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Abstract

Following LeRoy and Werner (2001), we propose a definition of effectively complete
asset markets in a model with multiple goods and multiple periods, and establish the first
and second welfare theorems in such markets. As applications of the first welfare theorem,
we derive the sunspot irrelevance theorem of Mas-Colell (1992), and extend the no-retrade
theorem of Judd, Kubler, and Schmedders (2003) and Kubler and Schmedders (2003) to

the case where the asset prices need not be time-invariant Markov processes.
JEL Classification Codes: D51, D52, D53, D61, D91, G11, G12.

Keywords: Complete markets; effectively complete markets; welfare theorems; sunspot;

Markov environment.

1 Introduction

Asset markets are said to be complete if any pattern of transfers of purchasing power across
time and states can be attained by trading assets. In the case of two consumption periods,
with no uncertainty on the first period and S possible states of the world on the second, asset
markets are complete if and only if there are S non-redundant assets. The consequence of
market completeness is that the equilibrium allocations are Pareto-efficient.

In complete asset markets, consumers are guaranteed to be able to attain their optimal
patterns of transfers of purchasing power across time and states, regardless of their utility
function and initial endowments. If we impose some restrictions utility functions and initial
endowments, then we may narrow down a class of candidates for equilibrium asset prices
and hence that for optimal patterns of transfers. It might even be the case that for some

appropriately chosen collection of fewer than S assets, all consumers can attain the patterns
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tional Problems”, and from Inamori Foundation on “Efficient Risk-Sharing: An Application of Finance Theory
to Development Economics”. My email address is hara@kier.kyoto-u.ac. jp.



of transfers that we would find optimal should the markets be complete. The equilibrium
allocations would then be Pareto-efficient, as in the case of complete markets.

LeRoy and Werner (2001, Section 16.3) made this observation precise by giving a def-
inition of effectively complete asset markets in a model of a single consumption good and
two consumption periods. They defined asset markets as being effectively complete if every
Pareto-efficient allocation can be attained through some trades of assets, and proved (Theo-
rem 16.4.1) that the equilibrium allocations are Pareto-efficient in effectively complete asset
markets. They then provided three examples, including one of the so-called two-fund sepa-
ration, for which asset markets are effectively complete, and the equilibrium allocations are
Pareto-efficient and can be easily characterized. These examples shows that the notion of ef-
fectively complete asset market, restrictive as it may seem, deserves special attention thanks
to its applicability to many important economic issues.

In this paper, we extend LeRoy and Werner’s definition of effectively complete asset mar-
kets to the case of multiple goods and over multiple periods. Although the extension is
straightforward and the class of economies with effectively complete asset markets is small,
it admits a couple of important applications. We then prove that, as in the case of the orig-
inal definition of LeRoy and Werner (2001), if asset markets are effectively complete, then
every equilibrium allocation is Pareto-efficient. This is the first welfare theorem in effectively
complete asset markets. We also establish the second welfare theorem in effectively complete
asset markets.

The first application of the first welfare theorem in effectively complete asset markets
is the sunspot irrelevance theorem in sunspot economies by Mas-Colell (1992). The second
application is the no-retrade theorem in Markov economies of Judd, Kubler, and Schmedders
(2003) and Kubler and Schmedders (2003). In fact, we extend their theorem to the case where
the asset prices need not be time-invariant Markov processes. Since the first welfare theorem
in effectively complete asset markets is the driving force behind these results, and since it owes
much to Mas-Colell (1992) and LeRoy and Werner (2001), the contribution of this paper lies
in showing that the technique by Mas-Colell (1992) and LeRoy and Werner (2001) can used to
extend the no-retrade theorem to the case where the asset prices need not be time-invariant
Markov processes.

This paper is organized as follows. Section 2 describes the setup for our analysis. Section
3 gives the definition of effectively complete asset markets and establishes the first and second
welfare theorems. Section 4 provides the first application of effectively complete asset markets
and proves the sunspot irrelevance theorem. Section 5 provides the second application of
effectively complete asset markets and proves the no-retrade theorem. Section 6 sums up our

analysis and suggests a direction of future research.



2 Setup

There are 147 periods, t = 0,1,...,T. There are S possible states of the world, s =1,2,...,5
over the entire time span {0,1,...,7}. The gradual information revelation concerning the
true state of the world is given by the filtration (g, %#1,...,.%p). We assume that %, =
{2,{1,2,...,S}} and Zr coincides with the power set of {1,2,...,5}. Denote by ¥, the
partition of {1,2,..., S} that generates .%;. For each positive integer n, we denote by X" the
set of all processes of n dimensional vectors over the time span {0,1,...,7T} that are adapted
to the filtration {.%, F1,..., Fr}. This is a vector space of dimension n Z?:O AN

There are L types of physically distinguished perishable goods, £ = 1,2,...,L on each
period and state. The number of (types of) contingent commodities is equal to L ZtT:O |, |.

There are I consumers, ¢ = 1,2,...,I. Their consumption sets are the non-negative
orthant X JLF of X utility functions are U; : X f; — R, and initial endowment vectors are
i

el = (e}, el,...,e5) € XL We assume that the U; are continuous and strongly monotone.

We say that an allocation (z!,22,...,z7) of contingent commodities is feasible if z° € XE for

every i and ), z' =), €',

Definition 1 A feasible contingent-commodity allocation (xl,22,... 21 is Pareto-efficient
if there is no other feasible allocation (x!,z2,...,2) such that U;(z?) > U;(2l) for every i

and U;(z%) > U;(x%) for some i.

There are J assets, j = 1,2,...,J. Each asset j is characterized by its dividend process
& = ( 6, L ,diT) € XL, An asset price process is an element of X7 that represents the
transition, expected by all consumers, of asset prices under uncertainty and over time. A spot
price process is an element of X that represents the transition, expected by all consumers,
of prices for the L goods, for immediate consumption, under uncertainty and over time. A
trading plan is an element of X7 that represents the transition of portfolios of the J assets
under uncertainty and over time.

Suppose consumer i employs a trading plan y* under the asset price process ¢ and a spot
price process p. Define d¥' = (dgi, dzlli, ce dé’;) € X! by

& =->"aul,

J
d‘ij - Zyil—l(pt ’ di) - qu (yfZ - yiz_l) for every t > 1,
J j

where q = (QO7q17"' 7qT) with qt = (Qtlngy,qij) for each t,p= (p07p17"' 7pT>7 and yl =

(yb, vty ..., yh) with i = (yi, 92, ...,y/%) for each t. Then he can finance any consumption
process ' € X £ that satisfies

pe- (o —ep) < df (1)
for every t > 0, where 2 = (z}, 2%, ..., 2%).

An allocation (y!,y?,...,y!) of trading plans is feasible if Y, y* = 0.



Definition 2 The collection of a feasible contingent-commodity allocation (zl, 22, ... ,xl ), &
feasible allocation (y},y2,...,yl) of trading plans, an asset price process ¢, and a spot price

process p is an asset market equilibrium if for every i, (z%,y') = (2%, y%) maximizes U;(x?)

under the budget constraint (1) for every ¢ > 0.

Since the U; are strongly monotone, p; is always a strictly positive vector and the weak
inequality in (1) holds as an equality. If L = 1, then, by replacing ¢; by (1/p¢)q:, we can

assume that p, = 1 for every ¢. This convention will be used throughout Section 5.

Definition 3 Asset markets are complete under the equilibrium asset price process g and
spot price process p if for every z* = (zé, zi, .. z%) € X! there exists a trading plan y* such
that z¢ = d? for every t > 1.

Consider the special case of T' = 1. We can identify the payoff d{ of asset j in period 1

with a collection (d}j , d%j e dfj ) of S L-dimensional vectors. Similarly, we can identify the
spot price p! in period 1 with a collection (p},p?,... ,pf ) of S L-dimensional vectors. Then
asset markets are complete if and only if for every column vector a = (a!,a?,... ,a® ) € RS,
there exists a column vector b = (b',b%,...,b7) € R® such that a = Db, where
phodl o phap
D= : : e R%. 2)
piedt g

This is equivalent to saying that rank D = S. It means that if asset markets are complete,
then J > 5, that is, there are at least as many assets as states. In the general case of T' > 2,
for each t < T —1 and Gy—1 € 91, let N(t,Gi—1) = {Gt € 4% | G¢ 2 Gy—1}|. That is,
N(t,Gi—1) is the number of the elements of partition ¥, that include Gy_;. If asset markets
are complete, then J > N(t,Gy_1) for every t and Gy_;. That is, a necessary condition for
market completeness is that

J > max N(t,Gi-1),
(t,Gt_1)

where the maximum is taken over all t <T — 1 and G;_1 € 4%_;.

The following theorem is the well known first welfare theorem for the case of complete

asset markets.

Theorem 1 If the collection of a contingent-commodity allocation (zl,x2,... zL), an alloca-

tion (yi, yf, .. ,yi) of trading plans, an asset price process q, and a spot price process p is an
asset market equilibrium, and if asset markets are complete under q and p, then (zl,22,..., xT)

is Pareto-efficient.

3 Effective completeness and welfare theorems

We now give the definition of effectively complete asset markets.



Definition 4 Asset markets are effectively complete if for every Pareto-efficient allocation

(x',22,...,x) of contingent commodities, there exists a feasible allocation (y',y?,...,y’) of
trading plans such that zi — e} = Zj ygz_ldg for every t > 1 and yj = ¢i = -+ = y%_l for
every 1.

According to this definition, asset markets are effectively complete if every Pareto-efficient
allocation can be attained by trading goods and assets on period 0 but not trading on asset
or spot markets from period 1 onwards. Unlike the notion of completeness, the notion of
effective completeness is independent of asset and spot price processes. As in LeRoy and
Werner (2001, Chapter 16), if 7= L = 1, and if asset markets are complete, then they are

effectively complete. For, if asset markets are complete, then

d%l d%J
rank o : =rank D =S
dfl de

and, hence, every feasible allocation of contingent commodities, Pareto-efficient or not, can
be attained by some feasible allocation of assets. Otherwise, then neither completeness nor
effective completeness implies the other.

Elul (1999) took up a problem related to effectively complete asset markets. He clarified
when a contingent-commodity allocation at equilibrium in incomplete markets that happens
to be Pareto-efficient can be attained at equilibrium in complete markets. His analysis is
different from ours in that he first assumed that the contingent-commodity allocation of an
incomplete-market equilibrium is Pareto-efficient and then asked whether it can be attained
at some complete-market equilibrium, while we ask under what conditions the contingent-
commodity allocation of an incomplete-market equilibrium is guaranteed to be Pareto-efficient.
His analysis is, therefore, applicable to every equilibrium in asset markets that are effectively
complete.

Below the first welfare theorem in effectively complete asset markets. It is because of the
validity of this theorem that we have defined the property stated in Definition 4 as effective

completeness.

Theorem 2 If the collection of a contingent-commodity allocation (zl,x2,... xL), an alloca-

tion (yi, yf, .. ,yi) of trading plans, an asset price process q, and a spot price process p is an

asset market equilibrium, and if asset markets are effectively complete, then (zl,22,... zL) is

Pareto-efficient.

Proof of Theorem 2 Suppose that the collection of a contingent-commodity allocation

(xl,22,...,2), an allocation (y},y2,...,y!) of trading plans, an asset price process ¢, and a

spot price process p is an asset market equilibrium, and that a feasible contingent-commodity

allocation (z',22,...,z!) is Pareto-superior to (zl,z2,...,zl).



As shown in LeRoy and Werner (2001, Proposition 16.3.2), since the consumption sets
are closed and bounded from below and the utility functions are continuous, there is a

Pareto-efficient allocation that is Pareto-superior to (zl,22,... ,ari) Without loss of gen-

erality, therefore, we can assume that (x!,22, ..., 2) is Pareto-efficient. By effective com-

pleteness, there exists a feasible allocation (y', %2, ... yt ) of trading plans such that for every
i, yb =y = =yb | and 2l — €l = > yfldi for every t > 1. Since yi —yi_, = 0 for
every t > 1, this means that (1) is satisfied on each period ¢ > 1. Thus, for every i with
U;(z?) > U;(xl), (1) fails to hold on period 0, that is,

o (zh — eb) Zqoy (3)
For every i with U;(z*) = U;(x%), since U; is strongly monotone,

po - (zh — eh) Zqoy (4)

Summing up (3) and (4) over i and using the feasibility constraints, we obtain

0> —Zqé <Zy6l> =0,
j i

which is a contradiction. Thus (zl,22,...,zI) is Pareto-efficient. ///

Although it will not be used in our applications, it is worth mentioning that the second

welfare theorem also holds in effectively complete markets.!

Theorem 3 Suppose that U; is quasi-concave for every i and that asset markets are effec-

tively complete. Suppose also that a feasible contingent-commodity allocation (z*,x2,. .. ,a:l)
is Pareto-efficient. Then there exist a feasible contingent-commodity allocation (é',é2,.. ., é")
satisfying é = el for every t > 1 and i, a feasible allocation (y',y?,...,y") of trading plans,
an asset price process q, and a spot price process p such that the collection of (x',22,..., xT),
(2, ... ,yl), q, and p is an asset market equilibrium when the initial endowment allocation
is (e1,e2,...,¢él).

This theorem states that if asset markets are effectively complete, then every Pareto-efficient
allocation can be attained at equilibrium by some lump-sum transfers of the L contingent
commodities available on period 0, not involving any contingent commodity available from
period 1 onwards.? Note, indeed, that is since (x!',z2,...,2) is a feasible allocation of
(et,e?,... e, el = S xb = >, el. To prove this theorem, it is convenient to use the

concept of a contingent-commodity market equilibrium. Before giving the formal definition of

'T am grateful to Midori Hirokawa and Atsushi Kajii for suggesting that I check the validity of the second
welfare theorem in effectively complete asset markets.
2In fact, it suffices to reallocate any one of the L contingent commodities available on period 0.



the concept, note that because of adaptedness, each z = (29, 21, ..., 27) € X" can be identified

with a mapping (¢, G;) — 25" of UZ:O ({7} x ¥;) to R"™, where zGt = z; for any s € G.

Definition 5 The pair of a feasible contingent-commodity allocation (zl,22,...,2.) and a

contingent-commodity price process p is a contingent-commodity market equilibrium if for

every i, ' = z' maximizes U;(z’) under the budget constraint

DD ORUED P D

t>0 G1€%Y, t>0 Gt€%

th

where 2 = (:ct , and analogously for e’ and p.

>(t7Gt)€Uf:o({T}X%)

Proof of Theorem 3 Let (:rl,mQ,...,xI) be a Pareto-efficient allocation. Since the U;
are continuous, strongly monotone, and quasi-concave, the standard second welfare theo-
rem implies that there exists a contingent-commodity price process p such that the pair of

(z',22,...,2") and p is a contingent-commodity market equilibrium when the initial endow-

ment allocation is (2!, z2,...,27).3 Define an asset price process ¢ = (¢*,¢?%,...,¢’) € X7,

with ¢/ = (qG”)( G for each j, by letting
t

TEED DD DR ®

T>t+1 {G, €% |G, CGt}

for every ¢t > 0 and j. By effective completeness, there exists a feasible allocation (y*, 2, ..., y!)
of trading plans such that x! — e} = > yfz_ld‘g for every t > 1 and ¢. Define a feasible
contingent-commodity allocation (é',é2,...,¢é!) by letting, for every 4, éi = el for every ¢t > 1,
and

po- € =po-xh+ Y qu’
J
and >, ¢! = Y, el. In the following, we show that the collection of (z1,z2,... z%), (v}, 4% ..., y!),
¢, and p is an asset market equilibrium when the initial endowment allocation is (é!,¢é2, ..., él).
Since the feasibility constraints and the budget constraints are clearly satisfied, it remains to
prove that the utility maximization condition is satisfied. For this, let (2%,4") satisfy the

budget constraint for consumer . Then

DPCHCEED

t>0 G1€%
1,2,...,S8 1,2,...,8 ~{1,2,...,S i
:p({) },({ yi { }z>+zzp .(Gtz ethz)
t>1 G €%
_{1,2,..,8} [ {1,2,.,8Y  A{1,2,..,S}i Gy’
=Do ) — € +Z Z di™ (6)
t>1 G+€%
3The standard second welfare theorem only claims that the pair of (z',2%,...,z7) and p is a quasi-

equilibrium. However, since the consumption set is the non-negative orthant X_f and the U; are strongly
monotone, every quasi-equilibrium is an equilibrium.



where d¥ = (thy]> . Applying the method explained in Duffie (2001, Section 2.C) to

(t,Gt)
SN Al =S gl (7)

(5), we can show that
t>1 G+€% Ji

Since po-&}) > po-:%6+zj qoﬁéz, (6) and (7) together imply that > ;-4 >, cq, p¢ ( p G etG”) <
0. Hence ' satisfies the budget constraint in the contingent-commodity market equilibrium.
Since z¢ is a solution to the utility maximization problem in the commodity market equilib-
rium, U;(2%) > Ui(2%). For every i, therefore, the utility maximization condition is satisfied

by (z,y%) at the proposed asset market equilibrium. ///

4 Sunspot irrelevance

In this section, we give our first application of Theorem 2, the first welfare theorem in ef-
fectively complete markets. It is the sunspot-irrelevance theorem of Mas-Colell (1992). The
following analysis is really a recap of his own, as Theorem 2 owes much to Mas-Colell (1992)
(and also LeRoy and Werner (2001)).

Assume that T'= 1 and that all consumers hold the same probability measure P. Assume

that P({s}) > 0 for every s and all consumers have expected utility functions
Ul(‘rz) E(ul 1‘0,.7}1 ZP {8} u’L in?xii)y

where 2@ = (2, 2}) with 2 = (z}%, 2%, ..., 2{?) for each t,* and u; : RY x RY — R is strictly

concave in the second coordinate. Note that consumption is possible on period 0, as well as
on period 1, unlike the model of Mas-Colell (1992). We also assume that ¢! takes a constant
value, that is,

el =ef' = =et', (8)

for every i. Thus the states are irrelevant to utility functions and initial endowments, and
thus called sunspot states. Of course, under standard assumptions, there is an asset market
equilibrium of which the contingent-commodity allocation is sunspot-free. Mas-Colell (1992)
showed that if there are not sufficiently many assets available for trade, then there may be an
asset market equilibrium of which the contingent-commodity allocation depends on sunspots
and some of its realizations are different from any of the sunspot-free equilibrium allocations.

We start with characterizing the Pareto-efficient allocations in this economy. The following

lemma shows that they are sunspot-free.

Lemma 1 If a feasible contingent-commodity allocation (z',z2,...,x") is Pareto-efficient,
then x% takes a constant value, that is, x}* = 2% = ... = 27" for every i.

4Since ' is adapted, z{’ = 22 = -+ = 5",



Proof of Lemma 1 For any feasible allocation (z',22,...,2'), define another allocation
(2%,2%,...,2") by &) = 2} and 2" = 2%, where 7} = " P({s}) ‘€ RY, for every i and s.
Then (:&1, z #1) is feasible because
2 =2 2 PUSAT =3 PUsH ol =D PUSH D eit =3 e
s’ s’ 1 s’ i i

by (8). Moreover, (2!, #2,...,#!) is Pareto-superior to (z!,22,...,z!) unless 2* = 2, that is,
zl' = 22 = ... = 2% for every i, by the strict concavity of the ; in the second coordinate.
Therefore, if (2!, 22,...,27) is Pareto efficient, then 2'* = 2% = ... = 2 for every i.  ///

Next, we give a sufficient condition for asset markets to be effectively complete.

Lemma 2 Asset markets are effectively complete if for every good ¢ there is an asset j such
that for every s,

d* = (0,...,0, ,0,...,0) = (£-th unit vector) € RL.

1
~—
o—th

This lemma means that asset markets are effectively complete if it is possible to guarantee
receipt of any fixed amount of any good. Thus, asset markets may be effectively complete
with fewer than S assets if L < S.

2

Proof of Lemma 2 If (z',22,...,2!) is an efficient allocation, then, by Lemma 1, for each

i there exists a 2’ € R such that ' — e’

portfolio ' = (7', 7%,...,5’") € R’ such that 2% = > 77'd*J for every s. For each i > 2,

= 2' for every s. By assumption, there is a

define a trading plan y* = (y{,y!) by letting yi = ¢* for each t. Define y! = — > i>o y*. Then

(y',v?%,...,y’) is a feasible allocation of trading plans. For every i > 2 and s,
S = S = = s — e
J J

As for i =1,

S =5 (-S| = - S = X o) =of el

j i>2 i>2 i>2
///

Under the assumption of Lemma 1, asset markets are effectively complete and, by Theorem
2, the equilibrium contingent-commodity allocation are Pareto-efficient and, by Lemma 2,
sunspot-free. We have thereby proved the following theorem of Mas-Colell (1992) via effective

completeness.



Theorem 4 (Sunspot Irrelevance Theorem of Mas-Colell (1992)) If for every good ¢
there is an asset j such that dij s the (-th unit vector for every s, then every equilibrium

allocation is Pareto-efficient and sunspot-free.

Mas-Colell’s theorem tells us that the equilibrium allocations may be Pareto-efficient even
when asset markets are incomplete. Indeed, if the number J of assets is less than the number
S of sunspot states, then asset markets must necessarily be incomplete but the equilibrium
allocations may be Pareto-efficient. It may even be the case that the J assets turn out to
be redundant under the equilibrium prices, rendering asset markets incomplete regardless of
whether J is larger or smaller than S, and yet the equilibrium allocations are Pareto-efficient.

To see this point more formally, assume that for every j < L, the j-th asset pays out
one unit of good j for sure (that is, for every j < L and s, dij coincides with the j-th unit
vector), and that the collection of a feasible contingent-commodity allocation (z', 22, ..., 27),
a feasible allocation (y',32,... Lyt ) of trading plans, an asset price process ¢, and a spot
price process p is an asset market equilibrium. Then (z!,22,...,27) is Pareto-efficient and
sunspot-free. Define another spot price process p = (po, p1) by letting pp = pg and p; coincide
with the first L coordinates of qy. Then p; is sunspot-free. Define another feasible allocation
(44,92, ...,9") of trading plans by letting the first L coordinates of ¢ coincide with 2} — et
(which is sunspot-free) and the remaining J — L coordinates equal to zero. Then the collection
of (z%,22,...,2"), (',9°% ...,9%), ¢, and p is an asset market equilibrium. This is because
every sunspot-free consumption plan that can be attained under (g, p) can also be attained
under (g, p), and vice versa. In this latter equilibrium, the contingent-commodity allocation is
the same as in the original equilibrium, but the rank of D € R5*/ defined by (2) with p; = p;
is equal to one because the d{ and p; are sunspot-free. This implies that asset markets are

incomplete as long as S > 2 but the equilibrium allocation is Pareto-efficient.

5 No-retrade theorem

Our second application of effectively complete markets is the no-retrade theorem of Judd,
Kubler, and Schmedders (2003) and Kubler and Schmedders (2003).

We consider a Markov environment in which there are M states, m = 1,2,..., M, on each
period and a single good in each state. Let m € {1,2,..., M} be the state on period 0, then
the state space over the entire history is given by S = {m} x MT.

Define x : S x {0,1,...,T} — M by x(s,t) = s¢, where s = (so, s1,...,s7) € S. Write x;
for x(-,t) : S — M. Then y; maps each entire history to the state that arises on period ¢ along
the history. The filtration (%1, %a,..., %) is defined in such a way that for every t, % is
generated by the mapping (x0, X1,---,Xt) : S — M?!. That is, for every s = (sg, s1,...,57) €
S and s = (s(,s],...,87) € S, s and ¢’ belong to the same element of the partition %

corresponding to .%; if and only if sy = s}, for every ¢’ < t.

SThere is a slight abuse of notation, as S is a set in this section, while it used to be a positive integer up to
the previous section. Little confusion will arise from this abuse of notation.

10



Assume that L = 1, that is, there is only one good in each state and on each period. We
thus let p = 1 for every t.
Assume that all consumers hold the same probability measure P and subjective discount

factor § > 0, and have state-dependent expected utility functions

T
Ui(z")=FE (Z 5tui(a:§,Xt)> = Z SEP({s})ui(x, st),
=0

(s,)€Sx{0,1,....T}

where u; : Ry x {1,2,...,M} — R and 2 = (z},2%,...,2%). Assume that P({s}) > 0

for every s. This is equivalent to saying that for every ¢ and (sg,s1,...,s:) € {m} x M,
P({s'e€S|s, =s, foreveryt' <t} |{s' € S|s) =s, forevery t’ <t—1}) > 0.
Assume that, for the initial endowment process e’ = (66, ety .., eiT) of each consumer 1,

each e! depends only on s; (and not on t), that is, there is a g; : {1,2,..., M} — R such that
e’ = g;(x). Assume also that, for the dividend process &/ = (dg, d{, R dZ[) of each asset 7,
each d{ depends only on s; (and not on t), that is, there is an h; : {1,2,..., M} — R such
that e/ = h;(x).

This economy is in the Markov environment, as there are M states that recur over time
and the utility functions, initial endowments, and dividend payouts depend only on the state
on the period but not on the state on any earlier period. But, unlike the model of Judd,
Kubler, and Schmedders (2003) and Kubler and Schmedders (2003), the probability that
state m occurs on period ¢t may depend not only on the state that occurred on period ¢ — 1
but also on some earlier periods. Note also that we are assuming that there are only finitely
many periods, while they assumed that there are infinitely many periods. Finally, all assets in
our model are long lived (traded from period 0 onwards and dividends paid out until period
T), while some assets in their model may be short-lived (traded just once and dividends paid
out only on the next period). We exclude short-lived assets from our model for the sake of
simplicity of exposition.

Just as in the previous section, we start the analysis of the model with characterizing the

Pareto-efficient allocations.

Lemma 3 If an allocation (z',22,...,x") is Pareto-efficient, then for every i, there exists

an f; :{1,2,...,M} — R such that 2* — e' = f;(x).

Proof of Lemma 3 Let (x!,22 ..., 2) be a feasible contingent-commodity allocation. For

each m, define r™ =37 e —10,) §'P({s}). Then, for each m and i, define

. Stp .
M — Z rgs})xfz.
(s,;)ex—1(m)

Then define &¢ = (:%6, 2. ,ﬁ:i_p) by letting 3¢ = XD for every s and ¢. Then the allocation
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’ I
s P S
rX(Svt) ‘ ¢

(s",t)ex—1(x(s,t)) =1
_ > P({s'}) v o5
o TX(S t) - tl
(s"t)ex™ (x(s:t)) i=1

= Z rx(s{ f) ) Z 9i(x

(/)X (x(s,1)
1 1 ‘
= gilx(s,1) = > e,
=1 =1

Since wu;(-,m) is strictly concave,

M M

) m 6tP S m A5 7

Ui(z') = E r r(jb}) E r u; (25, m) = Ui(z"),
m=1l  (st)ex"1(m) m=1  (st)ex—(m)

where the weak inequality holds as a strict inequality unless z* = 2%, that is, z§* = :Et, " when-

ever x(s, t) = X(s ,t') for every i. Thus (2!, 42,...,4#!) is Pareto-superior to (z',22,..., 27)

2

unless z§" = :L't, Whenever x(s,t) = x(s',t') for every i. Therefore, if (!, 22, ..., 2!) is Pareto-

efficient, then xj’ = xf,’ whenever x(s,t) = x(s',t') for every i. This means that for every
i, there is a f; : {1,2,...,M} — R such that z* = k;(x). The proof is completed by taking
fi=fi— gi- ///

To state a sufficient condition for effectively complete asset markets, write

M) - ha(l)
H = ERMXJ.
hiy(M) --- h;(M)

Lemma 4 Ifrank H = M, then asset markets are effectively complete .

2

Proof of Lemma 4 Suppose that (z!, 22, ... ! ) is a Pareto-efficient contingent-commodity

allocation. By Lemma 3, for every i, there exists an f; : {1,2,...,M} — R such that
2t — el = f;(x). Write
fi(1)
v = : € RV,

fi(M)

Since rank H = M, there exists a b; € R’ such that v; = Hb;. For each i > 2, define a trading

12



plan y* by letting yi = b; for every t. For i = 1, let y' = Zi22 y'. Then (y,9%,...,y") is a
feasible allocation of trading plans and y§ = ¢} = --- = yi;p_l for every i. For every i > 2,
t>1, and s,
= e = o) = 15 = Y sl
J

Asfori=1,

Syl =5 -S0wl ==Y il = = (@) €l) = af — e}
J

J 1>2 i>2 j 1>2
/1]

To state the no-retrade theorem, we need the following notation. Let ¢ be an equilibrium
asset price process. Since it is adapted to the filtration (%, %1, ..., %), qtsj =q; "7 whenever
sy = s, for every t' < t. Thus there exists a k; : UZZO({m} X MT) — R such that ¢/ =
ki(xo0(s),x1(8),-..,xe(s)). For each t and each (so, s1,...,s.—1), define K(so, s1,...,5-1) €
RM><J as

hi(1) + k1(so, 81,y 8t-1,1) -+ hy(1) + ky(s0,81,...,5t-1,1)

hi(M) + ki(so, s1,- -+ st—1, M) -+ hy(M) +kj(s0,51,...,5t—1,M)

While the matrix H represents the dividends of the J assets on the next period, the matrix
K(so, 81,--.,8t—1) represents the total returns to the J assets, inclusive of their prices on the
next period. Asset markets are complete if and only if rank K (s, $1,...,5—1) = M for every
t and (s, 81, -.,8t—1). In the model of Judd, Kubler, and Schmedders (2003) and Kubler and
Schmedders (2003), since there are infinitely many periods and the transition probabilities
between two states are time-invariant, the asset prices are also time-invariant functions of the
M states, and rank K (sg, s1,...,8t—1) = rank H = M for every t and (s, s1,...,5t—1). That
is, if rank H = M, then asset markets are complete. In contrast, since asset prices need not
be time-invariant functions of the M states in our model, the condition that rank H = M
does not imply that asset markets are complete. It is for this reason that we need to assume
that rank K (sg, s1,...,8—1) = M for every ¢ and (sg, s1,...,S:—1) in the second part of our

no-retrade theorem.

Theorem 5 (No-Retrade Theorem) Assume that rank H = M. If the collection of a
feasible contingent-commodity allocation (x',z2,... 27), a feasible allocation (y',v?,...,y")
of trading plans, and an asset price process q is an asset market equilibrium, then there exists
a feasible allocation (9, 92,...,9") of trading plans such that =9 == g}l;p_l for every 1,

22, (94, 92,97, and q is an asset market equilibrium. If,

and the collection of (z!, x
in addition, J = M and rank K (sg, s1,...,8t—1) = M for every t and every (sg,S1,...,8t—-1),

then y' = ' and hence yi, =yt = -+ = yinl for every 1.

13



This theorem states that if asset markets are effectively complete, then any equilibrium
contingent-commodity allocation can be attained by letting all consumers trade assets once
and for all on period 0, and that if, in addition, markets are complete and the J assets are
not redundant, then all consumers do in fact trade assets once and for all on period 0 at
equilibrium. Since the equilibrium asset price processes need not be time-invariant, the proof
of Theorem 5, which relies on effective completeness, is different from that of Judd, Kubler,
and Schmedders (2003) and Kubler and Schmedders (2003), which relies on the stationary

dynamic programming technique.

Proof of Theorem 5 Let the collection of a feasible contingent-commodity allocation

(', 22,..., 2T), afeasible allocation (y',42,...,y’) of trading plans, and an asset price process
q be an asset market equilibrium. By Lemma 4 and Theorem 2, (z',22,...,2!) is Pareto-
efficient. Thus, there exists a feasible allocation (§',92,...,¢!) of trading plans such that
ri—el = Zj g}fl_ldg for every t > 1 and g = ¢} = - = g)ﬁ_'p_l for every 7. To show that the

22D, (94, 9%, ... ,97),and ¢ is an asset market equilibrium, it suffices to

collection of (x!,z
prove that :Ef) - ef) <-=> y qég}éi for every ¢. This is a consequence of the absence of arbitrage
opportunities at equilibrium. Indeed, as explained in Duffie (2001, Section 2.C), there exists

a process, called a state-price deflator, m = (mg, 71, ..., mr) € L' such that

T
1 ,
@:E(2:m¢¢%>
T \s S

for every ¢ and j. Hence,

T
| ;
quygz :ﬂ_tE< Z . dZ | 975) ,
J

T=t+1

T
1 Ny
S ==Y md | 7).
- 4 Y 7Tt < Trar | t)

T=t+1

Since dfz =l — e,@ = d;?z for every t > 1, Zj qugi = Ej qé@gi. Since x}) — e}y < — Zj qugi,
zh—eh <=3 i g 92" This completes the proof of the first part.
As for the second part, suppose, in addition, that J = M and rank K(sg, s1,...,8-1) = M

for every t and every (sg,s1,...,81). We prove that ' = §° by a backward induction

14



argument. For each t and s = (sg, s1,..., S7), write

g
q(807517"'75t): GRJ,

J
q;

sli

Yt
Yi (80, 815+, St) = : € R/,

yilt

q(S0,51, -y 8t—1,1) - yi(s0, 81, ., 8t—1,1)

ri(80>517"'a5t*1) = ERM

q(50, 8155 8i—1, M) - yi(s0, 51, - .., S—1, M)

We define §;(so, 51, . .., 5¢) and 74(sg, 51, ..., s;) analogously for 7.

Since p; = 1 for every ¢ and q% = 0 for every j (because, otherwise, there would be
an arbitrage opportunity and the maximization problem would have no solution), (1) with
t = T can be rewritten as v; = Hyé}fl = H%LI. Since rank H = M = J, this means that
y%_l = g)iT_l. As an induction hypothesis, let ¢ < T — 2 and suppose that y}:H = gjgﬂ. Then

(1) can be written as

vi = K (50,51,...,5-1)Yi(50,51,...,5-1) = 1i(50, 81, ..,5¢),

Vg :K(S(], Sly-.- ,Stfl):l)i(S(), Slyeeny Stfl) — ’l%‘(S(), Slyeeny St),

which is equivalent to

K (80,81, -+,5t-1)Yi(80, 81, - - -, St—1) =v; + 1i(S0, 1, - - -, 5t),

K(SOa S1y.44, st—l)gi(SO) S1y.00y St—l) =7; + f’i(SOa 81,44, St)'
Since K (s, $1,...,St—1) is an invertible M x M matrix and r;(sg, S1, ..., S¢) = 7i(S0, S1, - - ., St)
by the induction hypothesis, y;(s0, 51, - -, St—1) = 9:(50, 51, - - -, 8¢—1). Thus yi = gi. ///
Since the theorem holds even when rank K (sg, s1,...,8.-1) < M as long as rank H = M,

the theorem shows that effective complete asset markets may not be complete.

6 Conclusion

We have proposed a definition of effectively complete asset markets in a model with multiple
goods and multiple periods, and established the first and second welfare theorems in such
markets. We have then given two applications of the first welfare theorem, the sunspot
irrelevance theorem and the no-retrade theorem. The lesson to be learned from this exercise is

that the equilibrium allocations may well be Pareto-efficient even in incomplete asset markets,
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and effective completeness serves as a sufficient condition for this to occur.

The usefulness of the concept of effective completeness hinges on to what extent it is

applicable. We now know five distinct examples of effectively complete asset markets, of which

three are presented in LeRoy and Werner (2001, Chapter 16) and two in this paper. But the

applicability is severely limited by the fact that it requires every Pareto-efficient allocation to

be attained after the first round of asset trades, without using asset or spot markets from the

second round onwards. We should, therefore, find a weaker notion of effective completeness

with respect to which the first (and, preferably, the second) welfare theorem retains its validity.

This seems to be an important direction of future research.
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