 271.16 95 91.05 | 86.34
0.9 -1.80 -2.04 | -1.75 | 475.00 | 515.00 | 488.17 90 97.72 | 88.22
0.85 -1.70 -1.73 | -1.69 | 693.75 | 755.36 | 702.75 85 106.45 | 84.49
0.8 -1.60 10.95 | -1.60 | 900.00 | 436.07 | 906.34 80 435.40 | 79.81

Tab 11: ¢ = 2500, unknown o2, g = 0
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— Simulation — Local Stationary

Cov(ﬁrc’rc) E[7e] SE[1¢]
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Fig 9: ¢ = 2500, 9 =0

6 Conclusion

For an AR(1) process with a root near unity, we consider the effect of initial values in sequential unit
root tests using stopping times based on the observed Fisher information. We use a time-change
method deducing DDS Brownian motion, and we derive the theoretical joint density of the stopping
time and sequential test statistic from the representation via the 3/2-dimensional Bessel process.
Numerical studies show that the joint density performs well compared to simulation results, even
when the level of observed Fisher information is small. Three types of marginal distributions of
the stopping time are proposed: a limiting distribution calculated from the joint density above, an
exact distribution derived from Imhof’s method, and a cumulative relative frequency distribution
computed from simulations. They agree well even when the expected sample size is small. Since
we can not compute the joint moment directly due to the oscillatory property of the joint density,
the joint Laplace transform is obtained. There is a question as to whether the local-to-unity or the
strong stationary model should be used. We make the decision by comparing the joint moments for
respective models with those calculated from the exact distribution or simulations. Of course, model
selection for inference depends on the level of the observed Fisher information. For level ¢ = 2500,
we conclude as follows. When the autoregressive coeflicient is greater than about 0.93, the joint
moments obtained from the local-to-unity model give a better approximation. In contrast, when it
is less than 0.93, those obtained from the stationary theory by Hitomi et al.(2021) provide a better
approximation.
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