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Abstract

This study investigates the effect of bandwidth selection via plug-in method on the asymptotic structure of the
nonparametric kernel density estimator. We find that the plug-in method has no effect on the asymptotic structure of
the estimator up to the order of O{(nho)~Y%} = O(n~L/@L+D) for a bandwidth kg and any kernel order L. We also
provide the valid Edgeworth expansion up to the order of O{(nhg)~'} and find that the plug-in method starts to have
an effect from on the term whose convergence rate is O{(nho)"Y2hy} = O(n~E+D/CLDY 1y other words, we derive
the exact convergence rate of the deviation between the distribution functions of the estimator with a deterministic
bandwidth and with the plug-in bandwidth. Monte Carlo experiments are conducted to see whether our approximation

improves previous results.
JEL Classification: C14
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1 Introduction

In nonparametric statistics, the target of statistical inference is a function or an infinite dimensional vector f that is not
specifically modelled itself. One of the important components of such functions f is the density function because, in
statistics and its related fields, there are cases where we are interested in the distribution as a distribution of income or
where a target of statistical inference depends on the density function as a conditional expectation function. Although
there are different methods for estimating a density function, we focus on the estimator based on the kernel method,
namely kernel density estimator (KDE), also called Rosenblatt estimator or Rosenblatt-Parzen estimator after their
pioneering works (Rosenblatt 1956, and Parzen 1962).

The first-order asymptotic properties of KDE have been studied over a long period of time and it has been proven
that, under certain conditions, KDE has pointwise consistency and asymptotic normality (see e.g. Parzen (1962),
as well as the monographs by Li and Racine (2007) or Wasserman (2006)). As we will review in Section 2, the
rate of convergence of KDE is slower than the parametric rate, and furthermore, becomes slower as the dimension
increases. This property is called the curse of dimensionality. We can understand this is the cost of using local data

to avoid misspecification. Hall (1991) has clarified the higher-order asymptotic properties of the estimator in both
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non-Studentised and Studentised cases. The asymptotic expansion of KDE is no longer a series of n~!/?

1/2

as parametric
estimators, but a series of (nh)~'/<, even in non-Studentised case; it is more complicated series in Studentised case,
where n and & are the sample size and bandwidth, respectively.

Bandwidth / specifies the flexibility of statistic models and is adjusted between the bias and variance trade-offs
in the sense that creating flexible models and consequently decreasing the bias results in increasing variance while
creating non-flexible models and consequently decreasing the variance results in increasing bias. It is well known
that the performance of the kernel-based estimators depends greatly on the bandwidth, not on the kernel function. By
defining a loss function, one can compute the theoretically optimal bandwidth /¢ that minimises the function. The
mean integrated squared error (MISE) is the most commonly used global loss measure. However, in practice, such a
bandwidth is typically infeasible. Therefore, one has to choose the bandwidth in a data-driven way. Among the many
bandwidth selection methods, two famous ones are cross-validation and plug-in method. In this paper, we focus on the
latter.

It is natural to ask whether the choice of bandwidth affects the asymptotic structure of the estimator. Ichimura
(2000) and Li and Li (2010) have considered the asymptotic distribution of kernel-based non/semiparametric estimators
with data-driven bandwidth. They argue that, under certain conditions, the bandwidth selection has no effect on the
first-order asymptotic structure of the estimators. Hall and Kang (2001) showed that the bandwidth selection by the
plug-in method also has no effect on the asymptotic structure of KDE up to the order of O{(nhg)™'/?} = O(nﬁ ).

Our contributions are threefold. First, we provide the Edgeworth expansion of KDE with global plug-in bandwidth
up to the order of O{(nhg)~™'} = O(n%) and show that the bandwidth selection by the plug-in method starts to have
an effect from on the term whose convergence rate is O{(nho)~12hy) = O(n%). Second, we generalise Theorem
3.2 of Hall and Kang (2001), which states that bandwidth selection via the global plug-in method has no effect on the
asymptotic structure of KDE up to the order of O{(nho)~'/?} = O(nﬁ ). Their results limit the order of kernel functions
K(u) and H(u) to L =2, L, = 6 respectively, but we show that they are valid for general orders L and L, as well. Finally,
we explore Edgeworth expansion of KDE with deterministic bandwidth in more detail than Hall (1991). We show that
Edgeworth expansion of standardized KDE with deterministic bandwidth has the term of order O{(nhg)~'/?} = O(nﬁ)
right after the term ®(z) with a gap between them, but after that the terms decrease at the rate of O(hg) = O(nfil ). The
proof of our main theorem owes much to Nishiyama and Robinson (2000). They have established the valid Edgeworth
expansion for the semiparametric density-weighted averaged derivatives estimator of the single index model, which has
an exact second-order U-statistic form. Although the higher-order asymptotic structure of U-statistics had been studied
before Nishiyama and Robinson (2000), the estimator is different from standard U-statistics in that it is U-statistics
whose kernel depends on the sample size n through the bandwidth. Since KDE with plug-in bandwidth can also be
approximated by a sum of first- and second-order U-statistics whose kernel depend on the sample size n through the
bandwidth (see (17) in Appendix A), we can benefit from their proof.

The remainder of this paper is organized as follows. In the next section, we introduce KDE and review its known
properties. Section 3 provides the main results, namely the Edgeworth expansion of the estimator with global plug-in
bandwidth. In section 4, we compare our results with previous works by Monte Carlo studies. Section 5 concludes and

discusses future research directions.



2 Review of the Estimator’s Properties

2.1 Estimator and Its First Order Properties

Assumption 1. Let {X;}?_ | be a random sample with an absolutely continuous distribution with Lebesgue density f.

First, we introduce nonparametric KDE £ for unknown density f. Estimator f at a point x with a bandwidth £ is

=5 ()

where K is a kernel function, and we say that K is a L-th order kernel, for a positive integer L, if

defined as follows:

1 (=0
fulK(u)duz 0 (1ZI<L-1)
C+#0,<00 (I=1L).
Assumption 2. In a neighbourhood of x, f is L times continuously differentiable and its first L derivatives are bounded.
Assumption 3. Kernel function K is a bounded, even function with a compact support, of order L = 2 and f K@u)du=1.
Assumption 4. x is an interior point in the support of X.
Assumption 5. 7 —» 0, nh— o0 as n— co

KDE has pointwise consistency and asymptotic normality for an interior point in the support of X. Although it
also converges uniformly for an interior point in the support of X, we only review pointwise properties because we
investigate the pointwise higher-order asymptotics of KDE with global plug-in bandwidth. Under Assumptions 1-3,

we can expand mean squared error (MSE) of fh(x) as follows:

~ N R(K
M ELF1 = B0~ o) = (CorPeont) + ST gty iyt )

where R(K) = f Kw)*du,Cr = % f ul K (u)du. Therefore, Markov’s inequality, Assumptions 1-5, and (1) imply point-
wise consistency f,(x) 2, f(x). Moreover, we can show that KDE has asymptotic normality as follows by applying

Lindberg-Feller’s central limit theorem:
A A d
Vih(fiux) = Efa(x)) > N(0,R(K) £(x)).

Remark 1. Since E[ fh(x)] ~ f(x)+CLf L) (x)hL, the statistics centred by f(x) asymptotically follows a zero-mean nor-
mal distribution if nh**' — 0 holds. However, the theoretically optimal bandwidth does not satisfy this condition, as
we will discuss later. Therefore, we consider the statistics centred by E[ f(x)], not f(x). For recent studies on asymp-
totic bias of KDE, see, for example, Hall and Horowitz (2013) and Calonico et al. (2018). For other nonparametric
estimators, recent related studies are Armstrong and Kolesdr (2018), Calonico et al. (2014), Calonico et al. (2020,
2022) and Schennach (2018).

2.2 Plug-In Method

Bandwidth £ is a parameter that analysts need to choose in advance. One of the criteria for bandwidth selection is the

mean integrated squared error (MISE):

MIS E(h) = f EL/(0) - F0P ldx.



The theoretically optimal bandwidth is the one that minimises MISE and, from the MISE expansion, this bandwidth is

defined as follows:

1

2L+1

hO = ( R(K) ) n- 2L1+1 s
2LCAH,

where I; = f f (L) (x)zdx. Although hy would perform best, it is infeasible because I, is unknown, so one has to select
the bandwidth from the available data. We examine the effect of a certain plug-in method on the distribution of the
estimator.

Several plug-in methods have been proposed so far (see e.g. Hall, Sheather, Jones and Marron 1991, Sheather and
Jones 1991). In this paper, we adopt a simple plug-in method that estimates /;, directly and nonparametrically using

the estimator proposed by Hall and Marron (1987). Their estimator, I for Iy, is given as follows:

" -ln=1 n QL) 1oL X‘—Xj n —-1n-1 n
I = ~(2L+ ey ir:
IL‘(z) Z.Zb " ( b )‘(2) ZZIL”’
i=1 j=i+1 =

where b is a bandwidth for estimation of I, different from & (called pilot bandwidth), and H is a kernel function of
order L.

Proposition 2.1 provides the expansion of the plug-in bandwidth (defined as /) and plays an essential role in the
derivation of the asymptotic expansion of KDE with the plug-in bandwidth. We assume additional conditions for

Proposition 2.1:

Assumption 6. In a neighbourhood of x, fis (2L + L)-times continuously differentiable and its first 2L+ L,) deriva-

tives are bounded.

Assumption 7. Kernel function H is a bounded, even function with compact support, of order L, Zz 2, (2L)-times
continuously differentiable and for all integers k such that 1 £k <2L—1, lim,— e |H(k)(u)| - 0.

Assumption 6 gives regularity conditions on the smoothness of the estimand, which implies Assumption 2. As-
sumption 7 is on the kernel function H for the estimation of /7, and the condition at the infinity of u is necessary for the
integration by parts in the expanding process of (i —h)/ho. These assumptions can be interpreted as a generalization
of assumption (Agp;) of Hall and Kang (2001) to K of order L and H of order Lj,.

Proposition 2.1 (Expansion of Plug-In Bandwidth). Under Assumptions 1, 3, 4, 6, and 7, we can expand (fz —ho)/hg

as follows:
h=hy —Cp <
; 0 _ PI Z{f(ZL)(Xl) _Ef(ZL)(Xi)}+0p(n—l/2bL,,)+ OP(n—lb—(4L—l)/2) (2)
0 i=1
where
Crr= —2— 1!
Pr=or+1't

The proof is in Appendix A.1.

Remark 2. Both the first and second terms on the right-hand side of (2) reflect the projection term of the Hoeffding-
decomposition of I;. The third term reflects that the quadratic term of the decomposed I; converges at the latest
OP(n_lb_(‘”‘_l)/z) because of the standard property of U-statistics (see the proof of Lemma 3.1 in Powell, Stock, and
Stoker 1989).



Remark 3. We can make the second term of (2) as small as we like up to the order of O(n=>/?) by letting kernel order
L, be large enough. This is not unrealistic statement; for example, when one uses a second order kernel function,
adopting a fourth order kernel function is sufficient to make the effect of the second order term negligible (see Online

supplement S2.5 for details).

Remark 4. Since MSE optimal rate of b is OP(nﬁ ) from Hall and Marron (1987), for example, when one choose
the pilot bandwidth via rule of thumb (see silverman 1986), the convergence rate of the third term is Op(n’lb’(“’l)/ 2=
Op(n_l/zn_LP/(8L+2LP+l)) at the latest. This implies we can also make the third term of (2) as small as we like up to
the order of O(n™") by letting kernel order L, be large enough. Noting, unlike the convergence rate of the second
term, the bound on the third term Op(n‘lb_(‘”‘_l)/ 2) is possibly not sharp, we can not immediately identify how much
L, is sufficient to make the effect of pilot bandwidth negligible without deriving the Edgeworth expansion with pilot
bandwidth.

2.3 Review of Previous Studies

Theorem 2.1 of Hall (1991) established the Edgeworth expansion for KDE with a deterministic bandwidth, which we
replicate in Proposition 2.2. Let S ;(x) be Standardised version of KDE with a bandwidth A:

Vih{ fiu(x) = E fi(x)}
Hao(h)1/2

=2 (552) 2 (5 (55 (5|

Remark 5. Although [ of uy is always | = 0 in this paper, we follow Hall (1991) and use this notation. We need

Sn(x) =

k]

where

this notation to study the asymptotic structure of the studentised estimator. Since the main purpose of this paper is to
investigate the pure effect of bandwidth selection, the studentised KDE does not appear, but for practical purposes we
have to consider the effects of studentisation, debias, and bandwidth selection all at the same time, and this notation is

intended for that future.
Assumption 8. 4 — 0, nh/logn — o as n— o

Assumption 9 (Cramér Condition). For a sufficiently small h:

sup
teR

f‘” exp{itK(w)} f(x —uh)du| < 1.

Remark 6. Assumption 9 is a high-level condition. Lemma 4.1 in Hall (1991) shows that primitive condition (2.1) in
Hall (1991) implies Assumption 9. Moreover, Assumption 9 is weaker than the Cramér condition in Lemma 4.1 of Hall

(1991). This is because we only deal with Standardised case, while Hall (1991) also deals with the studentised case.

Remark 7. Assumption 9 rules out the uniform kernel, but many kernels which are practically used will satisfy this
condition. However, as stated in Hall (1991), one can also derive the Edgeworth expansion in the case of the uniform

kernel by routine methods for lattice-valued random variables.

Proposition 2.2 (Hall 1991, Expansion with a Deterministic Bandwidth). Under Assumptions 1, 3, 4, 8, and 9, the

following expansions are valid:

= o{(nh)™'?}

sup P(S 4(x) £ 2)— D(2) — ¢<z)[<nh)”2p1<z>}



sup P(S (%) < 2) = ®(2) — ()| (nh) ™2 p1 (2) + (nh)_lpz(Z)] =o{(nh)™"}, )

where ®(z) and ¢(z) are the distribution and density functions at z of a standard normal random variable, respectively,

and:
1
p1(2) = —gﬂzo(h)_3/2#30(h)(zz -1,

1 _ 1 _
p22) = —ﬂﬂzo(h) 2pao(h)(Z* = 3z2) - ﬁyzo(h) 31530(2° = 102° +152).
See Hall (1991) for the proof.
These results are the Edgeworth expansion of KDE up to the order of O({(nk)~'/?}) and O({(nh)~'}), respectively.
However, bandwidth in his results is still deterministic. In this paper, we study KDE with data-driven bandwidth fh at
a point x. The next proposition decomposes the fh into terms that include the effect of bandwidth selection and one

that does not.

Assumption 10. Kernel function K is a bounded, even function with a compact support, of order L = 2 and is twice

continuously differentiable.

Proposition 2.3 (Expansion of KDE with Data-Driven Bandwidth). Under Assumptions 1, 4, 5, 6, 7, 8, and 10,
expanding f;l(x) around h = hy yields:

R 1 & (Xi—x
7 == K =~
=23 (=]

. . 2 . 2
o h—h 1(h-nh h—h

= fro(X) = 0 IT'kpE, + = - T'kpg, +0, i I'kpE, |, 4)
hO 2 ho hO

where

1 & Xl-—x X,-—x X,'—)C
r =— K’ +K ,
e ”hO;{ ( ho )( ho ) ( ho )}
_ 1 & Xl-—x " Xi—x X,-—x ’” X,'—x Xl‘—x2
FKDE2=n—hOZ{2K( o )+4K( m )( » )+K ( o )( o l

i=1

Let S p;(x) be Standardised version of KDE with global plug-in bandwidth and define uy; = i (ho). Noting that
expanding /'/2 around / = hg yields 7'/ = h)/* + L' (h = ho) + 0, {(h = ho)*hy >}, we have,

Vi f,(x) = Efy ()

S pr(x) = 7
20
i T - 2
VnhO(%)FKDEI - @ (%) T'kpE,
=8ny(x)— 7
Hao
i NTHECOR
1 h—ho\ YO\ ) ' KDE)
+§Sho(x)( I )— e +5.0. 5)

o

Assumption 11. lim, . |K(u)u| — 0

The following theorem generalizes the kernel orders of Theorem 3.2 in Hall and Kang (2001). Their theorem
specifically sets the order of the kernels to be L =2 and L, = 6, and we prove that it holds for general kernel orders L
and L,.



Theorem 2.4 (Second Order Equivalence). Under Assumptions 1, 4, 6, 7, 9, 10, and 11, the following expansion is
valid:

= o{(nho)~"/?}. (6)

sup P(S pi(x) £2) — D) — ¢(z)[<nho>‘” 2py (z)]

See Appendix A.2 for the proof. Comparing this result with the first half of Proposition 2.2, we see that the bandwidth
selection via global plug-in method has no effect on the asymptotic structure of KDE up to the order of O{(nhg)~'/?}.

3 Main Results

As stated in Theorem 3.2 in Hall and Kang (2001) or our Theorem 2.4, bandwidth selection via the global plug-in
method has no effect on the asymptotic properties of KDE up to the order of O{(nhg)~'/?} = O(n~1/?1+D)_ Section 3.1
provides a valid Edgeworth expansion for KDE with plug-in bandwidth up to the order of O{(nho)~'} = O(n~2L/CL+D)
in Theorem 3.1. This expansion possesses a form comparable with that in Hall (1991). In Section 3.2, we rewrite
the expansions in Proposition 2.2 and Theorem 3.1 to derive the expansions only in terms of n and the n-independent
coefficient functions without /g in Corollary 3.2 and 3.3. Using these results, we scrutinize the higher-order difference
between the theoretical and plug-in bandwidth in Section 3.3. We realize that the global plug-in bandwidth selection
starts to have an impact from on the order of O{(nho)~Y?h) = O(hé”), which is stated in Theorem 3.4. Section 3.4

provides a comprehensive example by considering the special case of L = 2.

3.1 Edgeworth Expansion for KDE with Global Plug-In Bandwidth up to the order of
O{(nho)™"}

We introduce the following assumption:

Assumption 12. For 1 £k < L—1, limy_ 100 |K(@)u*| = 0

and lim,,— .0 [K’ (w)u?| - 0.
We have the following theorem which is proved in Appendix A.3

Theorem 3.1 (Main Result). Under Assumptions 1, 4, 6, 7, 9, 10 and 12, the following expansion is valid:

sup
z€R

P(S pr(x) £ 2) - D(2)

L-1
—¢(z)[<nho)‘”2p1<z> + 2 hET 3@+ i pata) + (nho)_lpz(Z)] = o{(nho)™"}, 9

=0

where

D3,(2) = _CPICF,Z(X)PUNE(; 2,

_ 1 _
pa(2) = —CP1P11§11#23/2(Z2 -D+ ECPlpllllzé/zZz»

. f(L+l)(x)
CI‘,](X) = —(fML lK(u)du) m,

k
_ X;— X; -
g =t 0l {25 g X))



K, Xi—x Xl-—x K Xl-—x EK, X,‘—x X,-—x K Xl-—x !
8 (hO)(h0)+(h0)_[(hO)(h0)+(h0)]’
k 1
pu = ha“’@”EHK (%) -EK (%)} {f@“(xo —Ef””(X»} ]
0 0

3.2 Edgeworth Expansions in Powers of n~!/(2L+D)

Note that A satisfies Assumption 8. Comparing (3) with & = hy and (7), we see that hé*l” p3.(z) and n~V/ 2h(1)/ 2p4(z)
reflect the effect of bandwidth selection via global plug-in methods. However, the results in Proposition 2.2, The-
orem 2.4, and Theorem 3.1 are still insufficient for identifying the exact difference because g, pis,&x, accordingly
P1(2), p2(2), p3.(z) and pa(z) in the expansions depend on &g and, consequently, the relationship between the terms in
the expansions is not clear.

For §j,(x), we have to expand pi(z) and py(z) in terms of only n, without 4. Expanding p;(z) is easy be-
cause only its leading term affects the Edgeworth expansion up to the order of O{(nho)~'}. For pi(z), recalling that
P1(2) = — 4y a0z = 1), we have to expand psop,’

Kyt = f u* K (1) du and, from straightforward computation, we can expand pog,u30 as follows respectively:

up to the term whose convergence rate is O(hé). Letting

420 = Koo () = F0Pho + me D31+ o), ®)
2 f (2)(x) 30,2
H30 = k03 f (%) = 3ko2 f(X)"ho + {K23 T 2f(x) }ho
(1) (-1)
: Z{ R A L) ©

For notational simplicity, we rewrite ug, 30 as a series of hg:

L L
H20 = Z ma, ()i + o(hE), H30 = Z m3,(xX)hh + o(hf).
1=0 =0

3/2

Then, expanding u3op,,'~ yields:

L -3/2
ms 1 (x)hl + o(hg)} {Z ma (X)) + o(hg)}

-3/2
M30#20/ = {
=0

g

I T

m3 1(X)hh + o(hg)}

]
(=)

3 L ;
x [{mz,o<x>}‘3/2 = Slma (0} [Z mz,j(x)h{)]

J=1

2
15 L
* o {mao(x)} 7/ {Zl mz,z(x)hf)]

3
105
- {mz 00} {Z my, j(x)h) ]

8§x%x3
J=




-DE@L+ 1! -CL+3)
+ % myo(x)}) " 2 myh§ +0(hé)]

{st z(x)h0+o(h )}
(- l)k(2k+l)" —(2k+3) L i - L
[Z 2Kk {map(x)} ™2 Zmljho +0(h0)]
=

—(2k+3)

L I . 1\
g,

XY s (ma iy (6)- o (OGN 4 o).

k<iy+--+ig+ISL

We define yi 0(x),y1,1(x),y2.1,0(x) and y2.20(x) as follows:

-1 _
71000 = K5y K03 [ (),

Y11 = = (kg2 F )Y = k3 Pho3 f()!22),
-1 '
Y2,1,0(%) = 7 —Kys koa f(x)”
-1 _
Y22,0(x) = 7 ==K K()3f(x)

From the above results, we obtain the following corollary.

Corollary 3.2 (Expansion of Hall (1991) in powers of n~V/L+D). Under Assumptions 1, 3, 4, and 9:

P(S 1y () £ )~ D(2) - ¢(z)Za,(z, On

j=0

sup = o{(nho)™"},

where the definitions of aj(z, x) are given as follow for2 < g < L—1:

ao(z,%) = Y100 = 1),

ai(z,x) = y1,1(0)E - 1),
l

ay(z,x) = Z Z (-D*Qk+ D! {mz’o(x)} =3

k
=0 k=0 2%k!

X e Y ma(ma i (x)-ma, (kg 2 - ),

i1+ +ig+l=q

ap(z,x) = y2,01 ()@ =32) +¥2,02(x0)(Z° - 107+ 15)

L 1 k —(2k+3)
(=Df2k+ 1! —
DD e CERIC0)
1=0 k=0
X Z R Z m3 (X)myj, (x)-- 'm2,ik(x)h8 il 2,
i1 ++ig+I=L

Remark 8. Note that ag and a, are special cases of aq, but we explicitly write these terms for comparison of this result

with the next corollary.

Remark 9. From this corollary, we can identify that, the Edgeworth expansion of the standardized KDE with deter-
ministic bandwidth has the term of order O{(nhg)™'/%} = O(nﬁ) right after term ®©(z), with a gap between them, but
the subsequent terms decrease at the rate of O(hg) = O(nfil ), which is not clear in Hall (1991).



Next, for (7), we also have to expand p3(z) and pa(z). Although we do not provide the details here, one can use

the similar process to for p;(z). We define:

7= f WKWK’ wu+ K w)?)du,

L(x) = fPP ) -EBIF P ),
¥3.1.0(x) = =CprCro(x)Kgy L(x),
¥3.1,1(x) = CprCro(x)kgs L) f(x)
Ya,10() = =Cpiky, > 1o L) f 12 (),

3 _
Ya11(x) = 5Cprkgy 10 L (02,

1 _
Y420(x) = Ecmxo;/ 2L f'?

-1 _
Ya2,1(x) = TCPIKOS/QL(x)f(x)” 2

Then, we have next corollary.

Corollary 3.3 (Main Theorem in powers of n~'/?*D). Under the same assumptions as in Theorem 3.1:

L —(L+)) -1
sup P(S pr(x) = 2) - O(2) - ¢(2) Z bj(z,x)n 2L+ | = of(nho) "},
z& =0

where

bo(z,x) = ap(z, x),
b1(z, %) = a1(z, X) +¥3.1.0(0)2 + ¥4.1.0(0)@ = 1) +y4.2,0(x)2%.

ba(z,x) = a2(z,%) +¥3.1.1(0Z + Y411 ()@ = 1) + 421 ().

We do not provide here the definitions of bj(z,x), j = 3,... because they are too lengthy and tedious, but they can be
straightforwardly obtained.

Hall and Kang (2001) and Theorem 2.4 state that the global plug-in method has no effect on the terms up to
whose convergence rates are O{(nhg)~'/?}; in other words, by(z, x) does not include the effect of bandwidth selection
in view of Corollary 3.3. Comparing a;(z,x) and b;(z,x), the bandwidth selection via the global plug-in method
starts to have an effect on the term with the order of O{(nhy)~/?hy} = O(n% ). The deviation between bg(z, x) (the
smallest term not affected by bandwidth selection) and b{(z, x) (the largest term affected by bandwidth selection) is
only O(hg) = O(n~1/@L+D)y,

Remark 10. Although we omit b3(z,x) and the subsequent terms, we can show that these terms are also affected by
bandwidth selection via the global plug-in method in the same way as the process of deriving Corollary 3.2. However,
the most important point is that the influence of the bandwidth selection via the global plug-in method starts to appear

at by(z,x).

3.3 Difference between S (x) and S p;(x)

From Corollaries 3.2 and 3.3, we can easily deduce the following theorem, which states the exact order of the difference

between S, (x) and S p;(x). See Appendix A.4 for the proof.
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Theorem 3.4 (Exact Evaluation of the Deviation). Under the same assumptions as in Theorem 3.1:

SUp[P(S 1y (1) < 2) B(S pr(x) £ - 811310002+ 720 = DI FET || = 03T,

and the order is exact.

This theorem implies that:
—(L+1)
sup[P(S y(x) = 2) = P(S pr(x) £ 2)| = O(n2L+T).
z€R

We can only claim that this deviation is o{(nhg)~/?} = o(n~%/@L+D) from Theorem 3.2 in Hall and Kang (2001) and our

Theorem 2.4, whereas Theorem 3.4 gives a stronger result, stating that the convergence rate is exactly O{(nhg)™"?hy} =
0(71_(1‘+1)/(2L+1)).

Remark 11. The larger is the kernel order L we use, the slower the convergence rate of the approximation in Theorems
2.4, 3.1, and 3.4 will be. This is because we centralize at E th (x). However, as stated in Section 5, one of the final goals
will be to examine the effect of bandwidth selection and ‘debias’ simultaneously (we are in the process of working on

it), and it is not clear that the second-order kernel L =2 is optimal.

3.4 Special Case

Since the previous results are a difficult to interpret because of their generality, we consider a special case of L = 2.
Here, we also provide the details of the expansions of p3,(z) and p4(z) as well as that of p;(2).
First, we have to expand p;(z) and p,(z). From (8) and (9), we can expand p(z) as follows (see Appendix C):

-1 _
1) = oty = 1)

6

12 12
s )~ 3{f()i)/2 _K032f(5)2 }ho

Koz Koz

+ {_73{Kozf(x)}_5/2K03K23f(2)(x)f(x) —3{koaf ()} ko3 f(x)*

+ 2l f(0) 7/2K03f(X)5+9K_3/2f(X)3/2}ho](Z D) +0G),

and since for p,(z) we only need the leading term; a straightforward computation yields:

p2(2) = Tkoaf(x) N = 32) - 72K02K03f(x) 12 =103 +15) + o(1).

-1
24"

From the above results, in the special case L = 2, expansion (3) is as follows:

sup|P(S (x) £ 7) —D(z) — ¢(Z)[ao(z, x)n_z/ >ty (z, x)n‘3/ 4 ar(z, x)n‘4/ 5]
zeR

= of(nho)™"},

where

ao(z,x) = y1,0(0(& = 1),
ai(z,x) = y11(0E = 1),
a(z,%) = y1200E& = 1) + 21,000 = 32) + 72200 = 102° + 15).
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Next, we have to expand p3 0(z), p3,1(2) and pa(z). From a straightforward computation, noting 71 = 0 from the proper-

ties of the odd function, we can expand p; and &;; as follows:

p11 = L) f(x)+Oh),
é1 = 1of () + 11V ()ho + 0(ho) = To + o(ho).

These imply:

P3,0(2) = —CPICr,o(x)PnMEolZ
= —Cp1Cr0(x)Kgy LX)z + CpiCro(x)Ky5 LX) f(x)zho + 0(ho).

See Appendix C for the second equality. Noting that Cr 1 (x) = 0 from the properties of the odd function:

p3.1(2) = =CpiCr1(X)p1152 = 0,

and, as shown in Appendix C:

. 1 _
Pa(@) = —Cpipriéiipy @ = 1)+ §CP1,01 iy 7

= —Cpikgy " 1o LX) f(0) (P - 1)+ %cpm(;;/ 210L0)f ()42 = Do + o(ho)
1

"2

_ 1 _
Crikgy* LONF (01222 = 2 Cprxiy* L0 ()22 ho + 0(ho).
From the above results, in the special case of L = 2, the expansion (7) is as follows.

sup [B(S pi(x) £ )= ©() = $(2)|bo(z, I~ + b (&, n ™ + btz ™3| = ooy ™!},
zeR

where the definitions of bo(z, x), b1(z, x) are given as follow.

bo(z,x) = ap(z, x)
b1(z,%) = a1(z,x) +¥3,1,0(02+¥4,10()(@ = 1) +y42,0(x)2>

by (z,%) = az(z,x) + 3,11 ()7 + Y411 ()@ = 1) +y42.1 (07

4 Simulation Study

In order to examine the higher order improvements by the Edgeworth expansions, We compare the coverage accuracies
of the normal approximation, the expansion with deterministic bandwidth, and the expansion with plug-in bandwidth.
The data generating process is an exponential distribution whose density is f(x) = xe™. We use the following kernel

functions:

1 -2 1 _2
K(u) = e, Hu)= ——u*-10u>+15)e 72,
T

8V2r

namely L =2 and L, = 6.
Let zq,wo and wh! be the 100a%-quantile point of normal distribution, Cornish-Fisher expansion of KDE with
deterministic bandwidth, and Cornish-Fisher expansion of the KDE with plug-in bandwidth, respectively. In this

experiment, we set @ = 0.95. We construct the following intervals for 10000 iterations and count the number of

12



Table 1: x=1.0,b = 0.9
| n=50 n=100 n=400

NO,1) || 0.961 0.963 0.972
Hall (1991) || 0963 0966  0.974
OurResult || 0962 0965 0973

Table 2: x = 1.0,b =MSE optimal
| n=50 n=100 n=400
N(0,1) 0.955 0.958 0.968
Hall (1991) || 0.957  0.960 0.970
Our Result || 0.956 0.958 0.969

intervals that include E f,(x). We evaluate the performance of each approximation by the closeness of the number of
such intervals divided by 10000 (iteration) to 0.9500:

1/2 PI
N ZaM N Wa 20 A Wo H20
IN:{fﬁpl_#’oo}’ID:[fflw_L :|,IPI:|:f;lPI_a—A,OO:|_

. o0
nhpy Vnhpy nhpy

We choose x = 0.5,1.0, and 5.0 as the evaluation points of f. Considering the shape of f(x) = xe™

*, we can regard

x = 1.0 as a representative for data-rich points, x = 0.5 for points with moderate amount of data, and x = 5.0 for points
with poor data. The experiment is conducted with pilot bandwidth b = 0.6,0.9 and by, the MSE-optimal one, and for
sample sizes n = 50, 100, and 400. The MSE-optimal pilot bandwidth is defined as follows:

b (8L+ 1){ff(x)2dx}2 ~2/(8L+2L,+1)
0 = n P,
Ly(Ly))2{ [ uLpH(u)du}2 {[Feot f2L+Lp(x)dx}2

In this simulation setting bg = (0.8113,0.7735,0.7029) for sample sizes n = (50, 100,400), respectively. Tables 1-9 show
the results of Monte Carlo simulation, where the bold figures indicate the most accurate approximation in closeness to
0.950.

Tables 1-3 give coverage probabilities at x = 1.0 with pilot bandwidths of 0.9, by, and 0.6 respectively. All three

approximations work well because all the figures are mostly close to the nominal value of 0.950. The normal approx-
imation might look slightly better with relatively large and MSE-optimal pilot bandwidths, though the differences are
extremely small. For relatively small pilot bandwidth, it is difficult to say which approximation is best.

Results at x = 0.5 are reported in Tables 46 for pilot bandwidths of 0.9, by, and 0.6 respectively. When the sample
size is relatively large, our result seems the best. However, for a small sample size, Hall (1991) dominates our results.
In any case the differences are quite small.

At x = 5.0 (see Tables 7-9), for all sample sizes and for all pilot bandwidths, Hall (1991) and our result are virtually
the same and outperform the normal approximation, which gives poor performances.

In summary, at a point with abundant data, the normal approximation provides a good approximation for relatively
large sample size. At a point with a moderate amount of data, our approximation provides the best performance with
relatively large sample size, while the other approximation provides better performance with small sample size. At a

point with poor data, the difference of Hall (1991) and our result is marginal.
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Table 3: x=1.0,b=0.6

| n=50 n=100 n=400

N(,1) 0.946 0.949 0.959
Hall (1991) || 0.949 0.952 0.960
Our Result 0.947 0.950 0.960

Table 4: x=0.5,b=0.9

H n=50 n=100 n=400

N(0,1) 0.949 0966  0.981
Hall (1991) || 0.954 0.968  0.981
OurResult || 0.938 0.962 0.980

Table 5: x = 0.5,b =MSE optimal

| n=50 n=100 n=400

N(,1) 0.941 0.961 0.976
Hall (1991) || 0.946 0.963 0.976
Our Result 0.932 0.956 0.975

Table 6: x=0.5,pb = 0.6

H n=50 n=100 n=400

N(,1) 0.925 0.940 0.955
Hall (1991) || 0.931 0.943 0.957
Our Result 0914 0.935 0.954

Table 7: x=5.0,b=0.9

| n=50 n=100 n=400

N(@,1) 0922 0927  0.938
Hall (1991) || 0.942 0.942  0.947
OurResult | 0.941 0.942 0.947

Table 8: x =5.0,b =MSE optimal

| n=50 n=100 n=400

N(0,1) 0.924 0.926 0.939
Hall (1991) || 0.945 0.942  0.948
Our Result || 0.945  0.941 0.947

Table 9: x=5.0,b=0.6

| n=50 n=100 n=400

N(,1) 0.932 0.927 0.940
Hall (1991) || 0.949 0.943 0.948
Our Result 0.948 0.942 0.948
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5 Discussion and Conclusions

This study investigated the higher-order asymptotic properties of KDE with global plug-in bandwidth. As a first con-
tribution, we provided the Edgeworth expansion of KDE with global plug-in bandwidth up to the order of O{(nhg)~'} =
O(n%) and show that the bandwidth selection by the global plug-in method starts to have an effect from on the term
whose convergence rate is Of{(nho)~'/*hg} = O(n%ﬁ)). As the second contribution, we generalized Theorem 3.2 in
Hall and Kang (2001), which states that bandwidth selection via the global plug-in method has no effect on the asymp-
totic structure of KDE up to the order of O{(nho)™V?) = O(nﬁ). Their results limited the order of kernel functions
K(u) and H(u) to L = 2,L, = 6 respectively, but we show that they are valid for general orders L and L, as well. The
third contribution is that we explored the Edgeworth expansion of KDE with deterministic bandwidth in more detail
than Hall (1991). The Edgeworth expansion of the Standardized KDE with deterministic bandwidth has the term of
order O{(nhy)~1/?} = O(nﬁ) right after term ®(z), with a gap between them, but after that, the terms decrease at the
rate of O(hg) = O(n71),

As stated in Remark 1, centring at E Fu(x) leaves asymptotic bias under standard conditions. Two standard methods
to deal with asymptotic bias (debias) are ‘undersmoothing’ and ‘explicit bias reduction’. The former refers to choosing
the bandwidth satisfying Vnhh® — 0 and the latter directly estimates and removes the bias term. Hall (1992) examined
the effect of undersmoothing and explicit bias reduction on the asymptotic structure via the Edgeworth expansion up to
the order of O{(nh)~'} and stated that undersmoothing provides better coverage than explicit bias correction does. After
that, Calonico, Cattaneo and Farrell (2018) have proposed alternative bias correction method and show thier method
is comparable with undersmoothing by Edgeworth expansion up to the order of O{(nh)~'}. However the bandwidth in
their expansion is still deterministic. We can interpret that Hall and Kang (2001), this paper, and Hall (1992), Calonico,
Cattaneo, and Farrell (2018) studied these effects separately, that is, the pure effect of bandwidth selection and the pure
effect of debias respectively. A goal for future research will be to investigate the effect of bandwidth selection and
debias simultaneously, on which we are working at the moment.

Among the recent topics in which the density estimator plays an important role is the manipulation test of regres-
sion discontinuity designs (RDD). Cattaneo, Jansson, and Ma (2020) proposed a local polynomial density estimator
for adaptability at or near the boundary points. We expect that the asymptotic structure of their estimator with the
corresponding plug-in bandwidth has a similar structure to that of the KDE provided in this paper.

One of the other possible extensions of this work is considering the pilot bandwidth, which are eliminated by using
a large L, in this paper, as a general n-dependent sequence b, and to study its influence on the asymptotic structure.
Another extension, which we are in the process of working on, is investigating the effect of cross-validation on the

asymptotic structure.
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A Proofs of Results

A.1 Proof of Proposition 2.1

Proof. Recall

R n—ln—l n X X 1n-1 n .
IL:(Z) Zzb(ZLJrl)H(ZL)( ) () Iz]

i=1 j=i+1 i=1 j=i+
Since /1, has a U-statistic form, we can use Hoeffding-Decomposition,

1n-1 n

IL—EILU+ Z ILz EILI] ( ) Z Z ILU ILJ+EILU}, (10)
i=1 j=i+1

where I;; = E[I1;j1X;]. In order to examine /1, we have to compute Efy;; and I,.

X 1
ILi= E[ILij|Xi] = szL“ H(zL)( )f(x)dx

1
= | 7 —- H®P (u) f(X; + ub)du

- f H(u) fPP(X; + ub)du

LP
= X)) + % ( f uLpH<u>du)f<2“LP><X,~) +0p(b"), an
!

where the third equality follows from integration by part and Assumptions 6 and 7 and the fourth equality follows from

the expansion of f?2(X; +ub) around b = 0 and Assumptions 6, 7. This implies

. btr
Elyij = E[/P X0 [+ ( f uL”H(u)du)E[f@“Lﬂ)(XI )1 +o(b") (12)
!
From integration by parts and Assumption 6, the first term of the right-hand side of (12) is

E[f(ZL)(X])]Z ff(ZL)(x)f(x)dX=ff(L)(x)zdx:IL’ (13)
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Inserting (11), (12) and (13) into (10), we have
=142 300 ~EfCDK)
=
2 f o uydu) 22 Z (D () — B2 (X))
n Ly! P

+0,(n 1 2br) + 0, (™ p~HE D), (14)

Recall that Plug-In bandwidth is defined as follows,

1
- [ REK) )T
h=| RE AT (15)
2LCE L
We evaluate the difference between % and using (14).
12Z+1-1 _IZZJ-I 1 Iﬁ_l 22{f(2L)(x) Ef(ZL)(X)}
L oL+t n & ’ ’
2 L
+= ( f LI’H(u)du) Z {fE D (X) =B (X)) + 0p(n™ 2000 (16)
n p i=1
( ) Z Z ILlj_ILl ILJ+EILtj}]
i=1 j=i+1
Inserting this expansion into (15) yields
. 2 v
h=h Ch(x)y—Efreh(x.
0~ 2L+1 L [n f ( z) f ( z)}

i=1

+i( LPH(u)du) Z (FEEE(X0) B (X)) + 0, (n™ ! 2 bEr)

( ) Z Z Iij- IL,+]EIL,J}]

i=1 j=i+1
This implies
h—ho L L)
= X; X))}
m ZLHL[Zf (X)) —EfP(X)
2 Ly &
L2 (f L”H(u)du)b P' Z (FOELD (X)) — EFCH0 (X)) + 0p(n~ 200
n Ly! P
() Z Z [sz A ]LJ+EILlj}]
i=1 j=i+1
h=hy _ =Cpi L L)
= & n;{f (X)) ~Ef*0 X))
Cblr < _
4+ Z{f(2L+Lp)(Xl_) _ Ef(2L+Lp)(Xl‘)}+0p(}’l 1/2bLP)
3
C
PI( ) Z Z ILlJ ILJ+]EIL,J}
i=1 j=i+1

18



A.2 Proof of Theorem 2.1

Proof. Since hy satisfies Assumption 8, Proposition 2.1 holds with / = hg. In view of (2.5), if the following evaluation

is correct,

= o{(nho)™'/?},

h—h h—
E' Vnh( O)FKDEI ESho(x)( 7
0

h‘))‘ — o{(nho)™)

then bandwidth selection has no effect on the asymptotic structure up to the order of O{(nhy)~""?}. From Cauchy-

h—ho|’ 2|
< nho{E'_hoo‘ B[k | }

Schwarz Inequality

E

h—h
\/nho( W O)FKDE]
0

Straightforward calculation gives

=0

Eﬁ—ho2
ho

Next, we evaluate E[['kpg, 2.

2_ 1 SR , Xi—x X,'—x X,-—x , Xj—x Xj—x Xj—x
E'FKDE" _(nho)zE[-l <¢~{K( ho )( ho )+K( ho )}{K( ho )( ho )+K( ho )H
a2 )5
£ ho ho ho
_i , X X - X X,'—x , Xj—x Xj—x XJ'—X _1
_héE[{K( ho )( ho )+K( ho )}{K( ho )( ho )+K( ho )}]+O{(nh0) }
:l.([{x(zr“ﬂ(“_x)+K(“_x)}ﬂzy&)2+0«m1rh
h? ho ho ho e 0

2
(fK'(u)uf(x + uhg)du + fK(u)f(x + uho)du) + O{(nho)_1 }

2
( fK(u)f(x+uho)du fK(u)uf’(x+uho)hodu+fK(u)f(x+uho)du) +0{(nho)™"}
2
( fK(u)uf (x+uh0)h0du) +O0{(nho)™H
= O(hg") + Of(nho)™"}.

The fifth equality follows from integration by part of the first term and Assumption 11, and the final equality follows

from the expansion of f”(x+ uhg) around sy = 0 and Assumption 6,10. Therefore form Cauchy-Schwarz inequality,

. 12
h—h h—h
E \/nho( 7 0 < nhg { ‘ 0 E'FKDE| }

= 0" 20 HOURE + (nhoy ™)'= 06 #1712 = ol (ko))

)FKDE

= O(n~'?) = o{(nhy)~"/?}. Therefore

Similar to above evaluation, Cauchy-Schwarz inequality gives E‘S(x)(h ho)

bandwidth selection via Plug-In Method has no effect on the asymptotic structure up to the order of O{(nho)~'/?}. O
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A.3 Proof of Theorem 3.1

Proof. From Proposition 2.3 and Lemma 3, we have,

= . A A h—h
Vih( /(0 = Efiy () = Vitho(foo ()~ E iy ()~ \/%( -

Proposition 2.1 provides the expansion of Plug-In bandwidth,

~

1 h—h
)rKDEl + zsho(x) (—0) +0,{(nho) ™"},

ho

/A1—h0 CPI bhr . + _ _
o Z (reD0) B D)+ < ;{fm LX) —Ef 20 (X f+op(n™ 261 + 0, (7).

Since we can, as stated in remark 2.3, make the effect of the second term of (fz —ho)/ho negligible, we consider
only the effect of the first term of (fz —ho)/ho (see Appendix A.4 for details).

Define
X;i—x X;—x
Si =y (K| =—|-EK[=—]).
i = Hy hO hO

=K Xi—x\(Xi—x K Xi—x _glx Xi—x\[(Xi—x K Xi—x
o ho ho ho ho ho ho |

L= fPOX) -EfCPD(X).

Recalling that S p;(x) is defined as (2.5), we have from Lemma 1,

Vnh( ()~ E iy ()

Spr(x)= i
Hao
ATy 09~ Efig () Vo ("7 )Lk,
= 1/2 - 1/2
Hao Hoy
(h ho) Vnho(Ckpe, —ETkpE,) \/I%(ﬁ,o(x)—Eﬂo(x))(h;:o
- * +0,{(nho)™")
L2 27
20 20
Y cpC h +l 7
ZS +Wz P1Cr (%) Z -
20
Criny el L e, .
{WZ 1/2]( n ;L] 2{\/%;51][ . ;L,]+op{(nho) }

2L+1

1 < Cprihy* &
= Si+ — >, Li ) Cr, 1R
A /nh Z 1/2 / ; Z

Cpr Cpr <
3/2h'/2 1/222 Lilj+ 312 1/2#1/2Zr' Y 1/222 iLj— 3/2h1/22S Li+0p{(nho) ™"}

Hyo i=1 jzi 20 =1 i=1 j#i
=S+ A1(x)+Ar(x) + Az(x) + Ag(x) + As(x) + o,,{(nho)‘ }. (17
Define Fp;(z) and Fp/(z) as follows,
Fpi(2) = B(Spr(x) £ 2),
Fpi(2) = (2) +¢(2)| (nho) ™ p1(2) + (nho) ™' pa(2) + E W5 pau@) +n 2R pac2) |.
=0
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To show the Edgeworth expansion is valid, we have to confirm sup_ . |F p1(z)—F p1(z)| = o{(nho)™"}. First, we evaluate

the remainder term.
sup |Fpi(2) - Fpi(2)| < sup |P(S () + A1 (x) + Ag (1) + A3(x) + Ag(x) + As(x) < z)—Fm(z)j
+ P(|SP1(X) ~ (S + A1)+ Aa0) + As() + Aa() + As ()| 2 a,,) +0(a;")
where a,, = nhy(logn). Since
|5 2100 = (S (0 + A1)+ Ao () + As(0) + Aa () + As()| = 0p{02ho) ™'},
we have
P('S P1(X) = (S () + A1 () + A (x) + As(x) + Ag(x) + A5(x))| > an) = O{(nho)'a;'} = ol(nho)™"}.
Obviously, O(a; ') = o{(nho)™'}. Then, we only need to evaluate

sup
z€R

B(S () + A1) + Ao () + A3(0) + Aa() + As(x) £ 2)~Fpi(2)].
Define y p;(?) and ¥ p;() as follows,

xpi(t) = Eexp{it(S () + A1) + Ag(x) + As(x) + As(x) + As ()]

-3/2 -2 2,3
. - H30My) 3 HMA0Myy 4 Maoka) .6
= — K1+ 1’ + 0"+ 4
xpi(h) exp( 5 )[{ 1212 (ir) g (@ir) Tanhg (i)
0

= priényy ' 1y Pp11hy
+Cpipiitiy (Z cr,Ax)hé”“] (i0)? + Cor——— = (ity* = Cpy 2

=0

(i) + (in}].

From Esseen’s (1945) smoothing lemma,

Sup [P(S (1) + A1) + Ao () + As(x) + Aa() + As(x) £ 2)~Fpu )|

zeR
2L
n2L+T logn

<[ a0
—n2L+T logn
P H—xpi(t

éf xpi(t) XPI()'dH_f
-p t

2.
PE|tIEn2L+T logn

0 —ypi(t
xpi(0) sz()’dHO( ]
t n2i+T logn
xpi(t) xpi(®)
‘dt+f o
! pslign T logn| 1

}dr +o{(nhy)™}

? H—xpi(t t ipi(t
éf xpi(t) XPI()'dH_f . XPI()‘dt+f xpi(r) di+ol(nhe)")
-p ! psliisn2L+1 logn ! psli
= (A)+(B)+(C) +of(nho) "} (13)
ali2pl2
where p = min{_y—zo,log n} To prove the validity of the Edgeworth expansion, we show that each term of (18) has
Hyp' H30

the convergence rate of(nhg)~1}.

In order to evaluate (A), we represent y p;(f) as ypr(t) plus a remainder. From Lemmas 8, 9, 11, 12, and 13,

)(P](f) -E [eit(s (X)+A1(X)+A2(X)+A3 () +A4(x)+As5 (x))}

=E[Of1 +ith {1 +itAr(0)}{1 +itAs()}{1 +itAs (0]
+ O(PEIA 1 (D)) + O(PEIA2(0)1) + O(HEIA3 (X)) + OGP E|A4(x)*) + O(*E|As(x)*)
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=E[ {1 +itA 1 (x) +itAg(x) + itAg(x) + itAs ()]
+ O(PE|IA1 (1)) + O(PEIA2 (D)) + O(HEIA3 () + OGP EIA4 (D)) + O(PE|As ()]
+ O(PE|A 1 () A2 (0)) + OCE|A 1 () Aq(x)]) + OGPEIA1 (x)As(x)])
+ O(PE|A2 () A4(0))) + O E[A2(x)As(x)]) + OB A4 (x)As(x)])

=D +dD)+ D+ dV)+ (V)
+ O(PEIA (D)) + O(PE| A2 (x)*) + O(HEIA3(x)]) + O(PElA4(x)]*) + O(PE|As ()%
+ O(PE|A1(x)A2(x))) + O(EIA 1 () A4 (x)]) + O(FE|A 1 (x)As(x)])
+ O(PE|A2 () A4(0))) + OE|A2(x)As(x)]) + OB A (x)As(x)])

=0+ + D+ dV)+ (V)

2L+1
+O0EhgE Y + 0y + Ot~ 2hy > + 07" + O(n™ hg) + O n ™" ho)
+0(t’n ”2h g )+O(tzn’l/zh“l)+0(t2n"/2hé“)
+0(En~ h*) + 0P n n)/*) + O(Pn~" ho)

= (D) + 1D + (D) + (IV) + (V) + 0@n~ Y+ O(tln ™), (19)

where the fourth equahty follows from Lemmas 10, 14,15, 16, 17, and 18 and the final equality uses Ao =
Define y(t) = E [e Vil ] We have

O(H_l/(2L+l))
Sy S s n
() =E[e ¥ 0| =Bl <y, (20)
from, Lemma 5,

() = B[S WA ()]

2L+1

it L-1
a1 Cpihy =S i,
=) W”E e Vo Ly || D Cruohg | in
o

=0

1/2h . -1
=y Cr ”;1 > ]E[{1+ (nh;t)l 5S1+ ;:])10 }[Zcr ,(x)h’](n)+o{(nh) }

20 =0

2L+1
Cpml/zho 2 1 L-1
=y(@"! E[S1L11| Y Cri(xhh|(in)?
Y W2 (nho) 12 1+1 ; 0

20

+ 0~ PR 0m) 0P n hg 1 Oh)

L-1
C B (2L+1)
=y SZEIS 1 L] [ZCrl(x)hL+l](zt)2+0(|t|3 112, 70
Hao =0

L-1
= ()" 'mﬁ[slzl]{ cmu)hé*’](it)z+0<|r|3n]>, @h

Hao 1=0

from Lemma 5 and 6,

) =E [e”S (X)(itAz(x))]

Cpin(n—1 —L_($1+57) .
=y 32]}15/2 1/)2E[em 1 ZFILZ}(”)

22



_ n=2 Cpm(n— 1)
=y(1) TR { t o )1/2(31 +52)
(z 0’ (i)’ . -
o S48+ s (S1452)° )T L (i) + ol i) ™!)

=y %E[s (T BLS 2 L21(00° + 0n2) O™ )0(0)Olho)

2y g
= ey S ) 1S T IBLS 2 L21Gt) + O™

2R

0 20

= ey BIS T IBLS L)) + O™ 22)

! 2hy " pg

from Lemma 5,

(IV) = B[ O(itA4(x))]

-C -1
_ ~Cpm(n )y( "2E e
2n3/2h)

g 1+ slzz]m)

—Cpn'/? _
W?’U)” ’E

{1 o )1,2(31+S2)

(i)’
6(nho)3/?

2
(’) 51+ )2+

— (S +52)3}51£2 (it) + o{(nh)™"}

= —hy(o"‘z]a[s%]E[Ssz](irf +0(n' 2y )0 n 11 0(ho) OCho)
n
0
= 2%;;l’l,ﬂ(z)" PELS2.L21(in)* + OG*n™") (23)
iy

where the final equality uses E[S %] = hg, and from Lemma 5,

(V) =E[e"™ @ (itAs(x))

_ —Cp1n
~2m32p)

—Cpr it
——2 1/2h1/27’(1)n IE[{1+ — 51}51£1
n Vnhg

YIRS 1.£L11Gn) + 0 Phg Ao n P hs ) 0h)

V(t)”“E[e\/I"TOSIS 1£1] (if)

(it) + o{(nh)™ "}

) 2n1/2h1/2 v

W (t)n 1E[S1-£1](1t)+0([2n—]) (24)

then
yei() =@+ A0+ D + (IV) + (V) + 0@n~ Y + 0(ltin™ 1)

=0y yay ' —ZEIS 1 £L1] [Z cr,zhg”] (in?
20 I=
CPI 1

()= PUEYETRE ——5EIS 1 T11EIS 2. Lo](in)’

— {21 + ey (in)) E[S1L1]

1/2h1/2
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O((Itl w2+ + t4)n’1).

For m =0,1,2, by Feller (1971, p535-536),

) 32 _
n—m ! H30Hy0 . 3 '“401“20 4 /‘30/‘20 6
t = 1+ 1) + T+ ——(it

¥ exp( > ){ 6n1/2h5/2(z) 2anhy 0t Fpm

+o ((nho)-1 * + |t|9)e-f2/4).

By (20), (21), (22), (23) and (24), noting B[S 1 L11 = hopzy*p11, BIS 1 T11 = hoping*é11, and B[S 2.La] = hottyy *pui,

-3/2
- H301 L3 MaoM e,
XPI(o:exp(T)[{H 20 it + 00 0 20(06}

6n1211 24nhg 72nh
L-1 -3/2,1/2
_ , PLEIHyy “hy ™
+Cpip11y [Z Cr,z(x)héH”] (ity* + CPI%(”P
=0
“12 12

Hay' "P11hy " ,
= Cp 2l + (i)

+O((A+2 +1a +Hn7") + o((nho)’l(t4 + |t|9)e,t2/4)
=2pi O+ 0+ +1i +Hn") + 0((nho)_1(t4 + |t|9)e—t2/4).

This implies

dt = o{(nhy) ™"}

A)= f
-P

Next, we confirm (B) = o{(nhg)~'}, for P s n% logn. Define

xpi(t) XPI(I)‘

1 m
S(X;m)zl/z—hl/ZZS”
P] O m .
Mt = >L Zcm(x)h :
i=1

] CPI
Aarim) = — AT ZZF,L,,

20 i=1 j#i

Aa(xm) == n 3/2h1/2 ZZS L

i=1 j#i

P1
As(x;m) = ——— S L
20217 Z -

then

IXPI(I)| — |Eeit(s (x)+A1(x)+A2(x)+A3(x)+A4(x)+A5(x))|
< |Eeit(5(x)+/\1(X)+/\2(X)+/\4(X)+/\5(X)| + O(tIEA3(x)))

< |Eeit(5 (A1 ()=A1 (rm)+ (A ()= Ao (x3m)+(Ag ()= Ag (x:m))+(As (X)—As (x;m)))

{1+ ity Gem) {1+ itAg (e m) {1+ itAa(rm) {1+ itA5(x;m)}|
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+ O(P{EA 1 (x;m)* + EAx (x;m)* + EA4(x;m)* + EAs(x;m)*}) + O(AEA3(x)))
< |Eeit(S (0)+(A 1 ()=A1 (x;m)+(A2 ()= A (x;m))+(Ag (x) = Ag (x:m)) + (A5 (x)— A5 (x;m))) |

+ t||Ee”<5 O+ ()= A () +(Ag ()= Ao (xm))+(Ag (1)~ A4 (rim)+(As (x)—As (x:m))
X{A (e m) + Ao (xym) + Ag(x;m) + As(x;m)}
+ O(P{EA 1 (x;m)? + BA(x;m)? + EA4(x;m)? + EAs(x;m)>
+EIA 1 Co;m)Aa (e m)| + EIA 1 (o m) Ag (s m)| + E|A 1 (x; m)As (x;m))|
+ ElA2(x;m)Aa (o m)| + E[ Ao (x; m)As (x; m)| + E[Ag (x; m)As (x; m)l})
+ O(HIEA3(x))). (25)

The first term of (25) is bounded as below.

|Eeit5 (em)1g pit((S (=S Cam)+(A1(x0)-A (x:ﬂl))+(A2(X)—Az(x;m)+(/\4(X)—/\4(x:m)+(/\5(x)—As(x;M)))|

= |Ee”5 (x;m)| |Eeit((5 (=8 Cesm)+(A 1 (0)=A 1 (xsm)+(Ag ()= A (xm)+(Ag ()= Ag () +(As (x)=As (x;m)))|
< [Be™ | = ™. (26)
Similarly, the second term of (25) devided by |¢| is bounded by
[E(e" S A1 (rm))| + [E{e™ 5 Ag (rym)| + [EAe™ 7 Ag (xsm))| + [E{e™ “ As(x;m)),

where each term is bounded as follows. Let C(x) be some positive and bounded generic function.

21
5 (x CpiCro(0h,* S 1(x)
B Al = o e e s
a0
2L+1
m—1 mh : lt S1(x)
=4,10] Y 1/2|C101Cr0(x)| Ly || +s.0.
My
2L+1
et Mhy " TSI
=yl 1/2|CPICFO(X)|E Li|+s.0.
n'2p0

2L+1
2

mhy,
<" —5ICpCro()E e
n!2u

S1(x)
"’1 |E|.£1|+ s.0.

2L+1
2

173 [CPICTo(DIEIL1] + 5.0.
Hap

h
<yt
nl/2

2L+1
2

mh
< CObOI —P—, 27)

where the final inequality uses Lemma 7.

e C
B 5 A Cosmll = |y (0" 2~ m(om ”E[ e 1&]

172, 172
n3/2h / MZ(/)
m—a_tmm—1) e (514S2)
< ly(@)l W|CPI| E|e Vo L
My
m—2 m(m—1) ( 1+
=y WWME E|F1£2|
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m(m-—1)

m—2
<yl chmlEmLﬂ
_m(m—1)h/?
< CEWOI"?—— =, (28)
where the final inequality uses Lemma 7.
S (v Cpym(m—1) _ ($1+S )
B AgCsmll = | LR g " 212 11:2]
n
1 —=(51+52)
<y 2ﬁlcml [ Vil 251-52]
m(m—1) =St
<y ZWICHIE oY
<y WlCPI|E|51£2|
m(m—1)h}?
< COMOM? —— =5 (29)

where the final inequality uses Lemma 5 and 7.

B A eamyl = [—SE 1| W0 s 1,
IR

Cpr
< by lﬁwm [eW sm]
<o mwmﬁ Vi ‘Emzn
-1 Cpr
<" lﬁwmmslm
m 1/2
< CObOM 55 (30)

where the final inequality uses Lemma 5. (27), (28), (29) and (30) imply

It |Eeit(5 (O)+(A 1 ()=A1 (x5m))+ (A2 ()= A (xm)+(Ag ()= Ag (x;m))+(As (X)—As (x;m))

X (A1 (x5 )+ Ao ks )+ Ag () + As ()|

2L+1

mho? 2h1/2 m 1/2
<C(x>{|y<t>|'" ! ?/2 O — = + " 3/2 }|r| 31)
Then, (25), (26), and (31) yield
h”{" m2hl 2 1/2
lxm(m<|y(r>|’"+C(x){|y(z)|m ! ?/2 +hy@" 2T+|y<r)|’" 'z 3/2 }|r|

+O(P(EA 1 (x;m)” + EAg(x;m) + EA4(x;m)> + EAs(x;m)?
+EIA1 (x;m) Ao (s m)l + EIA 1 (o m) A (x; m)| + E|Aq (s m)As (x; m)|
+E[A2 (s m)Aa (s m)| + ElA2 (s m)As (x; m)| + E|A4(x;m)As (x;m)l})
+O(HIEA3(x)])
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2L+1
5 mhy®  mPhy> mhy)?
SC@hyO" =1+ + + |11

nl/2 n3/2 1312
mh2L+l m2 m3/2h(2L+1)/2
2 0 m- 0 ~1/2,L+1)/2 | ~1
+0(t { . + e + " } +0<|t|{n ho +n })
where second inequality uses |y(#)| < 1 and Lemma 11,19,20,21,22 and 23.
ali212 al/2p12 oL
We evaluate (B), partioning its range of integration into two parts, p < |f| £ —7>>— and —; /; < |t| £ n2i+T logn.
Hag' H30 Hag' “H30
1/2hl/2 20 20
@Forpsi < e
Hyg  H30
. E_S10) .
Applying Taylor expansion to e V?%o with respect to ¢, we have
-3/2
2 |[|3ﬂ20/ HM30
hO-1-7—12——7,
20 endi2p)?
a2
then for |¢| £ T’
Hoo H30
2 3,732 2 2 2 2
o s f t
Ol$1-—+—2—— < St =g sexp|-—
2n 6n3/2h(1)/2 6n 3n 3n

then

2L+1
O S L
P10 £ CEOYOI™ 14§ =+ =+~ i

mh2L+l mz m3/2h(2L+1)/2
+0 [tz{L

+— 4 +}]+O(|t| {n—l/2h82L+l)/2+n_1})

n n3

+1

£yl 1/2 1/2
(m—-2)% mh, m*hy'~  mh,
< _mz ot
=C(x)exp( T 1+ n1/2 t YA It
i »
+0( {n e 5/2})+0(|t|n ).

Using (A.21) in Nishiyama and Robinson (2000), we can take m = [9nlogn/f*] since 1 <m < n—1 holds for p < |f| £
a2l
o and sufficiently large n.

i
Hyo H30
al/2p12
Because m = (9nlogn)/t> — 1, for || £ 3/2’0
Hyg' HM30
-2 + 1) 312 C
eXp _(m ) :exp _u eXp . éCeXp(—3lOgn)§ =,
3n 3n 3n 3
and this implies, using m £ (9nlogn)/t%,
2l | 1
Wil s —== ( ) 1+n'(logn)h, * [ +n'/(logn)* h(1)/2|| _l/z(logn)hl/zm]

( “logn)+n~ 1(1ogn)2 +n l(logn)3/2||)+0(|t|n_1)

nll2 h1/2
Therefore, dropping the integral range p < |f| £ —7°— on the right-hand side,
Hag' "H30

XPl(t)‘dt

[
PEls—7;

Hao  #30
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dt 2Ll
< C(x)[{n_3 +n_1(logn)}fm + {11_5/2(10gn)h0 2 +n_7/2(10gn)h(1)/2

— dt _ dl _ dt
+n 1(10g”)3/2}ft—2+n 1(10gn)2~fW +n 5/2(10gn)2h(1)/2fg

= of(nho)™"}

+0(n™h

1/2 1/2

(it) For - << n2L+1 logn, there exist n € (0, 1), such that |y(¢)| £ 1 —n from Assumption 9. We can take
;4

0 ﬂ30
=[-3logn/log(1 —n)] since 1 <m < n—1 for sufficiently large n. Then y p;(¢) is bounded as follow.

[y pr(0)l
< C(l _n)—310gn/10g(1—n)

2L+1

| hoz hl/z —3logn h(l)/2 —3logn 2
o L Ry 32 I log(1 — +3alhl log(1 —
n og(l-m/ n og(1-mn)

o[ —3logn _3[ —3logn S —3logn 372
+0|{n 2(—)+n 3(—) +n 5/2(—
[ { log(1 —1n) log(1 —1n) log(1 —1n)

(1- n)—?alogn/log(l—??) =(- n)logn*3/log(l—n) =(1- n)log(lfn) w3 _ 43

Noting that

s

xpi(?)
ﬁl/%‘/z oL dt
73/20 <|t|£n 2L+ logn
Hao  H30
2L+1
oL 3 1/2
log(n2i+T logn) logn | K h oL ogn)* h,
-0 g( - g )+ g3 01 0 (net logn)+( gn) (n2L+l logn)
n n nl/2  p3/2 n3  nd/

+ O(n% logn {n_z(log n)+ n_z(logn)2 + n_3/2(10gn)3/2})
= o{(nho)™)

Finally, we evaluate (C). For some constant C,

1 -2 ﬂ3oﬂ;§/2 3, Haottyg 4, ”goﬂgg 6
(€)= f ST 14+ 200 i3y (D + (if)
p

<o 11l 6,11/2;,(1)/2 24nhg T2nhg
L-1 3/2,1/2
_ . P11ty “hy
+Cripiity {Zch(x)hé”“](zr)%c @)’
=0
-1/2 12
Hayo' “Pr1RG " ,
- Cp[20270{(lt)3 + (it))|dt
172
001 —rz h 0 -2 1 e -2
gc[f dt+% tzert+—f (P +)eT dt
p t / p nhy p

) 1/2 1/2
hL+1 22d h 2 _tzd 2 d
+hy ; te t+——= 1/2 t+—= 1/2 (t +1)e 2 dt
n12p2

Since p = min{T log n} the first integral is smaller than p~2 f te™"/2dt = p~2e~P*/2 = o(n™"), the second and
130 130

fifth integrals are smaller than p~! fp Be2dr = p‘le"’ 2(p? +2) = o(n™Y), the third integral is fp NGRS tS)e"z/ 2dt =
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e P’ 2(p*+5p2 +10) = o(n™"), the fourth integral is fpoo te"2dt = e7P*12 = o(n~"), and the final integral is p~' e~ /2(p? +
3) = o(n~1). It follows that (C) = o{(nhg)~'}. Thus the expansion is valid. O

A.4 Proof of Theorem 3.2
Proof. Define € and ep; as follows,
e=P(S(x) £2)—- D) - ¢(Z)[(nho)]/2pl(1) + (nho)lpz(Z)],
epr =P(Spi(x) £2) - D(2)
- ¢(z)[(nho>‘”2p1 @ +h§ p3o@ +nhy? paz) + (ﬂho)_lpz(Z)]-
Then we have,

B(S (1) £.2) = B(S pi(x) < 2) = ¢ p3o@ + 17 1y paca)|

sup
zeR

= suple —epr| = o(h5™ +n7" 21y,
z€R

A.5 About Remark 2.3

Recall we can expand (fz —hg)/hg as follows,

ﬁ—hg_ﬂ - QL) vy _ 2Ly
e ;{f (X)) ~EfP (X))

Cblr
+ _[l Z{f(2L+Lp)(Xi) _ Ef(2L+L,,)(Xi)}+0p(n—1/2bL,,)
n

i=1

=0, + 0,26y + 0, (n 200

In Remark 2.3, we stated that we can make the second and subsequent terms as small as we like by letting kernel
order L, be high enough. In this section we provide an explanation for this statement.
Hall and Marron (1987) have shown MSE of [} is given as follows,

MSE(L) = 0n™ b8 4 7t 4 p2lo), (32)

-2

This implies the MSE optimal bandwidth sequence is b = cn®+2Lr+! for some positive constant c.
In order for the effect of the second term to be negligible, it is sufficient that the following conditions hold from
Cauchy-Schwarz inequality (note that the Cauchy-Schwarz inequality should not provide sharp bounds, so the second

term may have no effect under milder conditions). Suppose that b = cn? (¢ < 0) for some positive constant c,

. 12

L, 2
M{E(% Z{f(2L+L,,)(XI,) _ Ef(2L+Lp)(Xi)}] ]EF%(DEI } = 0{(nh0)—1 )

i=1
= O{(nhy)"*}0(n™"*b")O(hG) = of(nho)™")

= (nho)'*(n™'2blr)nl < (nhg)™
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L+1
= blrh)"? < (nho)™!
e bl <n 'y

L 2141 —2L+1 -2L+1
= n!" «<nl = gL, < ———— & Lp> ——F—
2Q2L+1) 22L+1)q

(33)

where A, < B, means A, = o(B,,). This implies what we mentioned in Remark 2.3. When one take g = —2/(8L+2L, +

1) (MSE optimal), it is possible to make the effect of pilot bandwidth on the asymptotic structure of KDE up to the

(2L-1)(8L+1)
4L+6

L =2, L, z 4 satisfies the condition, which is not unrealistic choice of kernel orders L and L,,.

order of Of{(nhg)~'} negligible by using the higher-order kernel H which satisfies L,> . For example, when

B Lemmas

Lemma 1. Under Assumptions 1, 4, 5, 6, 10, and 11,

L-1

ElkpE, = ) Craoh§™ +ohd-™),  where Cr(x)= —( f uL+lK(u)du)
=0

FAE))
(L+1-1)!

Proof.

EFKDE] =E +E

1 < (X,-—x)(x,-—x)
— K| =/
nhy Z‘ ho ho

1 z—x\[(z—x 1 Z—X

fK'(u)uf(x + uho)du + fK(u)f(x + uhg)du

()

i=1

- fK(u)f(x + uhgy)du — fK(u)uf'(x + uhgy)hodu + fK(u)f(x + uhg)du

=—fK(u)uf’(x+uho)hodu
(L)( ) B (2L) B B
=- f K(u)u{f(l)(x)+-~~+%(who)L 1+~~-+h(uho)n Whodu+ o(h-)
L
. f(L+l)(x) . B
= —;(fuL ’K(u)du)mhg "oz
L-1

= Y Cry(OhE +o(hgt™)

~

The fourth equality follows from integration by part of the first term and Assumption 2,11, the seventh equality follows
from the expansion of f’(x+ uhg) around kg = 0 and Assumption 2 and the eighth equality follows from Assumption
10. m|

Lemma 2. Under Assumptions 1, 2, 4,5, 10, and 12,
ET'kpE, = O(hf)

Proof.
n n

4 " X,‘—x X,-—x 2 X,-—x
— Y[ E = R ) k[
nh(); ( ho )( ho )] [nho Z ( ho )

i=1
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& R e o o

=2 f K(u) f(x + uho)du

+4 {- f K(u) f (x + who)du — f K(uuf' (x+ uhg)hodu}

+ {—2 f K’ (Wyuf (x+uhg) — f K’ wu® f' (x + uho)hodu}
=2 f K(u) f(x + uho)du

+4 {— f K(u) f (x + uho)du — f K(uuf' (x+ uhg)hgdu}

+ {—2 [— f K(u) f(x + uho)du — f K(uuf' (x+ uho)hodu]}
+ {—

= f K(uyu? £ (x+ uho)hidu = O(hk)

-2 f Kuuf’ (x+uho)hodu — f K(u)u? f”(x+uh0)h(2)du]}

The third equality follows from integration by parts of the first and second terms and Assumption 12, the fourth
equality follows from integration by parts of the second term and Assumption 12 and the final equality follows from

the expansion of f”’(x + uhg) around hg = 0 and Assumptions 2, 10. |

Lemma 3. Under Assumptions 1, 2, 4,5, 10, and 12,

~

h—ho\*
E \/nho( hoo) TkpE,| =

of(nho)™"}

Proof. Similar to the proof of Theorem 1. O

Lemma 4. Under Assumptions 1, 2, 4, 6,10, and 12,
E[T'1.Li] = Ohg*™)
Proof. Letting g(x) = P (x)f(x)
_ SAX1i—=x\[X1—x X - AX1i=x\[X1—x Xi—x
E[FILI]_E[{K( ho )( ho )+K( ho )_E[K( ho )( ho )+K( ho )]}Ll}
B X1 —x\(X1—x X — ) Xi—x\(X]1—x X1 —x (L)
_E[{K( ho )( ho )+K( )}f (Xl)] [{ ( ho )( ho )+K( ho )}]E[f o]
We can compute the first term as follow.
2l (555 + (P
ho ho
_ [T X [T X (L)
_I{K( ho )( ho )+K( ho )}f @
:hof

=

(K Guyu+ K(w)}g(x +uho)du

g
he i

(K uyu+ K(u)}{g(x) +oo (uho)" + o(hL)} u
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(L) (L)
= —ho f K)l(x)du+ ho f K(u)l(x)du + ho f K’(u)ungx)(uho)Ldumo f K& fo)(uho)’duw(hg“)

(L) (L)
_8 fo)h“' f K'(u)uL+1du+g—fo)hg+‘ f K(uyu du+o(h5*")

w
ey ()h“l f K(wyutdu + gL—fx)hg“ f K(wutdu +o(hs™)
— O(hé+1)

The fourth equality follows from the expansion of I(x + uhp) around hy = 0 and Assumption 6, and the fifth equality
follows from integration by parts of the products of K’(u)u and [®(x)u*,(0 £ k £ L—1) and Assumption 6 and 12.

Next, we can compute the second term similarly to the first term.

’ Xl—x Xl—x X1—x (L)
E[{K( - )( - )+K( N )}]E[f x0)]

(L) (L)
( (L+1)f ( )h“l f K(u)uLdu+f L‘(x)hg“ f K(u)uLdu)E[f(L)(Xl)]

= 0( hL+1)
These imply the lemma holds. O
Lemma 5. For any positive integer k and any non-negative integer I,
EISTL}| = O(ho)
Proof. Straightforward. O

Lemma 6. For any positive integer k, 1,
EISXT! | = O(ho)

Proof. Straightforward. O
Lemma 7. For any positive integer k,l Z 2,

EIN [ = othg), ELL = 0()
Proof. Straightforward. O

Lemma 8. For any positive integer r,
rQL+1)

ElAi(0)I"=0(h, * )

Proof. From Lemma 7, for any positive integer k, and some positive bounded function C(x),

sl5e)
kQ2L+1)

_ k 21k _ kQL+1)
= E[L7] +s.0.= OHYD)

k(2L+ D

EIA1 ()% = EAj(0)*F < + s.0.

From Holder’s inequality, for 0 < r < s, E|X|" < {E|X [}/3 | thus for any positive integer k,
(2k-1)(2L+1)

EA (0! < BIA (0P =0, 2 )

This implies the lemma holds. O
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Lemma 9. For any positive integer r,
ElA2 ()" = 0(n™""?)

Proof. From Lemma 7, for any positive integer &,

2k
ElA2(x)] 3khk 0 {ZZF'EJ]
i=1 j#i
nk(n—l) 51k k
= ———E[?[E|L| +50. =007
Sl sl

Then, similarly to the evaluation of E|A(x)|", the lemma holds.

Lemma 10.
2L+1
EIA1(0)Ax(x)] = O(n_mho )

Proof. Lemma 8, 9 and Holder inequality implies

2L+1
EIA1(0)A2(x)] £ BIA|(0)[EIA2(x)] = O(hy > O™

Lemma 11.
2L+1
ElA3(x)| = O™ ?hy? +n7")
Proof. From Lemma 4,

n n

LU L

EA3(x)* S E

nhopzo |4 =

n n

B> Y LLT; L,+Zr2L2

n3h0u20 e

nn—-1) 2
= ElMLi]"+
n3h0,u20 n2h0ﬂ20

= 0" hgHOoh ") + 025 ") OCho)

E[T1L]]

Similarly to the evaluation of E|A|(x)|", the lemma holds.
Lemma 12.

ElA4(0) = O™ ho)
Proof. The proof is similar to Lemma 9.
Lemma 13.

E|As () = O™ ho)
Proof. The proof is similar to Lemma 11.
Lemma 14.

E|A1(X)A4(x)| = O™ 2R
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Proof. From Cauchy-Schwarz inequality and Lemma 8 and 12, this lemma holds.
Lemma 15.
EJA1(0)As(0)] = O™ 2 hgth)

Proof. From Cauchy-Schwarz inequality and Lemma 8 and 13, this lemma holds.
Lemma 16.

ElA2(0)A4(x)] = O~ y/?)
Proof. From Cauchy-Schwarz inequality and Lemma 9 and 12, this lemma holds.
Lemma 17.

ElA2(x)As(x)| = 0" hy/?)
Proof. From Cauchy-Schwarz inequality and Lemma 9 and 13, this lemma holds.
Lemma 18.

E|A4(x)As(x)| = O(n™ " ho)

Proof. From Cauchy-Schwarz inequality and Lemma 12 and 13, this lemma holds.

Lemma 19.

' - mthH
EIA1(x;m)|” =0
n

Proof. From Lemma 7,

E|A1(x;m)?
héL-H m m h(2)L+1 m m m )
s —B|) Y LiLj|= "B > LiLi+ ) L
i=1 j=1 i=1 j#i i=1
Lemma 20.
2 m?
E[Ao(x;m)| =0(n—3)
Proof.
E|Aa(x;m)[*
LRSS mrLrL _ M= D g 212 0 m?
< B 2200 2NN = = S BIELG = 0| 1
i=1 j#i k=1 I#k
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Lemma 21.
m2
ElA4Cem)f’ = 0(—3)
n

Proof. Proof is similar to Lemma 20

Lemma 22.
Bseam? = 0( %)
n
Proof.
l m m
ElAs(xm)* $ ——F >>IsiLs L
0 ===
1 Y 2 2
= B ZZS,»L,-S,-LJ-JFZS,.LI}
0 =1 i=1
__m 2029 _ ™
= e Esih=o(75)
Lemma 23.
m3h(2)L+1 1/2 m3/2h62L+1)/2
ElA1(x;m)Az(x;m)| = O o =0 —
m3h(2)L+1 12 m3/2h§)2L+1)/2
BIA 1 (x;m)Agq(x;m)[ = O p =0 —
m2h(2)L+1 1/2 mh(02L+1)/2
EIA1(x;m)As(x;m)| = O " =0 —

' 1/2 )
ElA2(xsm)Ag(xsm)| = 0(—6) = 0(—3)
n n

3\1/2 3/2
E| Ay (x; m)As (x;m)| = o(m_6) - 0(—)
n

m3 1/2 m3/?
E|A4(x;m)As(x;m)| = O(n_6) = 0(7)

Proof. From Cauchy-Schwarz inequality and Lemma 19, 20, 21 and 22, this lemma holds.

C Derivation of Expression for p(z), p3(z) and p4(z)

For pi(z), we have,

-1 _
pi(z) = ?moﬂzg 22—

_ -1 K03.f (X) = 3Kon f (x)* ho + ka2 fP ()3 2+ 0(h])
6 [koaf(0) = f(0)2ho + (ka3 FO(x)/2+ 2f (x)3}h2 + o ()]

-1
=~ lkos () - 3k f(X)2ho + koo fP (RS /2 + 0(hD)]

@-1
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X [{kop f(x)} /2

(2)
{w F21( )

3
- E{Kozf(x)}_s/ 2(f(x)%hg -

15
+ g{xozﬂx)}—” 2FO* R = D) +o(h))

B x)l/2 P (x)l/2
K023/2K()3f(x)—3{f( ) - O3f5/2 ho
K 2K
02 02

6

-3
+ {T{Kozf(X)}_5/2K03K23f(2)(X)f(X) = 3{ko2 f ()} ko3 f(x)*

P (IR O] 2f(x>3/2}h§](z2 1)+ o(d)
= y10(0)E@ = D+ y11(0)E@ = Dho +y12(x0)(2 = D + o(h).

For p30(z), we have

130(2) = =CpiCro(xX)p111592
LX) f(x)+O0hE)
ko2 f () — FPho+ o)~
= —CpiCro()[ LX) f(x) + O(h{)]
X [{koa f(0)} " = {kon f )2 (£ (0o Iz + o(ho)
= —CpiCr (kg L)z + CpiCr (0K L(x) f(x)zho + o(ho)

=—CpiCrpo(x)

= v3,1,0(X)z +v3,1,1(x)zho + o(hp),

while for p4(z),

B 1 _
pa(z) = —Cplpnfnﬂzg/z(zz -D+ ECPlpllﬂzé/zzz

L(x)f(x) {70 (x) + 0(ho)}
[K02./ () = f(x)%ho + 0(ho) 13/

= —CprL(x) f(x){T0f(x) + 0(ho)}

3
x [{koa f(0)) %~ E{Kozf(x)}_s/zf(X)zho +o(ho)}1(z* = 1)

o 1 L) f(x)+O0(hf) 5
(@-D+ 2 Crr [ko2 f(x) — f(x)2h0 +o(ho)]'/? ‘

=—LpI

i %Cpll(x) £)

X [{koo f(x)} /2 - %{Kozf(X)}_wf(X)zho +o(ho)}1z”
= ~Cpikyy 10 L) fF(0) 22 = D+ %cpmgj/ 210L()f(x) 4 - Dho
+ 1cp,/<52” 2L f(0) P - %cpmgj/ 2 L) f(x)*2ho + o(ho)

2
= {74,100 = 1) +¥4.2,0(07%} + {411 ()@ = 1) +y42.1(x)22 ho + 0(ho).
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