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1 Introduction

A social choice in a democratic society is viewed as a dynamical system in which a
status-quo policy is repeatedly challenged by an alternative one. For example, a ruling
party is challenged by an opposition party in an election, and if the ruling party loses,
then a policy proposed by the opposition party becomes a new status-quo. This political
process is repeated. A central problem in the society is what the long-run outcome of
a dynamical political process is under various voting rules. The aim of this paper is to
consider a dynamic social choice problem by applying the stochastic evolutionary game
theory developed by Foster and Young (1990), Kandori et al. (1993) and Young (1993).

Our evolutionary approach to a social choice problem is contrasted with the tradi-
tional normative one in several aspects. First, while the traditional approach searches
for socially desirable choices defined by a set of axioms, the evolutionary one investi-
gates dynamically stable choices in a process of collective decision making. Second, as an
ideal model of social agents, the traditional approach presumes that voters are perfectly
rational in the sense that they do not make any decision error under their own consis-
tent preferences. The evolutionary approach deals with boundedly rational voters who
are myopic and may make various kinds of error in judgment, evaluation and decision.
Third, whereas the basic result in the traditional approach is Arrow (1954)’s impossibil-
ity theorem, an impossibility result does not play a major role in the evolutionary one
since the long-run equilibrium outcome satisfying stochastic stability exists under a weak
condition. Lastly, while the traditional approach postulates that a social choice is imple-
mented by a third-party such as a social planner, the evolutionary one has the view that a
social choice is implemented through a dynamic political process. This difference has an
important implication to our analysis. Since the social planner does not know voters’ true
preferences, she needs to let them report their own preferences. In the traditional frame-
work, the property of strategy-proofness for a social choice function that requires truth-
reporting to be optimal for voters is crucial. In contrast, the property is irrelevant in our
evolutionary approach without a social planner. Moreover, the evolutionary approach
does not assume that voters know others’ true preferences, in contrast to the framework
of other positive theories of social choice based on rational game theory.

In this paper, we consider a dynamic social choice problem where voters make a col-
lective choice repeatedly over a finite set of policies. In each period, a challenging policy is
randomly chosen given a status-quo policy, and voters choose between them under a ma-
jority voting rule with g-quota. If the alternative wins at least g votes, then it is chosen and

it will become a status-quo policy in the next period. Otherwise, the status-quo remains



effective. As for a choice rule of voters, we assume the following. In an unperturbed pro-
cess, voters make optimal choices according to their preferences. In a perturbed process,
they may make mistakes to choose suboptimal policies with small probability. Given a
stochastic process for challenging policies and a stochastic choice rule of voters as well
as a voting quota g, the dynamic voting process sketched above can be formulated into
a Markov chain with finite states (policies). The aim of our analysis is to characterize
stochastically stable states of the Markov chain of voting. The notion of a stochastically
stable state is now standard, and it describes the long-run equilibrium of the process that
can be observed with positive frequency in the long-run as stochastic noise (error proba-
bilities) vanishes. It is known that a stochastically stable state exists under a general choice
rule satisfying a regularity condition. There have been recent developments of the liter-
ature of stochastic stability on cooperative games, e.g. Newton (2012) and Sawa (2014).
Stochastically stable states are characterized via a similar technique to Sawa (2014).

The main results are summarized as follows. Let n be the number of voters. We
tirst prove that a Condorcet winner (an alternative which beats all others under simple
majority) is stochastically stable under a general choice rule if the voting rule is either
super majority or simple majority where the voting quota g has an upper limit being equal
to n — 71.1 We then focus the analysis on two well-known choice rules, best response with
mutations (BRM) and logit choice. Under BRM, voters may choose a suboptimal policy
with a small probability independently and uniformly. Under the logit choice rule, the
probability that voters may make a mistake is governed by a logit function. Under BRM,
we prove that the Condorcet winner (if any) is stochastically stable for every voting quota
from one (dictator rule) to n (unanimity). Furthermore, it is uniquely so if a quota g is
larger than the min-max one 7. In a social choice problem without a Condorcet winner
where the celebrated “voting paradox” occurs, a stochastically stable policy for all (super)
majority rules belongs to the top cycle under g quota.? Under the logit choice, stochastic
stability selects the Borda winner that maximizes the total score when voters rank all
alternatives by the linear score from one to n according to their preferences. Finally, we
analyze multidimensional choice problems with Euclidean preferences over a convex set
of alternatives where a Condorcet winner does not exist almost surely. When g > 1, we
show that the set of stochastically stable alternatives under BRM is approximately within
that of min-max alternatives as the policy space is discretized sufficiently fine. When
g < 7, the (unperturbed) dynamic process of voting has a unique recurrent class. Under
the logit choice rule, a stochastic stable alternative is close to an alternative called the

17 is the min-max quota. See Definition 2.

2g: n/2 for evennandgz (n+1)/2 for odd n.
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geometric median.

The evolutionary approach in this paper gives a new insight to an old debate concern-
ing a Condorcet winner (Condorcet, 1785) and a Borda winner (Borda, 1781). There exist
two strands of works in the literature. In the normative works, several axioms that each
solution satisfies are investigated comparatively. The book of Moulin (1988) is a classic
on the subject. In the positive works, a class of sequential voting models that implement
these solutions have been proposed. See McKelvey and Niemi (1978), Dutta et al. (2002)
and Bag et al. (2009) among others. In contrast to the literature, our evolutionary result
shows that both the Condorcet winner and the Borda winner can emerge as a long-run
equilibrium of the same dynamic process of voting, depending on a behavioral mode of
boundedly rational voters.

Like this paper, several works in the positive social choice theory present dynamic
voting models with sequential structure. It might be useful to clarify differences between
their works and ours in modeling and analytical methods. Most sequential voting mod-
els formulate a class of elimination processes where one alternative is eliminated in each
round. The remaining alternative in the final round is selected. Thus, they can be in-
terpreted best as models of one-shot election composed by several steps of voting. In
contrast, our dynamic model formulates a political process where an election takes place
in real time repeatedly between a ruling party and an opposing party. As for the ana-
lytical method, previous studies are based on traditional game theory assuming rational
players with perfect foresight and complete information. As typically observed in the
rational equilibrium approach, their results tend to be sensitive to an extensive form of
voting games. Our analysis is based on stochastic evolutionary game theory. We consider
boundedly rational players with limited knowledge on other players. Our result does not
depend on procedural details regarding the selection of a challenging policy.

The dynamic voting model of Kramer (1977) is closely related to ours in character.
In both models, two parties compete for votes by advocating particular policies, and the
policy of a party who wins a majority will become the status-quo in the next period. It,
however, should be noted that the dynamic processes of the two models are differ in one
critical aspect. The process of Kramer (1977) is deterministic in that the opposing party
is assumed to choose a policy that maximizes votes. When a Condorcet winner does
not exist, this vote-maximizing process has the property that the incumbent’s policy is
always defeated and that the two parties will alternate in office. Kramer (1977) proves that
the vote-maximizing process approaches the min-max set of policies in multidimensional
choice problems. A convergence result is not obtained. Our stochastic model provides
a more general framework for dynamic collective choice problems; It can be applied not



only to a policy competition as in Kramer (1977) but also to stochastic dynamic settings
where a group of voters (legislators) make decisions over periods.

In the evolutionary approach, we consider boundedly rational voters who make my-
opic decisions. This behavioural assumption of voters is relevant in many situations
where voters’ foresight is limited by several factors such as impatience, limited infor-
mation and reasoning inability. There are other works which consider dynamic voting
games with patient players (Gomes and Jehiel (2005), Roberts (2007) and Bernheim and
Slavov (2009)).3 A common observation in these works is that a Condorcet winner is not
always selected due to voters’ strategic incentive in intertemporal settings.

The rest of the paper is organized as follows. Section 2 presents several basic notions
for a social choice game. A dynamic process of voting is presented. Section 3 defines the
notion of stochastic stability and gives general properties of the existence and the com-
putation algorithm for it. Section 4 characterizes stochastically stable policies under BRM
for various voting quotas. Section 5 characterizes a stochastically stable policy under logit
choice for the unanimity rule. Section 6 analyzes multidimensional choice problems. Sec-
tion 7 discusses the evolutionary approach in terms of a social choice correspondence.

Section 8 concludes. Appendix includes proofs.

2 Model

2.1 Static setting

A social choice game, G, is given by a tuple of (A, N, {u;}icn, q). A denotes a finite set
of alternatives. N = {1,...,n} is the set of players who jointly choose an alternative in
A. Letu; : A — Rbe player i’s utility function. We assume that preferences are strict, i.e.,
u;j(a') # u;(a) foralli € Nanda,a’ € A,a#4d'. g€ {1,...,n} denotes a quota, which is
the minimum number of votes required for an alternative to be implemented.

A social choice is made by the following rule. Consider that the status-quo policy
is given by some a € A. An alternative a’ € A is randomly made.* All players vote
simultaneously between the two policies, @ and a’. The alternative a’ is chosen if at least
q players vote for it. The payoff of player i is given by u;(a’) if a’ is chosen, and by u;(a)
otherwise. This game is sometimes referred to as a g-quota game. When g = n, the rule
is unanimity. When g = (n+1)/2 for odd n or ¢ = 1+ n/2 for even n, the rule is the

3Roberts (2007) considers a repeated game where in each period the status-quo policy is challenged by
an alternative chosen randomly according to the uniform distribution.
“We shall discuss some examples of collective decision problems in the next subsection.
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(exact) majority.
Let us define

N(a,a") = {i € N |uj(a") > u;(a) }, n(a,a’) = |N(a,a’)|.

N(a,a’) is the set of players who prefer a’ to a, and n(a, a’) is the number of such players.
Note that the strict preference assumption implies that n(a,a’) + n(a’,a) = n fora # a'.
Also let

a) = max n(a,a).
(a) X (a,a’)

3|

71(a) is the maximum number of voters who prefer some alternative to a. If 77(a) < g, then

a is unbeatable by any 4’ # a under g-quota rule. We also let
q="L(n+1)/2],

where | x| is the largest integer not greater than x. ¢ is equal to (n + 1)/2 for odd n,
and to n/2 for even n. q is the maximum number of q_-quota under which at least either
alternative wins g votes in a pairwise voting, i.e., either n(a,a’) > g or n(a’,a) > g holds
for any pair a,a’ € A,a # a'. Note that q is the majority for odd 1, and g + 1 is so for even
n.

We define a couple of solution concepts of a social choice problem.

Definition 1 (Condorcet winner). A Condorcet winner is an alternative which defeats any
other alternative under majority rule. That is, a € A is a Condorcet winner if n(a’,a) > n/2

forall a’ # a.

By definition, a Condorcet winner is necessarily unique if it exists. Under a strict
preference, it holds that a € A is the Condorcet winner if and only if 7(a) < n/2.

The well-known “voting paradox” implies that the Condorcet winner does not neces-
sarily exist. If it exists, the Condorcet winner has the property that it minimizes 7(a) for
all alternatives a. In view of this fact, we introduce the following notion weaker than the
Condorcet winner (Kramer (1977) and Caplin and Nalebuff (1988)).

Definition 2 (Min-max alternative). An alternative a* € A is called a min-max alternative
if it is a solution of min,e 4 7i(a). The set A™ of min-max alternatives is called the min-max set.

7 is called the min-max quota if 1 = min,c 4 71(a).

Note that7 < n —1.1f n < n/2, then a Condorcet winner exists and it is a unique min-

max alternative. For a min-max alternative a*, n(a*,a) < 7 for all a # a*. This means
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that the min-max alternative 4™ is not defeated by any other alternative under g-quota
rule with ¢ > 71> An alternative a is said to be unbeatable under g-quota rule if it does not
lose g votes against any other, i.e. n(a,a’) < g for any a # a’. A min-max alternative is
unbeatable under (77 + 1)-quota. This implies that the min-max alternatives of game G

are in its core if the quota g is greater than 7.

Definition 3 (Core). The core of game G under g-quota rule is the (possibly empty) set of un-
beatable alternatives under g-quota.

The other generalization of a Condorcet winner is that of a top cycle. A top cycle is
the set of alternatives of which each member defeats every other alternative in A directly
or indirectly. For L > 2, an alternative a; € A is said to defeat a; € A indirectly under
g-quota rule, denoted by a; = :]k a1, if there exists a sequence {ay,...,ar_1} C A such that
n(aj,a;41) > qforalli € {1,...,L —1}. If L = 2, then we say that a;, directly defeats a;
under g-quota rule. We define a top cycle with respect to g-quota rule as follows.

Definition 4 (Top cycle). The top cycle with respect to q, T Cg, is defined by TCy = {a € A :
Va' € A, a’ #a,a t;k a'}.

The definitions imply three interesting properties of the two sets: the core and the top
cycle. First, they coincide if either of them contains unique alternative. Second, if the top
cycle exists and contains more than one alternative, then the core is empty. Third, the
top cycle is empty if the core does so. To see the second property, observe that for any
pair 4,4’ contained in the top cycle, a’ must be defeated by some alternative in order for
a = ;k a’ to hold. Then, 4’ is not in the core. Since this argument applies to all alternatives
in the top cycle, the core must be empty. Similarly to that, we can show the third one.

Obviously, the Condorcet winner (if any) is the top cycle under majority rule. Note
that 7C, is always nonempty for g4 < g, while it may be empty for g > g. The top
cycle with respect to g will play an impo;tant role in characterizing stochastizally stable
alternatives under the best response choice rule with mutations.

The Condorcet winner, the core and the min-max set are included in the set of Pareto
efficient alternatives. The efficiency of a top cycle crucially depends on the Nakamura
number of a social choice game (Nakamura (1979)). The Nakamura number v with g-
quota ruleis defined by v = [n/(n—gq)] forq < nand v = +oo for g = n, where [x] is the

>Caplin and Nalebuff (1988) consider the min-max majority rule when the alternative set A is a compact
set of the h-dimensional Euclidean space R" and voters have Euclidean preferences. When voters’ ideal
points distribute uniformly over its convex support in A, they show that the portion of the min-max quota
is not greater than 1 — (hLJrl )", converging to 0.632 as dimension / goes to infinity. The min-max majority is
less than 64%.



smallest integer greater than x. A top cycle might include Pareto-dominated alternatives
if | A| > v. Note that the Nakamura number is originally defined for a game without veto
players (Nakamura (1979)). We here extend it to be infinity for the unanimous voting

game where every player has a veto.

Proposition 1. Suppose that A, N and q are given. If | A| < v, then the core is nonempty for
all profiles of preferences. If | A| = v, then the core is nonempty or a top cycle with respect to
q exists for all profiles of preferences. Furthermore, if a top cycle exists, then it does not include
any Pareto-dominated alternative. If | A| > v, then there exists a profile of preferences {u;}icn
with which the social choice game has a top cycle with respect to q including Pareto-dominated

alternatives.

Finally, we introduce the Borda winner which is based on a scoring method of voting.
Scoring methods take into account the ranking of each alternative in the players’ prefer-
ences. The Borda rule is one of the most popular scoring rules, in which each alternative

is assigned points linearly increasing with the rank.

Definition 5 (Borda winner). Each player ranks alternatives in order of her preferences. The
rankings are converted into points; an alternative receives one point for being ranked last, two for
being next-to-last, and so on, up to | A| points for being ranked first. An alternative which receives
the highest total score is called a Borda winner.

2.2 Dynamic process

We consider a dynamic process in which players recurrently play a social choice game.
Let a’ € A be the status-quo policy in period t. A proposal @’ € A against the status-quo

t

a' is randomly made.® All players vote simultaneously between a’ and a'. The proposal

a’ is chosen if at least g players vote for it. Then, the status-quo in the next period will be
a1 = 4/, and a'*! = a! otherwise. For g < n/2, it may happen that both policies a’ and
a' obtain at least g votes. We remark that proposal 4’ has the priority for such cases. Every
player is assumed to be boundedly rational; she typically chooses an optimal policy but
occasionally does a suboptimal one due to stochastic noise.

The formal model above of a social choice game with random alternatives can be ex-
plained by the following examples of collective decision making. Legislatures vote on a
bill proposed by a committee. They do not know in advance which bill is proposed by

the committee, and anticipate it in a probabilistic manner. Another example is a political

6 A probability distribution over proposals can be arbitrary. The result of the paper is not affected in any
critical way by it as long as every proposal may be made with positive probability.
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process in which a player is randomly selected as an agenda-setter according to a formal
rule.” A political party may be selected as a formateur in government formation with
probability proportional to the number of its seats. A random dictatorship is a particular
case of the random proposer rule when g = 1.

Let p, »» be probability with which a proposal ' € .A may be made against the current
policy a. We assume that p, , > 0 for every a and a’ in A. Let Nj be the set of subsets
of N with size k. When the process is not perturbed by stochastic noise, the transition
probability from a to a’ # a is given by

au’ = Paa Z Z Hﬂ{u] > u] } 1—[ ]l{uh < uh( )} (1)

k>q JEN j€] heN\J
All members All members
in | accept. in N\ ] reject.

where 1{x > y} is 1 if x > y and 0 otherwise. The transition probability from a to g, i.e.,
the status quo remains, is given by Pg, T=1- Lo#a Py a, Note that the product of the last
two products of Equation (1) becomes one if and only if ] = N(a,4’). So, it is reduced to

a simple form:
P ,q = PaU{n(a, a’) > q}- 2)

Eq. (1) defines a Markov chain P%1 = (P;’Z,) with finite states .A. We call P an unper-
turbed process with g-quota rule.

We say that a set of alternatives is a recurrent class of the unperturbed process P if
the process never escapes from the set once it is reached, and all alternatives in the set are

visited infinitely many times. It is formally defined below.

Definition 6. Let 0 C A. 0 is a recurrent class of the unperturbed process P*1 with q-quota
rule if it satisfies the following two conditions.

1. For all ay,a, € 0, there exists a sequence of alternatives {ay,...,ar} C 0 such that
Py >0forallic{1,...,k—1}.

aiAi41
2. Foralla € Qanda’ € A\ 6, Pf’a, =0.
Let ©(g) denote the set of recurrent classes of the unperturbed process with quota

g. Two lemmas below shows a link between a top cycle and a recurrent class. Lemma 1

shows that if a top cycle exists under g-quota rule, then it must be a unique recurrent class

"The model can be interpreted as a model of random proposers. Let p;, , be the probability that i
becomes a proposer and proposes a’. Then, we let p, = Y. i ga'-
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of the unperturbed process P%7. Lemma 2 says that the recurrent class is unique if g < ¢.8
Thus, the top cycle coincides with the recurrent class for g < g.

Lemma 1 (Top cycle and recurrent class). A top cycle exists in the game if and only if the
unperturbed process has a unique recurrent class. For such cases, those two sets coincide.

Proof. Suppose that there is a unique recurrent class 6. The definition implies that a = Z’; a’
forall a,a’ € 6. For all a; ¢ 6, there must exist a sequence {ay,...,ar} € Awithap € 0
O/
such that PaiZi .
not reach 6 for all time, which implies another recurrent class in A \ 6, i.e. a contradiction.

> 0foralli € {1,...,L —1}. Otherwise, the process starting from a; will

Thus, if a € 0, thena > f; a’ for a’ # a. By definition, alternatives in 6 constitute a top

cycle. We can prove the converse similarly. O
Lemma 2. For q < g, the unperturbed process has a unique recurrent class.

Proof. By way of contradiction, suppose that the process has two recurrent classes, .4;
and A;. By definition, A; N A; = @. Choose a1 € Aj and a; € A;. Strict preferences
imply that at least g players prefer a; to a, or a; to a;. Then, it follows from g < g that

0,9

either Pgﬁaz > 0or Py, > 0holds. It contradicts that A; and A, are recurrent classes. [

We now assume that every player’s choice is perturbed due to stochastic noise. For a
real value 77 > 0, the transition probability from a to a’ # a is given by

Pl =paw Y, Y, [1¥(@d) T] A1-Y¥j(aa)), (3)

k>q JeNy jeJ heN\J
All members All m‘e?nbers
in [ accept. in N\ ] reject.

where ‘F7 (a,a’) is the probability that player j may vote for proposal a’ given the status
quo a. The probability of her voting for the status quo a is given by 1 — ‘F?(a, a'). The
probability of staying in the status quo is given by P/ = 1 — Yo' 4a PZ(Z We call the
Markov chain P71 = (PZH %) a perturbed process with g-quota rule. The stochastic choice

rule of every player satisfies the following regularity conditions.”

Definition 7. A choice rule ‘Y7 is reqular if it satisfies the following conditions (i)—(iv).

(i) ‘I’?(u, a') varies continuously in i forall j € N and all a,a’ € A.

8Recall that g = n/2 for even n and 9= (n+1)/2 for odd n.
9 A version of our results holds for choice rules satisfying (i)—(iii) but (iv). See Remark 1.
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(ii) As n approaches zero, the limit of ‘P7 (a,a’) satisfies that'”

1 ifuj(a’) > u;(a),
%i_}na‘l’?(a,a’) =130 ifu;(a') < u;(a), VieN,aad € A (4)
¢e01] ifui(a) =u(a),

(iii) As 1 approaches zero, the limit of 1 log ‘I’7 (-, -) exists and satisfies that for some x;(a,a’) >
0,

0 ifu;(a’) > uj(a),

— limiylog‘ﬂ(ﬂ, a) =
7—0 ] Kj(a, a') ifu]'(a') < ”j(a)-

(iv) For (a,a") with uj(a’) < uj(a), there exists some xj(a,a’) > 0 such that

Y7 (a,a")
— lim !

n—0 exp(—n~ltx;(a,a’)) > 0.

Many noisy best response rules studied in the literature, including best response with
mutations and logit choice, satisfy the above regularity conditions. The real value 7 is
interpreted as a stochastic noise level. The second condition implies that, as #7 approaches
zero, the player’s choice rule can be arbitrarily close to the optimal one. The last two
put restrictions on how fast the probability of choosing suboptimal choices vanishes as
1 approaches zero. Roughly speaking, the probability of choosing a suboptimal choice
will vanish at a constant rate. The condition (iii) rules out oscillating choice rules, e.g.,
‘P?(a, a') = exp(—n~(xj(a,a’) 4 sin(1/7))), while (iv) rules out choice rules where the
power of the leading term is not linearin !, e.g., ‘Y7 (a,a") = exp(—1(xj(a,a") + /7))

Example 1 (Best response with mutations). Consider the best response with mutations
rule as in Kandori et al. (1993) and Young (1993), in which a player may make a subopti-

10The limit value & of ‘1’7(51, a") for uj(a’) = u;(a) does not affect the result of the paper. By the strict

preference assumption, u;(a’) = u;j(a) implies a’ = a. Thus, the state will remain the same after voting,
independent of the value of C.
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mal choice with probability ¢ > 0. The choice rule ‘I"7 is given as

1—e¢ ifuj(a’) (a),

> U
j
Y7(a,d') = if uj(a’) < uj(a), Vi€ N,a,d € A, ()

J

Nj— ™

if uj(a’) = uj(a),
where ¢ = exp(—7~1). Each player votes for the policy she prefers with probability 1 — ¢

and votes for a suboptimal one with e.

Example 2 (Logit choice). Following Blume (1993), suppose that players employ the logit
choice rule with noise level 7 > 0:

v exp(q_luj(a’))
Tf (a,a') = exp(;y_lu]'(a)) +€Xp(77_1uj(ﬂ/)).

The logit choice rule can be derived from a random utility model in which the utility for
each alternative is perturbed by i.i.d. random variables with the Gumbel distribution. The
distribution is bell-shaped and is similar to a normal distribution. This choice rule gives
us a model which is amenable to computation and approximates a random utility model

with normally distributed noise.!!

3 Stochastic stability under regular choice rules

We present the standard results of stochastic evolutionary game theory which can be
applied to the dynamic process of a social choice game described in the last section. All
results in this section hold for all regular choice rules unless otherwise stated. In what
follows, we shall call sometimes a policy in A a state of the process, if no confusion arises.

The perturbed Markov chain P71 = {Pgaq/ }a,a'e 4 is irreducible and aperiodic for 7 > 0,
and so admits a unique stationary distribution, denoted by ng. Let 7{,‘; (a) denote the prob-
ability that 7] places on state ¢ € A.1? Players’ behavior is asymptotically summarized
by ng because of two properties; nz (a) represents the fraction of time in which state a is
observed over a long time horizon, and it is also the probability that 2 will be observed
at any sufficiently large time t. We say that state a is stochastically stable if it is in the
support of the limiting stationary distribution as # approaches zero.

1See McFadden (1976) for the logit choice model and its applications in economics.
12With abuse of notations, we write 7} (A1) = Y,c 4, 7(a) for a subset A1 C A, and 7 (©(q)) =
Y4 c0(g) Lac A, 7'[2 (a) for the collection of recurrent classes ©(g).

12



Definition 8. A state a € A is stochastically stable under g-quota rule if lim, o nZ (a) > 0.

We next define a notion of transition cost from one alternative to another, which mea-
sures the unlikeliness of the transition. Define the cost of player i’s accepting alternative

a’ given the status quo 7 as,
/ . n /
ci(a,a’) = —limnlog¥Y'(a,a).
l( ) r]_)[) 17 g 1 ( )

The cost is the exponential rate of decay of the choice probability as 77 approaches zero.
Roughly speaking, it represents the unlikeliness of player i’s agreeing to a switch from a
to a’. Property (iii) in Definition 2.7 implies that ¢;(a,a’) is zero if u;(a’) > u;(a). Namely,
player i accepts the switch with zero cost if she prefers a’ to a. Further, define the transition
cost from 4 to 4’ under g-quota rule as

9 _ (o

Caa’ }2}\1}; ; Ci (a/ a )
where N, is the class of subsets | of N with size q. Recall that N(a,a’) denote the set of
players who prefer 4’ to a and that n(a, a’) is the cardinality of N(a,a’). Since ¢;(a,a’") = 0

for every i € N(a,a’), we can rewrite the cost cZ o as follows.

0 if g <n(aa),
g ifg <n(aa) ©)

M N (a/,0),|]|=q—n(a,a’) Licf Ci(a,a’) otherwise.

Namely, the transition cost CZ » from the status quo a to an alternative a’ under g-quota
rule is the smallest sum of transition costs for g players whose acceptance is needed for
proposal 4’ to be chosen. Some of such players may not prefer a’ to the status quo a, but
they may accept proposal 4’ “by mistake”. If this is the case, then the transition cost CZ o
will be positive. If there exists at least q players who prefer a’ to a, then the transition cost
from a to a’ is zero.

Example 3 (BRM). Suppose that the players’ choice rule is given by best response with
mutations in (5). When u;(a’) < u;(a), the cost of a player’s choosing a’ against a by
mistake is given by c;(a,a’) = lim,_o—nloge = lim,_,o —nlogexp(—y~!) = 1. The
transition cost from 4 to 4’ is given by

¢! =max{q —n(a,a’),0}. (7)

aa

13This expression of the costs of transitions follows Section 12.A.5 of Sandholm (2010).
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In words, cZ » 1 the minimum number of mistakes (mutations) by which the social choice

is potentially switched from a to a’ under g-quota rule.

For two alternatives a and a’, we denote the transition from a to 4’ by notation (a,4’).
We call a set of transitions {(a1,a7), (a2,a3), ..., (ap—1,ar) } apath from aq to ap on A if a; #
aj for all i # j. Note that any transition (a;,4;,1) may occur with a positive probability
under a perturbed process P71. For a € A, we call a set of transitions, denoted by T,, an
a-tree if there exists a unique path from a’ to a for all a’ € A with a’ # a. Let Y, denote the
set of all a-trees. Given an a-tree 7; and quota g, we define the cost of a-tree 7, as

Cq(Ta): Z CZw‘ (8)

(v,w)et,

* as the minimum of

We define cf; (a) as the lowest cost among all a-trees, and define c,

k

Cq

(a) among all alternatives a in A. That is,

* _ : x . *
¢, (a) = min cq(Ta), mg = minc, (a). 9)
Define
Mq:{aEA:c;k(a):m;"}. (10)

The following theorem is our version of Theorem 1 of Kandori et al. (1993).
Theorem 1. An alternative a € A is stochastically stable if and only if a € M,.

The theorem states that an alternative is stochastically stable if and only if a tree with
itself as the root has the minimum cost among all trees. This characterization leads to two
useful results about stochastic stability. Firstly, a stochastically stable alternative a € A
under g-quota rule must belong to some recurrent class of the unperturbed process. If a
is not in any recurrent class, then there exists a path from a to some recurrent class with
zero cost. The cost of any a-tree must be greater than that of b-tree for every alternative b
in the recurrent class. Secondly, if a recurrent class of the unperturbed process includes a

stochastically stable alternative, then all alternatives in it are also stochastically stable.

Remark 1. A choice rule is said to be weakly regular if it satisfies conditions (i)—(iii) in
Definition 7. The probit choice rule is not regular but weakly regular (Myatt and Wallace
(2003) and Dokumaci and Sandholm (2011)). For a weakly regular choice rule, it is known
that if a state a is stochastically stable, thena € M,. Thus it holds that lim, o 75 (M,) = 1.
See Sandholm (2010).
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The next theorem identifies the stochastic stability of the Condorcet winner under g-

quota rules.

Theorem 2 (Stochastic stability of a Condorcet winner). Let 71 be the min-max quota. Then,
the Condorcet winner a € A is stochastically stable for every q < n — n. Moreover, a is uniquely

so for every q withn < q <n —1.

Proof. Suppose that a is the Condorcet winner. By definition, it holds that for every a’ # g,
n(a',a) > n/2 and thus n(a,a’) < n/2. This implies that 7(a) < n/2. Since 71(a’) > n/2
for every a’ # a, it can be seen that 7 = 7(a) < n/2. First, assume that ¢ < n — 7. Then,
forevery a’ # a,

g<n-—rt(a) <n-—n(aa)=n(d,a).

The last equality comes from the assumption of strict preference. It follows from (6) that

¢!, = 0foralld # aand thus that cy(a) = 0. Since ¢} (a’) is non-negative for all a’,
;" (a) must be the minimum among all alternatives. Thus, a is stochastically stable for

g < n — 7. Finally, assume that 77 < q¢ < n — 7. Observe that g > 71(a) > n(a,a’) for every
a' # a. (6) implies that ¢! , > 0, and thus c;" (a") > 0, for all @’ # a. Since the Condorcet

c

aa’

winner a satisfies c;'; (a) = 0, Theorem 3.2 implies that a is uniquely stochastically stable

foreverygwithn < q <n —mn. O

The stochastic stability of the Condorcet winner can be explained intuitively as fol-
lows. Since the Condorcet winner defeats every other alternative under majority rule,
there always exist at least n/2 voters who prefer the Condorcet winner to another. This
means that the process can transit to the Condorcet winner with zero cost from every
other alternative for quota g less than n/2. Thus, it is straightforward to see that the Con-
dorcet winner is stochastically stable under g-quota rule if q is less than n/2. Actually,
the same property holds for g < n — 7 where 7 is the min-max quota. If 7 < g < n —7,
then for every alternative a’ # a, the process needs at least one voter who accepts pro-
posal a’ by mistake so that the transition from a to a’ occurs. The transition cost for ev-
ery a’-tree is positive and thus the Condorcet winner is uniquely stochastically stable for
n < g < n—mn. Theorem 2 implies that stochastic stability of the dynamic process for
social choice games with g-quota rule is in favor of a Condorcet winner if the quota g is
greater than the min-max quota 7, less than n — 7, for all regular choice rules including
BRM and logit choice.

The upper limit of the quota, n — 7, is tight in the sense that there exists a game with
a regular choice rule in which a Condorcet winner is not stochastically stable for all g >
n —n. Example 7 in Section 5 offers such a game, where the Borda winner is stochastically

stable for all ¢ > n — 7 under the logit choice rule.
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Pareto efficiency of stochastically stable alternatives is closely related to the Naka-
mura number of the considered social choice game (Nakamura (1979)). If the cardinality
of the set of alternatives is at most the Nakamura number, then the Pareto efficiency of
a stochastically stable alternative is guaranteed. Otherwise, there exists a profile of pref-
erences under which some Pareto-dominated alternative is stochastically stable. As the
Nakamura number is infinity under the unanimity, all stochastically stable alternatives

with g = n are Pareto efficient. The next corollary is implied by Proposition 1.

Corollary 1. Suppose that A, N and q are given. If | A| < v, then all stochastically stable alterna-
tives are Pareto efficient for any social choice game with (A, N, q). Furthermore, all stochastically
stable alternatives are in the core if the core is nonempty, and a set of stochastically stable alterna-
tives coincide with the top cycle if it is empty. If | A| > v, then there exists a profile of preferences
under which Pareto-dominated alternatives are stochastically stable under any regular choice rule.

For a general social choice problem without a Condorcet winner, we present an algo-
rithm useful for computing stochastically stable alternatives.

An abstract graph is represented by a tuple (V, E,c) where V is the set of nodes, E C
V x V is the set of directed edges, and c is a real-valued function defined on E. In what
follows, we consider a complete graph V, thatis, E = V x V. For every two nodes v and
w in V, a directed pair (v, w) is interpreted as an edge from node v to node w. The real
value ¢(v, w) means the cost for moving from v to w.

We define a recurrent class for a graph (V, E, c¢). Let D(v, w, E) be the set of paths from

vtowon E14 Leté (v, w) be the minimum cost of paths from v to w, i.e.,

é(v, w) min c(e Yo,we V. 11
( dEDvwEe;i ( )

A subset v C V is said to be V-recurrent if it satisfies the two conditions: (i) é(v, w) > 0
forallv € vand w € V'\ v, and (ii) é(v,9) = 0 for all v, 9 € v.

Let V be a family of subsets of nodes in V. For V,let A(V) = {v € v:v € V}. In
words, A(V) is the set of nodes in V which belongs to some subset v in V.

Theorem 3. Let g > q where q is the largest integer not greater than (n +1)/2. A statea € A
is stochastically stable under g-quota rule if and only if a € A'(V?) where V' is obtained by the
algorithm below.'®

14 A path from v to w on E is a sequence of edges starting with v and ending with w such that it connects
nodes in E which are all distinct.
BFor i = 1,2,---,A’ means the i-times repetition of the operator A. For example, if V2 =

{{{a,b}, {c}}, {{d}}}, then A2(V2) = A(A(V2)) = A({{a,b}, {c}, {d}}) = {a,b,c,d}.
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Step 0. Fori=0,let V¥ = A, E' = A x A, and co(a,b) = ch forall (a,b) € EO.

Repeat steps 1-2 until Vi+1 becomes a singleton. When V'*1 does so, let i = i + 1 and stop.

Step 1. (contraction) For the complete graph (V', E, c;), compute the real-valued function
& on E' by letting E = E' and V = V' in (11), and identify V'-recurrent sets. Let Vi*1
denote the family of all Vi-recurrent sets. Let E! = Vitl x Vitl,

Step 2. (cost update) Let

ciz1(v,w) = G(v,w) —&F VY(v,w) € EY,

wherev € v, w € w, and®

& = min {E,-(v,w) cvev,wew for (v,w) € EF with v # w} .

Increase stepiby 1,i.e.,i =i+ 1. Goto Step 1.

Remark 2. The theorem is based on the Chu-Liu /Edmonds algorithm in graph theory.
It is proposed by Chu and Liu (1965) and Edmonds (1967) to generate a minimum-cost
spanning tree for a prescribed root. A difference between their algorithm and ours is that
we consider all nodes in a complete graph as potential roots and identify a node whose
spanning tree has the lowest cost among all nodes. A few studies have developed meth-
ods based on the algorithm with a different focus. A closely related one is the method
used in Troger (2002) which is focused on the BRM choice rule. Each iteration subtracts
one from the cost in his model, which is equivalent to setting ¢; . 1(v,w) = ¢;(v,w) — 1 in
step 2 of ours. We improved the algorithm in two aspects. It is generalized to all regular
choice rules, and fewer iterations are required thanks to subtracting 51* from the cost in

step 2.

To conclude this section, we summarize the stochastic stable alternative in a social
choice problem with quota rules. The results for the BRM dynamic and the logit dynamic

will be proved in the next sections.

16¢;,1(v, w) does not depend on the choice of v and w due to condition (ii) of Vi-recurrent sets.
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quotas | dynamics | stochastic stability

g <gq | general | A unique recurrent class is stochastically stable.

q> é general | A Condorcet winner is stochastically stable if ¢ < n — 7.

BRM A Condorcet winner is uniquely stochastically stable if g > 7. If a
Condorcet winner does not exist, the alternative minimizing the

cost in the top cycle with respect to g is stochastically stable.

logit A Borda winner is stochastically stable if g = n.

4 Best response with mutations (BRM)

We consider stochastic stability of BRM. We first introduce a class of trees on A which
is useful for our analysis. Recall that g is the largest integer not greater than (1 + 1) /2.

Definition 9. For a € A, an a-tree, say 7, is called a majority tree if n(a’,a") > q for all
(a',d") € 1.

A majority tree is a tree in which for every transition there exists at least g players
who prefer it. The next lemma shows that the existence of a majority tree is a necessary

condition of stochastic stability in BRM if quota is larger than or equal to 4.

Lemma 3. Let q > q. Every stochastically stable state a € A under q-quota rule must have a

majority a-tree.

Proof. Fix g > q. Assume that 2 € A is stochastically stable under 4. By way of con-
tradiction, supp_ose that 4 has no majority a-tree. Then, for every a-tree 7,, there exists
some transition (a,a") € 1, such that n(a’,a") < q. If n(a’,a) > q for all such transitions
(a’,a") in T,, then one can construct a majority a-tree by replaciag all such (a’,a") with
(a’,a). This contradicts the supposition. If there exists some transition (a’,4”) € 1, such
that n(a’,a"”) < g and n(a’,a) < g, then remove (a’,a") from 7, and add (a,4a’) to it. The
resulting set of ezlges must be an o’ -tree, denoted by 7,/. From (7), its cost is given by

¢q(Tw) = cq(ta) — (g —n(d’,a")) + max{g — n(a,a’),0}.
Note that g —n(a’,a") > 0since g > g > n(a’,a"). Observe that
q—mn(a',a")>q—q>q—n(aa).

The last inequality comes from that n(a’,a) < g implies that n(a,a’) > g. Then, we have
¢q(Ty) < c4(a). This contradicts that a is stochastically stable under 4. O
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We now prove the theorem that the Condorcet winner is stochastically stable for every
quotag € {1,...,n} in BRM.

Theorem 4 (Stochastic stability of Condorcet winner under BRM). Suppose that players
employ BRM. For every q € {1,...,n}, the Condorcet winner is stochastically stable under g-
quota rule. Furthermore, it is uniquely stochastically stable under q-quota rule for all g > 7.

Proof of Theorem 4. Consider that the Condorcet winner a exists. This implies that 77(a) =
n < n/2. First, suppose that g < 7. Since ¢ < 7 < n — 7, it follows from Theorem 2 that a
is stochastically stable. Next, suppose that g4 > 7. For every a’ # a, let 7, be an arbitrary
a'-tree. Let (a,a") € 1,. Since a is the Condorcet winner, it holds that n(a,a”) < g. This
means that 7,/ is not a majority tree. Since the choice of 7, is arbitrary, Lemma 3 i;nplies
that a’ is not stochastically stable for q. Since Theorem 1 guarantees the existence of a
stochastically stable state, it must be true that a4 is uniquely stochastically stable for every
q> 4. O

Theorem 4 shows that the stochastic stability of the Condorcet winner is universal in
BRM, namely it is stochastically stable for every quotag € {1,...,n}. This is in contrast to
Theorem 2 for a general class of regular dynamics which imposes an upper limit n — 77 of
quota rules for the Condorcet winner to be stochastically stable. When a quota g exceeds
the upper limit, a tree with the Condorcet winner as the root has a positive cost. However,

its cost is always the lowest among all trees under BRM.

Example 4. Consider a social choice problem with 5 voters and 3 alternatives. Preferences
are given by the left matrix below. They are summarized by the right matrix, in which
each entry gives the total number of voters who prefer the row alternative to the column

alternative. For example, 3 voters prefer a; to a;, and 2 voters prefer a; to a;.

Preferences | # of players ay | ap | as
aji > ap » as 2 ap | — |31 4
ap > aj > as 2 a | 2| —| 4
as > ajy > ap 1 az |1 |1 | —

Obviously, the Condorcet winner is a; since majority is 3. It can be seen that the set of

stochastically stable alternatives for each g is given by

{ay,ap,a3} forg=1,
My =< {ay,ar} forqg=2,
{a1} for g > 3.
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02%03 az%a3

(a) ap-tree (b) a;-tree with a smaller
cost

Figure 1: A non-majority ap-tree and a majority a;-tree

The Condorcet winner a; is stochastically stable for all 4 and uniquely so for g > 3. We
sketch the proof of the result for 4 = 5. In Figure 1, an arrow from a; to a; means the
transition from a; to a;,, and a number adjacent to the arrow denotes its cost. A minimum-
cost ap-tree is shown in Figure 1(a). It is not a majority tree because the edge (a1,a;)
has n(ay,a2) = 2 < g = 3. As shown in Figure 1(b), replacing (a1,a2) with (ap,a7),
we construct a;-tree with a smaller cost than that of the ar-tree. In fact, that a;-tree is a

majority tree.

4.1 Stochastic stability and the top cycle with g-quota

We now consider a social choice problem with no Condorcet winner. Lemma 2 shows
that every social choice problem has a unique recurrent class, equal to the top cycle, if
quota g is not greater than gq. Then, all alternatives in the top cycle are stochastically
stable. In what follows, we will investigate what alternatives are stochastically stable
under super-majority rules whose quotas are larger than g.

Our key lemma 4 will show that the top cycle with ;espect to g-quota plays an im-
portant role to identify stochastically stable alternatives even under _super-majority rules.
Based on that result, Theorem 5 will offer an algorithmic characterization of stochastically
stable alternatives for super-majority rules.

Let A, be the top cycle with respect to g, i.e. a unique recurrent class with respect to g.
We consider the set of all trees over A, and show that only those trees matter for stochastic
stability under every g-quota rule where g > q. We first introduce several notations. Let
T, be an a-tree over A. We say that 7, has an a-subtree over a subset A" c A if, for
all a; € A/, there exists a path {ay,...,ar} C 7, such that gy = a4 and a; € A’ for all
ie{l,...,k}. Let Y (A’) denote the set of a-subtrees over A/, and define

* : f * I
c a)= min c¢z(7;), ¢ =minc a),
q'Ai( ) THEYa(Ay) 1) 14 aeA, q'Aﬂ( )
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Lemma 4. lim,_,q 7t¢ (a) > 0 for g > q ifand only ifa € My(Ag).

Lemma 4 shows that an alternative is stochastically stable if and only if it has a subtree
on the top cycle A; which minimizes the sum of transition costs on the top cycle. This
means that to idenjtify stochastically stable alternatives, we can restrict our analysis to
transitions in the top cycle under g-quota rule. Using this observation, we can simplify the

algorithm to compute stochastically stable alternatives for BRM in Theorem 3 as follows.

Theorem 5. a € A is stochastically stable for q > g if and only if a € AL(VY) where V7 is
obtained by the algorithm below.

Step 0. Let Ag be a unique recurrent class for g. Let E={(ab) c Ag x Ag:n(a,b) <q}.
Let VO = Ay, E0 = (Ag x Ag) \ E, and co(a,b) = ¢!, forall (a,b) € EO.Y Leti = 0.

Repeat steps 1-2 until V'*1 becomes a singleton. When V'*1 does so, let i = i + 1 and stop.
Steps 1-2 The steps are the same as in Theorem 3.18

The next example illustrates how the algorithm in Theorem 5 works.

Example 5. Consider a social choice problem with 25 voters and 5 alternatives. Prefer-
ences are depicted by the left matrix in Table 1. Each entry of the right matrix gives the
total number of voters who prefer a row alternative to a column alternative. Note that ma-
jority is 13, i.e. ¢ = 13. We apply Theorem 5 to compute a stochastically stable alternative
with respect to_q = 14 and g = 25.

Observe that a5 is beaten by any other alternative under majority rule. In Step 0, the
unique recurrent class for g is given as A, = {a1,a5,a3,a,} = V°. In Step 1, we consider
transition costs among alternatives in V9. %igure 2 shows cost ¢;(+,-) on Vi x Vi forq = 14
withi = 0 and g = 25 with i = 0,1. An arrow from 4; to 4, in the figure means the
transition from a4; to a5, and a number adjacent to the arrow denotes the cost c;(a;, ay).
Arrows and numbers in grey represent transitions for which n(-,-) < g. As suggested by
Step 1, the transitions in grey can be ignored in the subsequent compu_tation.

For q = 14, it is easy to see that a; is uniquely stochastically stable. Figure 2(a) shows
that &(aj,a1) = 0, co(a1,a;) = 1forall j € {2,3,4}. Note that ¢o(az,a1) = 0 due to that
co(an,ay4) + co(ag, a1) = 0. Thus, V! = {a;} is uniquely V%-recurrent.

17We can omit edges with a cost greater than g — g because such edges are never used in the minimum
cost tree. a

18Although EY is a strict subset of V9 x V9, the definition of a VO-recurrent set does not differ from that
in Theorem 3.
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Table 1: Preference and voting matrices of 5 alternatives with 25 voters

Preferences # of players ap | ar | az | agq | as
a1 = az > aq = ap > 4as 5 a; | — (121416 | 13
ap) > ay > az > a4 » ds a |13 | — |16 |11 | 13
as > aj) > ag > ax > as az | 111 9 | — [ 18 |13
asz > dy > a1 > a4 > ds ag | 9 | 1417 | — |13

asz > daq > ap > a1 > ds
ag > dp > asz > aj » ds
as > a1 > aq > ap > as
as > dy > az > a4 » a1

as |12 |12 |12 | 12 | —

N O\ | N =W

ay - 0 > Oy 1753 11 > Oy 175 4 > Oy
3 h 14 y
< a4 1S

5 as 7 16 as 18 a3 |hot SS.
(@g=14,i=0 (b)g=25,i=0,Step 1 (c)g=25,i=0,Step2

Figure 2: Costs ¢;(-,-) for g = 14 and g = 25

5 al 3 5] [min. cost]
K 4 i 23
4 K
cost 5318 ay is

min. a
’\ w ot SS. not SS.
4 a3 2 as

(@g=25i=1,5tepl (b)g=25i=1,Step2 (c)g=25,i=2,Stepl (d)q=25,i=2,Step2
@(-,-) on V?) @(,-) on V?)

N

Figure 3: Costs (-, -) for g = 25

For q = 25, Figure 2(b) shows c.. for Oth iteration (i = 0). Observe that é(a4,a3) = 7
is the minimum among all ¢y (-, -). In Step 2, we let c1(a;, a;) = ¢o(a;,a;) — 7. Those c1 (-, -)
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are depicted in Figure 2(c). Note that ¢1(a4,a3) = ¢o(as,a3) —7 = 0, which implies that a4
is not V1-recurrent, and thus is not stochastically stable (SS).

Figure 3(a) shows V2, or all Vl-recurrent sets, and ;. Since a4 is dropped, V2 has three
elements, a1, a> and a3." Now, ¢ (a3, a) = 2 is the minimum cost among all & (x, y). As
shown in 3(b), we let ¢z (a;, a;) = ¢1(a;, a;) — 2. Since ¢3(a3,a2) = 0, a3 is not V-recurrent
and thus is not stochastically stable. Iterating the process, we obtain ¢3(ay,a;) = 0 in Step
1 of i = 3. The algorithm ends at i = 4 and yields that V* = {{---{a,}...}}. Thus, a is
uniquely stochastically stable for g = 25.

Remark 3. There is no monotonic relation between the sets of stochastically stable alter-
natives over q for 4 > ¢. In Example 5, a; is stochastically stable for g = 14 while a; is so
for g = 25.

5 Logit choice

In the last section, we have characterized the stochastically stable alternatives of BRM.
Since behavior of boundedly rational players are diverse and it cannot be described by a
unique choice model, it is important to examine how a difference in choice rules affects
the set of stochastically stable alternatives. The logit choice is an alternative regular choice
rule that is well studied in the literature of stochastic evolutionary theory.

For two alternatives a and 4/, the transition probability from a to a’ under the logit
choice rule is given by Equation (3) where every player j’s choice rule ‘1’7 is equal to the
logit function

exp(i~"u;(a)

T(a,a") =
B0 = oty (@) + exply T @) 12

where 17 > 0. Note that ‘P7 satisfies the four assumptions in Definition 7. In what follows,
let P71 denote the transition probability with ‘I’7 (a,a") above.
We define the stochastic stability for the logit choice rule in the same manner as Defi-

nition 8.

Definition 10. A state a is stochastically stable with g-quota rule under the logit choice rule
if lim,, o nZ(a) > 0 with ‘I’?(a, a') given by (12).

“More precisely, V2 has {{a;}} (2 pairs of parentheses) fori € {1,2,3}.
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It follows from (6) that the cost of transition (a,4") under the logit choice is given as

CZa, = min Zmax{ui(a) —ui(a’),0}. (13)
JENg iy

where Nj denotes the set of subsets of N with size k. CZ » Tepresents the unlikeliness of
the transition (a,4’). For the logit choice, it is known that the unlikeliness of a player i’s
choice is given by?

ci(a,a) = — %ig(l);ylog‘ﬁ(a, a'") = max{u;(a) — u;(a’),0}.

Since affirmative votes of any group of g players can make the transition, we take the
minimum unlikeliness over all possible cases, i.e. all subsets of players with size g, as
shown in (13).

For stochastic stability analysis, we define several notions such as ¢, C:; , m;" and M;Og it
according to Equations (8)—(10). The following theorem for logit choice immediately fol-
lows from Theorem 1.

Theorem 6. Suppose that players employ the logit choice rule. Then, an alternative a € A is
stochastically stable under g-quota rule if and only if a € M;Oglt.

For the unanimous rule, the set of stochastically stable alternatives under the logit
choice has the property of maximizing the sum of players’ utility functions. Thus, it is in

favor of the utilitarian social welfare function.?!

Proposition 2. Let P(a) = Y,cn ui(a). An alternative a* € A is stochastically stable under
the logit choice rule with the unanimous rule (q = n) if and only if it maximizes P (a) among all
alternatives.

Proof of Proposition 2. Our setting for ¢ = n is similar to a unanimous game studied in
Sawa (2014). The proof below is similar to the one there.
We first observe that, for all a,a’ € A,

P(a) —P(a') =} (ui(a) —ui(a))

iEN
=Y max {u;(a) —u;(a"),0} — Y max{u;(a’) —u;(a),0} =cl, —clh,.
ieN jEN

(14)

20See Alos-Ferrer and Netzer (2010) for example.
2IThere is an interesting similarity to Kandori et al. (2008), who study exchange economies. They show
that allocations maximizing the sum of utility functions are stochastically stable under the logit choice.
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Next, we will prove the claim that an alternative 4™ minimizes c}\ () over A if and only if
it maximizes P(-) over A. Then, the theorem follows from Theorem 6.

To prove the claim above, it is sufficient to show that for every a; and a; in A, P(a1) >
P(ay) if and only if c;; (a1) < cjf (ag). Let 7, be an aj-tree such that ¢, (t7°) = cj (ax). Let
d = {(m,a2),...,(ak_1,a5)} be a path from a; to a in the tree 7. By the property of a
tree, such a path exists and is unique. We construct an a;-tree, denoted by 77, from Tk*
by reversing the directions of all edges on the path d and keeping all other edges in 7;*.
Formally, let 7y be such that

(a',a”) if (a',a") € ¥\ 4,
(a”,a") if (d’,a") € d.

=)

Observe that

cilm) ca(m) =@+ X (e — )

(a;,i11)€d

=a(n)+ ), (Pai) = Pa)) = ¢ (ax) + Plax) — P(ar). (15)

(ai,a,-H ) ed

We use Equation (14) in the second equality. Then, we have that ¢ (a1) — ¢ (a;) <
P(ax) — P(aq). Itis easy to see that P(ay) > P(ay) implies ¢; (a1) < c;f (ag).

Finally, since a; and a; are chosen arbitrarily, interchanging a; and a; in (15) yields
cx(ax) —c(ay) < P(ay) — P(ax), which shows that ¢ (a1) < ¢ (a;) implies P(ay) >
P(ag). O

Proposition 2 shows that a stochastically stable alternative of the logit choice rule un-
der the unanimity is the maximizer of a potential function P (a) which is equal to the sum
of all players’ utilities. The key result for the proposition is Equation (14) which shows
that the difference of potential values for two alternatives is equal to that of the costs
assigned for two directed edges connecting them. If one alternative a has the potential
higher than another alternative a’, then moving from 4 to a’ is more costly than moving
from a’ to a. This property implies that the minimum cost of all a-trees is smaller than
that of all a’-trees.

The potential function of alternatives gives us various scoring methods in voting.
Specifically, when players’ preferences assign points to each alternative linearly increas-
ing with their ranking, the potential maximizer selects a Borda winner which obtains the

highest total score among all alternatives. Theorem 6 implies the following result.
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Figure 4: Graphs with transition costs under two dynamics with g = n

Corollary 2. Suppose that every player ranks all alternatives by points in increment of one ac-
cording to his preference order, that is, u;j(a) € {1,2,...,|Al|} foralli € Nand a € A. Then,
the set of stochastically stable alternatives of the logit choice under the unanimity coincides with
the set of Borda winners.

The next examples illustrate how stochastically stable alternatives differ for BRM and
logit choice rules.

Example 6. Suppose that N = {1,...,7} and A = {ay,4a,,a3}. There are two types of
players. Their payoffs are given by the following matrix on the left. For example, the first
column of the table indicates that there exists four players of type 1, who have utility with
u(ay) =3, u(ap) =2and u(az) = 1. The right table is the voting matrix corresponding to
the payoff matrix.

type 1 (1) | type 2 (t2) T2 4
4 players | 3 players L= =
a | — 4 4
a 3 1
as 3 — 7
a» 2 3
as 3 0 —
as 1 2

The total scores of a;, a; and a3 are equal to 15, 17, and 10, respectively. Thus, a unique
Borda winner is a,. Corollary 2 implies that a; is a unique stochastically stable alternative
of the logit choice rule under the unanimity. The Borda winner a;, however, is not equal
to the Condorcet winner. Observe that majority g is 4. Since type t; voters compose a
majority group, a; is the Condorcet winner. For _an alternative a, recall that 7(a) is the
maximal number of voters against a. It follows from the table that 71(a;) = 3,71(ap) = 4
and 7(a3) = 7. Thus, the min-max quota 7 is 3. Theorem 4 implies that the Condorcet
winner a; is a unique stochastically stable alternative of BRM for g > 3.

The difference of stochastic stability in BRM and logit choice can be explained by two
graphs over three alternatives in Figure 4. The costs of each edge in BRM and logit choice

rules are computed according to (7) and (13), respectively. It can be shown that BRM
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under unanimity has the smallest cost with the a;-tree involving the path (a3,a;,41), and
that the logit choice has the smallest cost with the a,-tree involving edges (a1,42) and
(a3, a2). The analysis reveals that the cost moving from the Borda winner to the Condorcet
winner critically affects the stochastic stability of BRM and the logit choice. Under BRM,
the cost from a; to a; is three since mistakes of three t, voters are needed for a1 to defeat
ay under the unanimity. On the other hand, under the logit choice rule, the cost from a5 to
a1 is six since mistakes of three t, voters are weighted doubly, reflecting their preference
to rank a; the worst.

Example 7. Suppose that N = {1,...,7} and A = {ay,...,a4}. There are two types
of players whose payoffs are given by the matrix on the left. The corresponding voting
matrix is given on the right.

type 1 (t1) | type 2 (t2) P P R
4 players | 3 players ! 42 43 44
a J—
a 4 1 !
m| 3| -]71]7
ar 3 4
as 3 0 — 7
as 2 3
ag | 3101]0 | —
as 1 2

This example shows the tightness of the upper limit of Theorem 2. Observe that a;
is the Condorcet winner and that a, is the Borda winner. As Theorem 2 implies, a; is
stochastically stable for all § < g = 4 under all regular choice rules. For g > 4, a; is
uniquely stochastically stable under the logit choice, and 45 is no longer so.

Observe that a cost-minimizing tree for a; is the tree involving the path (a3, a5, 41) and
the edge (a4, a;). That for ay is the tree involving edges (a1,42), (a3,a2) and (ay,a;). For
g > 4, the cost of the former tree is 3(g — 4) while that of the latter is g — 3 which is strictly
smaller than the former’s. The Borda winner a, is stochastically stable under the logit
choice rule for g > 4.

The next proposition characterizes a stochastically stable alternative of the logit choice
under a general quota . Recall that 77(a) = max,c 4\ s} 7(a,a’) fora € A.

Proposition 3. Suppose that players employ the logit choice rule, and that u;(a) €
{1,2,...,|A|} foralli € Nand a € A. If there exists a € A such that 7i(a) < n/|A]|,
then a is stochastically stable for all g € {1,...,n}. Moreover, a is uniquely so for all ¢ > 7(a).

Proof. Suppose that 71(a) < n/|A|. Since 71(a) < n/2, a must be the Condorcet winner
with 77(a) = 7. Then, the claim for ¢ < n — 7 is immediate from Theorem 2.
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Consider the case that g > n — 71. By way of contradiction, suppose that some a’ # a is
stochastically stable under 4. Let T be an a’-tree which minimizes ¢, (7). For T, apply
two operations: (i) remove an edge emanating from 4, say edge (a,4”), and (ii) add edge
(a’,a). Thereafter, the resulting set of edges must be an a-tree, say 7,. Observe that
>q—n(a,a") >q—n(a) >q—n/|A|

q
Coat

ch, < (g—n(@,a) (A —1) < (q— (n—7i(a)))(|A] = 1) < (q - |“‘T|A‘| 1n) (IA] —1).

The first inequality in the first expression comes from that, for transition (a,a”), there

must be at least ¢ — n(a,a”’) players who make a mistake and that one mistake costs at

least 1. The first inequality in the second comes from that g — n(a’, a) players making a

mistake are enough for transition (4’,a), and that one mistake costs at most |A| — 1.
Notice that

Al —1
1=n/1A1= (g= ) (4= Vg <.

This implies that ¢! , > ¢, forallg € {'“?'T_‘ln, ..., n}. Then, observe that

* *
Cq(Tg) — Cq(Tu/) - Cza// + CZ/a < Cq(Ta/).

This contradicts that a4’ is stochastically stable. Thus, no alternative a’ # a is stochas-

tically stable. By the existence of a stochastically stable alternative, it must be that a is

stochastically stable. O

Remark 4. Proposition 3 offers a sufficient condition under which the Borda winner is
stochastically stable for all g-quota rules under the logit choice, since an alternative a € A
which satisfies 71(a) < n/|.A| is a unique Borda winner. To see this, choose a’ # a. By
definition of 7(-), at least (n — 7i(a)) of players prefer a to a’ and at most 7i(a) players
prefer a’ to a. For the players who prefer 4, the sum of the points for a exceeds the sum
for a’ by at least n — 7(a). For those who prefer a’, the sum for a’ exceeds that for a by at
most 7i(a)(|A| —1). Observe that (n —7i(a)) —7(a)(|A| — 1) = n —7(a)|.A| > 0.

Remark 5. There is an interesting connection with a finding in static settings. Our con-

dition, 71(a) < n/|.A|, implies that a is a Condorcet winner which wins at least ‘“&Tln

votes against any other alternative. Baharad and Nitzan (2003) show that if such a Con-
dorcet winner exists, then it is also a Borda winner. Thus, our condition is equivalent to a
sufficient condition under which two winners coincide.
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6 Application: Multidimensional choice problem

6.1 Best response with mutations

In this section, we apply the stochastic stability theory to a multidimensional choice
problem where the set of alternatives is a subset of the h-dimensional Euclidean space R".
For an alternative a € R" andi = 1, - - -, h, the i-th coordinate of a represents its position
on the i-th issue. Every voter has an Euclidean preference over alternatives. There is an
ideal outcome that the voter prefers the most, and alternatives that are further away from
the ideal outcome are less preferred. The Euclidean preference generalizes the “single-
peaked” preference of Black (1948).

Spacial models of collective choice have been intensively studied in the literature. In
one dimensional case (h = 1), Black (1948) demonstrates the celebrated “median-voter
theorem” that the median voter’s optimum is the Condorcet winner. Theorem 4 is ap-
plicable to one dimensional choice problem with single-peaked preferences. However, a
multidimensional choice problem is very different from the unidimensional one. When
the set of alternatives has two or more dimensions, the set of alternatives unbeatable
under majority rule (the majority rule core) is empty without strong assumptions of sym-
metric preferences (see Plott 1967, Tullock 1967 and Davis et al. 1972 for early studies).
Furthermore, McKelvey (1976, 1979) shows that when the core is empty, any one alterna-
tive can be reached from any other through a process of pairwise majority comparisons.
In multidimensional choice problems, the traditional theory of core under majority rule
is not sufficient to provide useful predictions on collective choice. To avoid this kind of
Condorcet paradox phenomenon, Simpson (1969) and Kramer (1977) propose the min-
max majority rule that is a minimal rule which guarantees the existence of unbeatable
alternatives. The min-max set is the set of alternatives which are unbeatable under the
min-max majority. In what follows, we will present a dynamic foundation of the min-
max set in the framework of stochastic evolutionary game theory.

Let A C R" be a bounded convex set. We assume that players rank alternatives

according to the Euclidean distance from their most preferred ones.

Assumption 1 (Euclidean preferences). For i € N, there exists an ideal point, denoted by
s; € R", such that player i’s utility function u; satisfies

ui(a) > ui(a’) iff d(a,s;) <d(a,s;),

where d(a, b) denotes the Euclidean distance for a,b € R, i.e. d(a,b) = (¥L1<j<p(a; — bj)?)*/%
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We introduce several notations. Let n* = min, i max, cgi 1(r,7’), i.e. the min-max
quota on R"”. We note that the min-max quota 7 in Definition 2.2 is defined over a finite
set A of alternatives. We will consider the min-max quota 7 to be defined in A°, a finite
approximation of A°. For two alternatives a and 4’ in R" and a group | C N of players,
we say that 4’ dominates a via ] if all players in | prefer a’ to a. The undominated set for
J, denoted by €(]), is defined as the set of alternatives in R” which are undominated via
Jie, €(J) = {a € R": fa’ € R", u;(a’) > u;(a) Vi € J}. Let ¢* = Njen, ., €(J), e,
the intersection of undominated sets for all coalitions of sizes greater than the min-max
quota n*. We call ¢* the min-max core. Note that €* always exists.??

To apply the stochastic stability theory, we consider a finite approximation of the al-
ternative set A°. Let A° C A” be a finite approximation of .A° with maximum distance 6,
ie., foreveryr e A, there exists some a € A° such that d(a,7) < 6. We will first analyze
stochastically stable alternatives over a finite set A%, and will characterize their limits as
the approximation é converges to zero.

In what follows, we assume that (i) €(J) ¢ A° for all ] C N and (i) A’ N ¢* #
@. The first assumption is satisfied if the alternative set A is large enough. It ensures
that the undominated sets and the min-max quota defined over A° coincides with those
defined over R". The second assumption bites only for the case that the min-max core
¢* has measure zero in R". For § > 0, define the min-max quota and the min-max set
for the alternative set A’ to be 7° = min,  4s max, . 4s1(a,a’) and A*? = {a € A’ :
max, . 4 1(a,a’) = 1°}, respectively. Let ¢*“ denote a c-neighborhood of €*, i.e. €*7 =
{r € R" : inf,cex d(r,7") < o}. The following lemma describes their limiting properties
as the approximation & goes to zero. It implies that .A*? is included in the neighborhood

of the min-max core for sufficiently small J.
Lemma 5. (i) lims_,o7° = n*. (ii) Fix o > 0. A*® C &*¥ for all sufficiently small 6.

Lemma 6 below shows that any pair of alternatives in an open ball of an arbitrary size
can be connected via a sequence of pairwise voting under g-quota rule if ¢ < 77 and A” is

sufficiently large.

Lemma 6. Forany p > 0,let B(p) = {r ¢ R" : ||r|| < p} and B’(p) = {a € A% : |ja|| < p}.
Suppose that g < 7 and B(5p) C A° where p is large enough that s; € B(p) for all i € N. Then,
forall ay,ar € B%(p), there exists a sequence {ay,ay, ..., ar} C A° such that

\{iEN:ui(aj+1)>ui(aj)}] >q \V/jE{l,...,L—l}.

2 et r* € R" satisfy n* = max, cn n(r*,r). By definition of n*, r* is not beaten by any other alternative
under any g-quota rule if § > n* + 1. This means that r* € &(]) for any [ with |J| > n* + 1. Thatis, r* € ¢*.
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for any sufficiently small J.

McKelvey (1976) shows a similar result to Lemma 6 for the case of infinite state space
and majority rule. We extend it to the case of finite state space and super-majority g-
rules with g < 7. Austen-Smith and Banks (1999) show that for g-quota less then the
min-max quota, all alternatives belong to the same cycle set, called the ‘weak” top cycle,
if transitions are made according to weak preferences, that is, transitions between two
alternatives are feasible even when neither wins g votes against each other. Under the
Euclidean preferences, the lemma strengthens their results in terms of strict preference
paths.

In the transition process described in Lemma 6, a new alternative wins against a status-
quo alternative under g-quota rule if g < 7. There exists at least g voters who prefer
the transition to the status-quo. We next consider a particular process called the “vote-
maximizing” process (Kramer (1977)), under which the status-quo alternative transits to
the alternative which maximizes votes against it. Let Q(a) = {a’ € A° : n(a,d’) =
max e 45 1(a,a”)}. Q(a) is the set of alternatives which can transit from a under the
vote-maximizing process. In other words, Q(a) denotes the set of least-cost deviations
from a. The following lemma shows that the vote maximizing process necessarily leads

to the min-max set.

Lemma 7. Fix sufficiently small 6 > 0 such that n° = n*. For every a; ¢ A*?, there exists a
sequence {ay,ay,...,ar} C A° withap € A*° such that

a1 € Q(a;) Vi=1,...,L—1.

Kramer (1977) proves a result similar to Lemma 7 for the infinite alternative set being
R". Specifically, he shows that on any vote-maximizing trajectory the distance to the
min-max set must be monotonically decreasing. Due to the continuum of alternatives,
it may be the case that the process does not reach the min-max set but only approaches
it. Following the technique used in Kramer (1977), we show that the vote-maximizing
trajectory converges to the min-max set for the finite alternative set .A°.

The vote-maximizing process involves the following ad hoc assumptions. The op-
posing party chooses a policy maximizing votes, irrespective of its own preference. It
is assumed that the voting quota is fixed to simple majority and there is no Condorcet
winner. On the process, the ruling party always loses the election. The status-quo pol-
icy is changed to a challenging one, excluding the possibility that the status-quo policy
remains. Our stochastic model of voting process can avoid these assumptions. A voting

quota is fixed in the process but is not restricted to simple majority. A challenging policy
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is chosen through a stochastic process. The status-quo policy may remain with a positive
probability. We will show that the set of stochastically stable alternatives is included in
the min-max set in the limit that the approximation J converges to zero.

The main theorem characterizes the set of stochastically stable alternatives for majority
and super-majority rules under BRM.

Theorem 7. Suppose that players employ the BRM choice rule and have Euclidean preferences.
Let B(p) = {r ¢ R": ||r|| < p} and B’(p) = {a € A°: ||a|| < p}. Suppose that the alternative
set A® contains an open ball B(5p) where p is large enough that s; € B(p) foralli € N.

(i) For q < 7, the unperturbed dynamic under BRM with state space A° has a unique recurrent
class for sufficiently small &, and the recurrent class includes an open ball B°(p).

(ii) For g > 7, lims_ lim, o 775 (A*?) = 1.

Proof. (i) : Suppose that ¢ < 7. Lemma 6 implies that all alternatives in B’(p) are con-
nected via zero-cost transitions for any sufficiently small é. Thus, those alternatives must
be in one recurrent class, say A C A°. We will show that there is no recurrent class than A.
Pick a’ € A%\ A. Note thata’ ¢ €(N) sinces; € B(p) implies that €(N) C B°(p) C A. Let
a* e argmin, ¢y d(a’, ). Observe that u;(a*) > u;(a’) for alli € N. By the continuity of
d, for sufficiently small 6, there exists 4™ € A with d(a™,a™) < & such that u;(a*) > u;(a’)
for alli € N. The cost of the transition from a’ to 4™ is zero. Since the cost must be posi-
tive for transitions between two recurrent classes, a4’ cannot be in any recurrent class. This

proves that the recurrent class is unique and includes the open ball B’(p).

(ii) : Suppose that § > 7. Also suppose that J is small enough that 7° = n*. By a way
of contradiction, assume that there exists a stochastically stable alternative a; ¢ A*?. Let
71 denote the minimum cost spanning tree rooted at 2;. We will show that the minimum
cost spanning tree rooted at some a; € A*? has a strictly smaller cost than that of a;.

Lemma 7 implies that there exists a sequence {ai,ay,...,a1} C A% with a; €
A*? such that a; .y € Q(a;) for all i € {1,...,L —1}. Construct a path of edges
{(a1,a2),...,(ag—1,a1)}. Add these edges to Ty, replacing the existing edges exiting
ay,...,ar—1. Remove the edge exiting a;. The resulting set of edges must be an ay-tree,
denoted by ;. Then, observe that

L-1 L
cq(tL) < ¢q(m) + Z{ max{q —n(a;, a;11), 0} — Zémax{q —n(a;), 0}
= cy(11) + max{q — n(ay,a2), 0} — max{g —7(ar), 0} (16)

<cq(m) = ¢y
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The last term of the first inequality represents the cost reduction by removing edges ex-
isting ap,...,a;_1. The weak inequality holds because max{g — 71(a;), 0} is the smallest
possible cost of an edge exiting 4;. The second equality comes from that n(a;, a;.1) = 71(a;)
due to the definition of the sequence {ay,...,a;}. The last inequality holds as a; ¢ A*°
implies that n(ay,a) > n = #n(ar). For ¢ > 7, it holds that max{g — n(ay,a2), 0} <
max{qg —7(ar), 0}. Thus,t; has a strictly smaller cost than 71, which contradicts that a; is
stochastically stable. No a; ¢ A™? can be stochastically stable. O

The theorem shows the following properties of stochastic stability under BRM in mul-
tidimensional choice problems. The set of stochastically stable alternatives differs, de-
pending on whether 4 < 7 or not. When g4 < 7, the recurrent class is unique and in-
cludes alternatives within an open ball with radius p provided that the alternative set .A°
includes a ball with radius 5p. Similarly to McKelvey (1976), we observe the intransitiv-
ity; all alternatives inside the open ball can be connected via zero-cost transitions. Thus,
any alternative a can be stochastically stable by taking the state space large enough that
llall < ||p||- Even for some super-majority rules, i.e., ¢ < g < 7, all alternatives inside the
ball with p are still in the same recurrent class and the_intransitivity remains. When g > 7,
the intransitivity is drastically mitigated. Every stochastically stable alternative belongs
to the min-max set.

The next example offers an illustration of the min-max sets.

Example 8 (min-max sets). Figure 5(a) illustrates the min-max set, which is the portion
with a grey shade, for a game with three players and the alternative space being on R2.
The players’ ideals points are depicted by s1, s, and s; respectively. Note that n* = 2 for
this game and that the min-max set coincides with the convex hull of the ideal points. For
any alternative outside the min-max set, there exists an alternative which n™ + 1 players
strictly prefer. For example, for a; in Figure 5(a), the three players will strictly prefer a, to
it. While, for an alternative within the min-max set, at most n™ players will vote for any
move from it. For a move from a3 to a4 depicted in Figure 5(a), only s, and s3 players will
vote for that move.

Figures 5(b) and 5(c) show the min-max sets for settings with four and five players
respectively. Note that n* = 2 for the four-player setting, while n* = 3 for the five-player
one. Those min-max sets are within the convex hull of the ideal points and are the inter-
section of undominated sets for coalitions with size n* + 1. For the four-player setting,
that intersection for coalitions with size 3 is the point where the diagonals intersect. For
g > n™, the stochastically stable alternatives belong to those min-max sets.
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Figure 5: The min-max sets

6.2 Logit choice

As for the logit choice rule, we characterize stochastically stable alternatives under

unanimous rule. Those alternatives have an interesting geometric interpretation.

Proposition 4 (logit choice and geometric median). Suppose that every player i’s utility func-
tion is given by u;(a) = —d(a,s;), and that g = n. Then, an alternative is stochastically stable
under the logit choice rule if and only if it minimizes the sum of the distances to ideal points
{si}ien, that is,
M = argmin Y d(s,a).
a€A® ieN

Proof. The proposition can be proved by Proposition 2 since

M8 = argmax ¥ u;(a) < MS" = argmin Y d(s;, a).
ae A’ ieEN ac A’ ieN

]

The proposition shows that the stochastically stable alternative of the logit choice rule
in multidimensional choice problems is closely related to the geometric median (also called
Li-median) of a set of points, which minimizes the sum of the distances from points. It is
considered as a solution for facility locations problems where one needs to find a point
that minimizes the sum of distances from destination sites. As § approaches zero, the
stochastically stable alternatives under logit choice can be arbitrarily close to the geomet-
ric median of the ideal points.

Finally, for the unidimensional space (& = 1), we show that the prediction of stochastic
stability under the logit choice rule approaches the median for all majority and super-
majority rules in the limit of small 6. Thus, the prediction will coincide with the one
under BRM. Without loss of generality, let A° = [0,1]. Also let A° = {0,6,25,...,1} and
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s1 < ... < s,. We assume odd 7 so that a Condorcet winner always exists. Let 4™ and a™*
be such that a* = a** = s, if s, € A° and a™* < s; < a* + 6 = a™* otherwise. a* and a™*
are the two closest alternatives to the median player, and the closest one is the Condorcet

winner.

Proposition 5. Suppose that h = 1. The set of stochastically stable alternatives of the logit choice
forall g > g is characterized by

Méogit C {a*/a**}, (1511}(1) Mlqogit _ {Sg}-

The proposition implies that an alternative is stochastically stable only if it is the best
alternative or the second best one for the median voter. It is known that the optimum
alternative for the median voter is a Condorcet winner (Black, 1948). The prediction of the
logit choice may differ from the Condorcet winner, but the difference is at most 6. In the
limit of small 4, the prediction will coincide with the median’s ideal point for all majority
and super-majority rules. Theorem 4 and Proposition 5 imply that all the predictions of
BRM, the logit choice and the median voter theorem will coincide in the limit of J for the

unidimensional space.

7 Discussion

7.1 Evolutionary social choice correspondence

The evolutionary approach to a social choice problem has a different perspective from
the traditional normative one in that it investigates long-run equilibrium (stochastically
stable outcomes) of a dynamic voting process. Nevertheless, it is important to see whether
or not the stochastically stable choices studied in the paper satisfy some desirable prop-
erties considered in the normative theory of social choice.

For a social choice game G = (A, N, {u;}icn,q) and a choice rule ¥ of players, let S
be the set of stochastically stable alternatives under ¥ (Definition 7). Fixing all elements
except players’ utility functions u = {u;};cn, we write S = S(u) as a multi-valued map-
ping of u. Then, S = S(u) can be regarded as a social choice correspondence, and we call
it an evolutionary social choice correspondence under quota g4 and a choice rule ¥. For
clarity of discussion, we consider BRM under the unanimity rule(q = n), and examine
what kinds of desirable properties the evolutionary social choice correspondence S(u)

satisfy.??

2 A similar evolutionary social choice correspondence can be defined under the logit choice. Such a
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We list several desirable properties of social choice correspondence.?* The following
definitions are due to Moulin (1988).

Definition 11 (Pareto optimality (P)). If candidate a is unanimously preferred to candidate b,
then b should not be elected.

Definition 12 (Anonymity (A)). The name of voters does not matter: If two voters exchange

their votes, the outcome of the election is not affected.

Definition 13 (Neutrality (N)). The name of candidates does not matter: If we exchange two
candidates a and b in the ordering of every voter, then the outcome of the election changes accord-
ingly (if a was previously elected then b now is and vice-versa; if some x different from a and b
was elected, it still is).

Definition 14 (Monotonicity (M)). Suppose a is among the winners at a given profile and that
the profile changes only inasmuch as the ranking of a improves, the relative comparison of any
other pair of candidates by any voter being unaffected. Then a is still among the winners at the
new profile.

Definition 15 (Smith’s consistency (S)). If the set A of candidates splits into two disjoint sub-
sets By, By and every by € By beats (by a strict majority) every by € By, then an outcome from By
should be elected.

The last property is a property of robustness against strategic nomination of alterna-
tives due to Tideman (1987). This requires a social choice correspondence to be robust
against manipulations of adding new alternatives, called clones, which are almost iden-
tical to an existing one. Formally, a subset of A is a set of clones if no player ranks any
candidate outside the set between any candidates that are in the set.

Definition 16 (Independence of clones (IC)).

1. A candidate that is a member of a set of clones wins if and only if some member of that set of

clones wins after a member of the set is eliminated from the ballot.

2. A candidate that is not a member of a set of clones wins if and only if that candidate wins

after any clone is eliminated from the ballot.

The next theorem shows that our evolutionary approach provides a social choice cor-
respondence satisfying all desirable properties listed above.

correspondence selects Borda winners as shown in Corollary 2. We restrict our discussion to the BRM since
properties satisfied by a Borda winner are known. See Section 9 of Moulin (1988).
24These properties can be defined formally in terms of a social choice correspondence.
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Theorem 8. The evolutionary social choice correspondence S(u) generated by BRM and unanim-
ity satisfies properties (P), (A), (N), (M), (S), and (IC).

An intuitive explanation of its proof is the following. The first three properties will be
satisfied by the evolutionary social choice correspondence under the unanimous rule and
any regular choice rule, since the proof requires the results up to Section 3. (P) is implied
by Corollary 1. Recall that Nakamura number is infinity for unanimous rule. Corollary 1
ensures that our correspondence will selects Pareto efficient ones for all profiles of prefer-
ences and all sets of alternatives. (A) is immediate from g-quota rules. (N) is due to two
properties of our model. First, the choice rule is independent from the name of alterna-
tives. Second, the set of stochastically stable alternatives is independent from the initial
states. Even though the static setting is in favor of the status quo alternative for g > g,
the effect of favoring the status quo will be canceled out. This is because every alternative
will repeat to become a status quo or a challenger in the dynamics.

The other three properties are specific to the correspondence under BRM. The changed
profile in (M) makes weakly smaller the costs of inbound edges toward a, and makes
weakly greater the costs of outbound edges from a. Then, the profile may never weaken
the stability of a. For (S), observe that By coincides with the top cycle with respect to g for
odd n. Then, it is satisfied due to Lemma 4. In the proof, we show that the two sets_also
coincide for even n. For (IC), observe that all clones have the same costs of edges inbound
from and outbound toward non-cloned alternatives. Only the costs of edges between the
clones may differ. This suggests that if a member of the clones is more likely (or unlikely)

than non-cloned one in the dynamic, then all the clones are more likely (or unlikely) there.

Remark 6. The evolutionary social choice correspondence under BRM is Condorcet con-
sistent, i.e., a Condorcet winner will be selected if it exists. Properties which are not
satisfied by any Condorcet consistent rule, e.g. participation, are not satisfied by our corre-
spondence either. Closely related voting rules to ours would be those that satisfy all the
properties in Theorem 8. Such rules are the ‘ranked pairs” system (Tideman, 1987) and
the Schulze method (Schulze, 2011), for example.

8 Conclusion

We have presented an evolutionary approach to social choice problems with g-
majority rules. Unlike the traditional normative approach, we have considered the long-
run equilibrium of a dynamic political process where a status-quo policy is repeatedly
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challenged by an opposing policy drawn randomly. By employing the stochastic evo-
lutionary game theory, we have shown that a Condorcet winner is stochastically stable
for all g-majority rules under the best response choice rule with mutations. In contrast,
the Borda winner is stochastically stable under the logit-choice rule for unanimous vot-
ing. The result gives an evolutionary insight to an old debate concerning Condorcet and
Borda. We also apply the stochastic stability theory to multidimensional choice problems
where a Condorcet winner does not exist almost surely, and provide a dynamic founda-
tion of the min-max policies proposed in the literature. Finally, from a normative point of
view, we have discussed several desirable properties of the social choice correspondence

generated by the stochastically stable outcomes.

A  Appendix

A.1 Proofs

We show the proofs relegated to the Appendix.

Section 2

Proof of Proposition 1. For | A| < v: the claim for g < n is immediate from Theorem 2.5 of
Nakamura (1979). For q = n, observe that the grand coalition is unique winning coalition,
that is, every player is a veto player in the game. Then, the claim is also implied by that
theorem.
For |A| = v: We show that if the core is empty, then the claimed top cycle exists. If
the core is empty, then there exists a cycle, {ay,...,a,}, where n(a; a;11) > q for all
i €{1,...,p} witha, 1 = a;. Theorem 2.5 of Nakamura (1979) implies that any subset
A C A such that |A| < v cannot include such a cycle. Then, the cycle must include all
alternatives. Thus, A is equal to the top cycle {ay,...,a,} with p = |A| = v.

Let J; C N denote a set of players who vote against the transition (a;,a;,1). Note that
|Ji| < n —gq. Then, we have that

U UTpal <(m—q)(p—1)=(n—¢q)(v—1) <n.

This implies that there must be some player i € N who does not vote against any transi-
tion, thatis, i € N(ay,a2) N...N N(a,_1,ap). Then, we have

ui(ar) < wi(ag) < ... <u(ap).
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This implies that ap is not Pareto-dominated. Since the choice of the order of alternatives

is arbitrary, we can show that all alternatives are not Pareto-dominated.

For | A| > v: We construct a profile of preferences under which the top cycle includes a
Pareto-dominated alternative. Let x = n — g. Note that n > (v — 1)x > g.2° Choose v + 1
alternatives, say {ay,...,a,} = A C A. Suppose that all of the players strictly prefer any
alternative in A to any not in A, and that the players’ preferences for alternatives in A are
given as below.

x players have preferences: ay > a9 > a, > a,_1 > ... > ag > az > a
x players have preferences: ap > ay > ag > a, > a,_1 > ... > aq > a3
x players have preferences: a3 > ax > ay > ag > ay > ay_1 > ... > ay

x players have preferences: a,_1 > a,_p > ... >=ay > a; > ag > a,

n — (v — 1)x players have preferences: a, > a,_1 > ay_p > ... > ax > ay > agp
Observe that all players prefer a; to ag, and that n — x players prefer a;,1 to a; for all
i € {1,...,v—1}. Finally, observe that (v — 1)x players prefer ag to a,. This implies that
all ag to a, are in the top cycle with respect to q. The proof is complete by observing that
ag is Pareto-dominated by a;. H

Section 3
Proof of Theorem 1. For k > g, define
Nf =<SJeNe:Y ci(a,a)+ Y cj(d,a)=c],
icJ jEN\J

N,f is a set of subsets of N with size k which can induce the minimum cost move from a
to a’. Then, the transition probability can be written as

n
Pro =Y Piaa 3 2 [1¥](@d) T] (1—¥(a,a))
ieEN k>g ]eN}:k j€] heN\J

-~

q

aa'*

+pr,g/f Y, IIY¥/@d) TT 1—¥](aq)) (17)

iEN k>q JEN,\N;* j€] heN\J

The exponential decay rate is equal to ¢

The exponential decay rate is greater than CZ o

2To see this, observer thatv > n/(n—q) > v —1.v > n/(n — q) implies thatv — 1 > q/(n — q).
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Let

dZZ,zexp e o) Y Piaal Z ) 1—["1’17 (a,a) T] (1—‘I’Z(a,a’)).

ieN k>q JEN} j€] heN\]

Note that lim,, o dZ’Z, > 0 due to the property (iv) of the regular choice rules. Equation
(17) can be written as

—1
Pgaq,:daa,exp( n- aa,)+o(exp( n Za,)),

where o(x) denotes a function such that o(x)/x approaches zero as x approaches zero.
Let

D"(t) = T[] did, oM(a) =},  DM(zm) (18)

(0,w)€T, Ta:cq(ra):cj}‘(a)

According to the well known result of Freidlin and Wentzell (1998), the stationary distri-

bution on a € A is written as

a4 (a) ex +o (exp(—n~1c*(a
oy = p(—~! <>> (e 'ej@)) )

Tyea @ (b) exp(— e (b)) +o (exp(—y 1k (b))

Note that nZ(a) approaches zero as 1 approaches zero unless c,’; (a) = c,’; . Letal(a) =
lim;, 0 a"7(a). We have the following stationary distribution in the limit.

_ W) e M
”g( ) = lim nZ(a) — J Lvem(g 7(b) 1ra q- o)
" 0 otherwise.

Thanks to the property (iv) of the regular choice rules, the RHS is strictly positive for
a € M, O

Proof of Corollary 1. The first part (|A| < v): We consider two cases: (i) the core is
nonempty and (ii) it is empty. For (i), we show that there is a path from any alterna-
tive to the core with zero cost. Suppose a contrary, that is, such a path does not exist for
some a1 which is not in the core. Take a sequence of alternatives {ay,ay, .. .,ap} c A
such that n(a;,a;11) > q forevery i = 1,...,p — 1 where p is the first number such that
n(ap,a;) > q for some j < p. Since any path to the core does not exist, such a cyclic

26For weakly regular choice rules, lim,_, 77/ (2) = 0 may hold even for a € M,.
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sequence must exist. Observe that [{a;,...,a,}| < v. However, this contradicts Theorem
3.1 of Nakamura (1979), which shows that such a sequence must be acyclic if the cardi-
nality of the sequence is less than v. Thus, there is a path from any alternative a; outside
the core to the core with zero cost. The cost of the minimum cost spanning tree of the
alternatives in the core must be smaller than that of a4.

For (ii), Proposition 1 implies that |.A| = v, and that there exists a top cycle including
no Pareto-dominated alternatives. Due to the definition, there exists a sequence with
zero cost from any alternative in A to any alternative in the top cycle under g-quota rule.
Lemma 1 implies that the top cycle coincides with the unique recurrent class. Then, the
cost of escaping from the top cycle is positive. Thus, the minimum cost spanning tree of
any alternative in the top cycle must have a smaller cost than that of those outside the top
cycle has. And the cost is identical among all alternatives in the top cycle.

The second part (|.A| > v): For the latter claim, consider the preference profile given in
the proof of Proposition 1 for the case |.A| > v. Observe that the top cycle constitutes a
unique recurrent class in the associated unperturbed process. The claim follows. O

Proof of Theorem 3. In the proof, a notational convention is that letters in normal fonts
(e.g. v, w, x,y) denote nodes in V' and those in bold fonts (e.g. v, w, x, y) denote nodes in
Vitl

We make a couple of definitions first. Let Y;(v) denote a set of v-trees on V' for v € V.

Define the cost of a tree T, € Y;(v), and the cost of v as

ci(t)= Y, cilxy), ¢’(v) = min c(1).
(xy) e €EY;(v)

Define

weVi

M(V') = {o e Vil (o) = mincl (o)}

Note that Theorem 1 shows that the set of stochastically stable alternatives is given by
M(VO).
We will prove that
M(Vi) = A (M(Vf“)) .

£ 1(v) + B for all
v € v € V'L Then we have that v € v minimizes c*(-) if and only if v minimizes c;* ()

It suffices to show that there exists a constant B’ such that ¢ (v) = cf
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An iterative use of this argument will imply that v € M(V?) if and only if v € A}(V?).%7
We will show that g = (|VI*!] —1)¢". First, we show that ¢(v) < ¢, (v) +

¢ (|[Vitt —1). Let 7y be a minimum cost tree for v on V1. Suppose a v-tree constructed

by the steps below.

(i) For (¥, W) € Ty, choose & € ¥ and @ € W such that there exists a path d(, @) on V*

satisfying the two conditions:

Y. cilny) =¢(0,w),

(x,y)ed(0,m)
x ¢ v\ {0}, v 2w\ (@} Y(x,y) € d(5,0).

Add edges of d(0,@). Forz € ¥\ 9, find a path d(z,9) such that }_, ) ca(z0) Ci(%, ¥) = 0.28
Add its edges. Similarly, for 2/ € W\ @, add edges of a path d(z/,@) such that
Y (xy)ed(z@) i(x,y) = 0. Apply this step for all (¥, W) € 7.

(ii) Let z € V' be a node which is not contained in any V'-recurrent set, i.e.,, z ¢ ¥ for
all ¥ € Vit There must exist & € ¥ € V*! such that there is a path d(z,9) with
Y (xy)ed(z0) Ci(%,Y) = 0.2 Add edges of the path d(z,0). Apply this step for all such
z.

The resulting set of edges must be an v-tree, say 1, such that

a(w)= Y alvy)= Y} &)

(xy)ET (v, W)eETy
= Y [ana@w+E] = Y [aa®w)]+e (VT -1)
(Y, W)ET (v, W)eETy

= i (Tv) + & (VI = 1).

In the last term in the first line of the equations, o € ¥ and @ € W are the ones chosen in

step (i) above. The above equation implies that
¢/ (v) < i) = i (w) + (VT = 1) = fy (v) + & (V] = 1),

Next, we show that ¢*(v) > ¢} ;(v) + & (|[V™| — 1). We first prove the following

lemma.

2 M(V?) = Visince V' is singleton.
2Such a path exists due to the definition of V'-recurrent.

291f such a zero-cost path does not exist, then z must be contained in some Vi-recurrent set. This contra-
dicts.
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Lemma 8. For every v-tree for v € v € Vi+1, say T, there exists a graph T(7) on V™1 such that
(a) T(7) is a v-tree on Vi+1,

(0) o) er(r) Gi(0, @) < Yy yyer €i(x,y), where o € ¥ and © € w.

Proof. For 9,@ € V', let d(9,%) C T denote a path on T from 9 to @. Suppose a graph
T(7) constructed the following steps.

(I) Forall v € Vi*1, find W # ¥ such that there exists a path (6, @) C T for some 9 € ¥,
W € W satisfying the condition below:

yé¢z V(x,y) € d(d,®), Yz e VT {v,w}.

Add (¥, W) to T(7). Note that the resulting graph is a v-tree on Vi*1.

(II) Make the following modification on T(7) for satisfying property (b). For the remain-
der, let 73]-, W and z be an arbitrary choice of nodes from \Afj, w,z € Vith respectively.

If there exist (V1, W), ..., (¥;, W) € T(7) such thatd(d;, @) N...Nd(d,, @) # &, then
do the following things.

(ITa) If c;(x,y) = O forall (x,y) € d(d1,®) N...Nd(d,, @), then do nothing.>!

(IIb) If c;(x,y) > O for some (x,y) € d(dy,@)N...Nd(,®), find z € VIT1\w
such that &(x,z) = 0.2 If z = 9« for some j* € {1,...,h}, then replace edge
(Vj, W) with (¥}, V;x) for all j # 733 This will reduce the cost of T(7) by at
least (h — 1)c;i(x,y).

Ifz # Vi forallj € {1,...,h}, then do the following things.
[Ib1) Ify ¢ ¥1U...U¥, forall (x,y) € d(z,v), then replace edge (¥;, W) with
(vj,z) forall j € {1,...,h}.5* This will reduce the cost of T(7) by at least
hei(x,y).

30The choice of 9 and @ is arbitrary since & (5, @) has the same value for all ¥ € ¥ and & € W.
31For this case, observe that

Y &i(0,0) < > i(x,y).

j=1 (x,y)ed(01,@)U...ud(),, D)

32Such z must exits. Otherwise, x must be Vi-recurrent, which contradicts the construction of T(T).

BEdge (Vjx, @) will remain in T(7), and added edges are directed to ¥;«. The resulting graph is still an
v-tree.

MIfy ¢ v1U...U ¥, forall (x,y) € d(z,0), then there exists a path {(z,x1), (x1,%2), ..., (xg,v)} on T(7)
such that x; # ¥; forall ] € {1,...,H} and j € {1,...,h}. The resulting graph is still a v-tree.
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(Ib2) If y € ¥ for some j** and (x,y) € d(z,0), then replace edge (¥;, W)
with (¥;,z) for all j # j**.3° This will reduce the cost of T(7) by at least

(h—1)ci(x,y).
Note that the following inequality will hold if d(91, @) N...Nd(%;, ©) # @:
h
)3 ci(x,y) = ) (0, ®) — )3 (h = 1)ci(x, y).
(x,y)€d(01,®)U...Ud(0),®) j=1 (x,y)€d(01,@)N...Nd (0, D)

The operation (IT) will keep T(7) being a v-tree and make it satisfy the property (b). [

Let 7,f be a minimum cost tree for v on V. Let T, denote T(7.*) in Lemma 8. Observe
that

() =c(t)= ) calxy) > Gi(o,w) foroe¥, Wew
(vy)ew (v W)ety
= Y [eima(0, W) +¢7] = cipa(w) + & (vt —1)
(v, W)eETy

> cfy (V) + & (V= 1).

The first inequality comes from the property (b) of T(t;"). This together with the first

observation implies that c*(v) = ¢, (v) + & (|[VT] —1). O

i+1
Section 4

We will prove Lemma 4 and Theorem 5. As for Lemma 4, we first prove Lemmas 9 and
10. The former shows that if an alternative a is stochastically stable for quota 4 > ¢,
a must be in the top cycle under g-quota rule, i.e. a € A;. The latter shows that an_y
minimum cost tree of stochastically_ stable alternatives has no edge emanating from some
alternative in A, to one not in A,. It implies that if a is stochastically stable with g > g,

then 7, minimizing c,(-) must have an a-subtree over Ay
Lemma 9. lim¢ o 7t](a) > 0 for g > q only ifa € A; € O(q).

Proof. By a way of contradiction, suppose that 7t (a) > 0 for a ¢ A,. Note that n(a,a’) =
n—mn(a',a) >n—q+1foralla’ € A;becausea ¢ A, implies thatn(a’,a) < gfora’ € A,.
Let 7, be an a-tree minimizing its cost, i.e. ¢;(7,) = c;. Choose (a’,a") € 1, such

that a’ € A; and a” ¢ A;. Such an edge must exist since the root of 7, is not in A,.

Bify € Ve for j** and (x,y) € d(z,v), then there exists a path {(z,y1), ..., (Y&, Vi )} on T(7). Edge
(¥jx, W) will remain in T(7), and added edges are directed to z. The resulting graph is still a v-tree.
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Remove (a’,a"”) from 1,. This will reduce the cost of 7, by at least 4 — (4 — 1) because
n(a,a") < g—1fora’ € A;and a” ¢ A;. Then, add an edge (a,4") to T,. This will
increase the cost by g — n(a, a'), which is at most g— (n—qg+1). Itis easy to see that
g—1 < n/2 < n—gq+1. The resulting tree is an a’-tree with the cost strictly less than

¢q(Ta)- This contradicts that ¢;(7,) = ¢, O

Lemma 10. Suppose that a € Ais stochastically stable with q > q. Let T, be such that cq(1,) =
i Ifa' € Agand (a,a") € 7, then a" € A,

Proof. Observe that Lemma 9 implies that a € A;. By a way of contradiction, suppose
that there exists (a’,a4") € 7, such thata’ € A, and o’ ¢ Ay. Since a” & Ay, n(a’,a") <q.
Remove edge (',a") from 7,. This will reduce the cost of T, by at least g — g + 1. Let T_al
denote the resulting set of edges. B

If n(a’,a) > g, add edge (,a) to 7. This will increase the cost by at most g — g. The
resulting set is an a-tree, say 2. Observe that cg(17) < cq(ta) —(g—g+1)+¢ - q=
cg(Ta) — 1.

If n(a’,a) < q,add edge (a,a’) to T}. This will increase the cost by at most g — ¢.3¢ The
resulting set is an a'-tree, say 7,. Observe that ¢;(7y) < ¢g(7) — (9 —q+1) +5 —q =

¢q(Ta) — 1. Those observations contradict that c;(7;) = ¢ - O

Now, we are ready to prove Lemma 4.

Proof of Lemma 4. The proof for each part is conducted by a way of contradiction.
‘only if” part: Suppose that a € A\ My(Ay) is stochastically stable.” Let 1, be the

minimum cost tree for . Lemma 10 implies that 7, has an a-subtree over A, say 7

Let b € My(A;) with Tg being a b-subtree over A, such that cq(rﬁ) = c;‘, A, Replace T}

with Tg in 7,. The resulting set of edges, say 7/, must be a b-tree. Observe that

cq(F) = cg(ta) — cq(Th) + c4(t}) < cq(Ta).

The inequality comes from the fact that a ¢ M, (A). This contradicts that ¢;(7,) = ¢
"if” part: Suppose that a € M,(A;) is not stochastically stable. Let Tf be an a-subtree

over A, such that cq(rﬁ) = c;" Ay Let a’ be some stochastically stable alternative with a

minimum cost tree 7,. Lemmas 9 and 10 imply that 7, has an a’-subtree over A, say Tlf,.

36Gince n(a’,a) is an integer, it must be that n(a’,a) < g — 1. Then, n(a,a’) > g.
8 q 9
%Lemma 9 allows us to restrict our attention to Aj.
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Replace %, with 77 in 7. The resulting set of edges is an a-tree, say 7,. Observe that

ﬂ/

cq(TF) = cq(tw) — g (Th) + ¢4(1) < cqlTy) = c;-

Then, Theorem 1 suggests that a is stochastically stable. A contradiction. O

Proof of Theorem 5

We first prove Lemma 11. It shows that, when identifying stochastically stable alterna-
tives, we can ignore edges which have positive costs under g-quota rule. This is because
the cost-minimizing trees for g > g will not contain such edg_es.

Lemma 11. Suppose that a € A is stochastically stable with q > q. Let T, be such that cq(1,) =
¢y Then, P,?,'g = 0forall (x,y) € T,

Proof. The proof is the way of contradiction. Suppose that Pfjg > 0 for some (x,y) € T,.
This implies that n(x,y) < n/2 < g and that ¢ty > 0forgq > g. Recall that n(x,a) +
n(a,x) = n. Since n(x,y) < n/2, either n(x,a) > n(x,y) or n(a, x) > n(x,y) must hold.
First, suppose that n(x,a) > n(x,y). Observe that c}, < cf, for g > .3 Replace (x,y)
with (x,a) in tree 7,. The resulting set of edges must be another a-tree, say 7,. Then,

This contradicts that ¢4 (7,) = .
Next, suppose that n(a, x) > n(x,y). Replace (x,y) with (4, x) in tree 7,. The resulting

set of edges must be an x-tree, say 7. Observe that

O/
This contradicts that a is stochastically stable. Thus, it holds that ng = 0 forall (x,y) €
T, U]

Proof of Theorem 5. Lemma 4 allows us to restrict our attention to A,;. Thatis, a € Ais
stochastically stable if and only if 2 € A; and it has an a-subtree on Ay that minimizes
the cost over all subtrees on A,;. Lemma 11 guarantees that we can ;gnore the set of
edges having positive costs under g-quota rule, i.e. E. Thus, we can let V0 = Ay, E0 =
(Ag x Ag) \ E. The rest of the proof is the same as in that of Theorem 3. ) O

3The strict inequality holds since g — n(x,y) > 0 for g > g. Then, cl, = max{g —n(x,a),0} < q—

n(x,y) = ciy.
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Section 6
Recall that d(a, A’) = infyc 4 d(a,a’) fora € A and A’ C A°, i.e. the distance between a

point and a set.

Proof of Lemma 5. (i): By definition of n*, it holds that n(a,a’) < n* fora € A° N ¢* and
alla’ € A%\ {a}. This implies that 7° < n(a) < n*. Suppose that lims_,g7° < n*. Choose
a € A° such that n(a) = 7. By the definition of n*, there exists some a’ € A" such that
i € N :d(s;,a") < d(s;a)] > n*. Picka” € A° with d(a’,a") < 6. By the continuity
of d, we must have that |i € N : u;(a”) > u;(a)| > n™* for all sufficiently small §. This
contradicts that a € ¢*.

(ii): Since 72° takes only finite integers, (i) implies that n1(a’) = 7° = n* foralla® € A*°
and all sufficiently small 5. Suppose that § is small enough that 77° = n*.

It suffices to show that A*° N (A°\ €*7) = @. Choose r € A\ €*7. Note that
d(a,&*) > 0. Since r ¢ ¢€*, there exists some r* € A" such that |i € N : u;(r*) >
u;(r)| > n* + 1. By the continuity of d, there exists a’ € A° with d(r*,a’) < ¢ such that
i € N : u;(a®) > u;(r)] > n* + 1 for all sufficiently small . Since the choice of r is
arbitrary, this implies that, for all r € AV \¢*7, r ¢ A*9 for all sufficiently small J. O

Proof of Lemma 6. The proof follows the technique used in McKelvey (1976). Our algo-
rithm generalizes his to any g < 7.

Fixg < 7. Fory € R*andc € R, let H.(y) = {r e R" : ¥/ -y = ¢}. H.(y) is a
hyperplane associated with y and c. Let Hf (y) = {r € R" : ¥/ -y > ¢} be a half space
separated by H.(y). We say HZ (v) is a g-winning space if |{i € N : s; € HI (y)}| = ¢.%
Note that if 4 is not in a g-winning space, then there exists another alternative in that space
which wins at least g votes against a.

For each y € R, with |y|| = 1, define C, to be the set of c satisfying H; (i) being a
g-winning space. Note that C, is a bounded interval which is closed above. So we can
set ¢y, = max Cy, and we define H; = HCJ; (y). Since g < 7, for all a € R”, there exists a
g-winning space which does not include a. We will prove that

ﬂ H; = .
lyll=1

By way of contradiction, suppose that there exists a € (=1 H; . Choose b # a. Let
y = (b—a)/||b—al and c = J(b+a)'y. Observe that a'y < c and b’y > c. Let HI (y)
be a half space separated by the hyperplane H.(y). a ¢ H. (y) implies that H (y) is not

% A g-winning space is a version of the median hyperplane and its upper space for super-majority rules.

47



a g-winning space. Thus, {i € N :s; € H (y)} < ¢.%° This implies that n(a,b) < g — 1.
Since the choice of b is arbitrary, it must be that n(a) < g — 1 < 7. This contradicts that 7

is the min-max quota.

By Helly’s theorem, we can find a set of & + 1 vectors, y; . .. yj,; 1, such that*!
+
(\ H =2

ye{yi - ynt

Choose a minimal collection of points {y1, ..., y,} which satisfies the condition above. It
holds that ﬂye{yl,...,yp} H; = @, and moreover that, forall j € {1,..., p},42

Jr e R" such that V'-inCi V1 <i<pwithi#j,

where ¢; = max Cy;- That s, {y1,..., yp} is one of the minimum subsets of vectors which
have no solution to#' - y; > ¢; forall1 <i < p.
Foreach1l <j < p,let zj be a solution to*3

Zioyi=ci V1<i<pwithi#j.

Note that for any r € R", there exists some y; such that 7 - y; < 0. Otherwise, a7’ - y; > ¢;
holds for all 1 < i < p for some large a. It contradicts that (e, 1) Hy = &. We
assume that } ;<< z; = 0.4 Then, 0 = Yi<j<p z;. yi = (p—1)ci+2}-y;i < pci. This
ensures that ¢; > 0.

Now, for ax, we construct a1 € A? as follows. Pick y; such that a; - y; < 0. We define
rer1 € A° as below.*® Then, pick a;,; € A° such that d(ay,q,7x1q) < 6.

reer = ag + [6i — 2y; - arly; if ¢ > 0.
Observe that

lall* = (7 - a)® + llax — (i - ax)yo) I,

01f {i € N:s; € Hf (y)} > g, then it must be that ¢ < ¢, by the definition of ¢,. However, ¢ < ¢, implies
thata € H' (y). It contradicts.

4lEor Helly’s theorem, see Danzer et al. (1963) for example.

#2Without loss of generality, let the first p vectors of the ki + 1 vectors, y1, ...,y (for p < h+ 1), satisfy
this property.

“3Note that z! - y; < ¢;. This is because Nyefyr,...y,} Hy = 2.

#4That is, we set the origin of the vector space to the point where Yi<j<pzj = 0. There is no loss of
generality since the distance between every pair of points will be preserved.

45We will later show that all 7y ; we consider satisfy rx,; € B(5p) which ensures that 7, ; € A°.
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e || = (v; - rer1)” + reen — (y; - rer) i) |12

Observe that for ¢; > 0,

Il = el = (- 7een)? — (- ) = - (o + e — 20 - axlyi) P — (8- )
= lyi ax+ci =2y a® — (i a)* = (e — yi- @) — (v )’
= c? —2c;yi - ap > .

The third equality comes from that y: - y; = |ly;|| = 1. The last inequality is from that
yi-ap < 0. Letl, = rig1/||7k41]]- For axyq1, we have that

a1 ll® = Nlagll® > lreer — 6 Lel1* = Nlawl* = e (T =6/ ||rea D11 — lal?

=2 —2¢;y} - ag + 6% — 26| 41]|-

The right hand side of the last expression is positive for all sufficiently small 6. Note
that a1 is more distant away from the origin than a; is. A successive application of the
algorithm will get a; as far from the origin as we want.

We show that [{j € N : u;(ar11) > uj(ax)}| > g. Observe that

wj(risn) > uj(ax) & llsj = rieall < llsj = all & llsj = riegal|* < llsj — aell®
& [lsjl1® + 17| = 257 rer < llsgll? o+ llagl|? — 255 - ax
< 25} (Pt — ) > Ty i1 — A - g
Y 25;- (g1 — ax) > (regr +ar) (resq — ax)
257+ (i = 2y; - ap)yi > (k1 +ax)" - (6 — 2y - ax)y;
& 25; i > (e +ar) -y

S 87y > 6i/2.

For the last claim, observe that (ry.1 +ax)' - yi = (2ax + [¢; — 2y} - ax]y;)’ - yi = ci. Recall
that we choose y; such that [s; € H; | = g where H,s = {r € R" : 7' -y > ¢;}. That
s;- -yi > ¢;/2 implies that there are at least q players who prefer 1 to a;. Observe that a
similar computation will obtain that

uj(ary1) > uj(axr) € |Isj — arall < llsj — axl|
Isj — gl +1
ci — 2y! - ag

= |’S]'—1’k+1||—|-5< Hs]'—ak|| <:>8;-'yi > /246
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If 4 is sufficiently small, the right hand side must be smaller than c;. By the definition of
c;, it must be that for sufficiently small J,

||Sj_7’k+1||‘|‘1}‘

i C U ) > i -y )
€ N ayagin) > o} > |{j € N sy > e/2+0 S

>|{jeN:si-yi>ci}| > 9.

We show the upper bound of ||71|| for given a;. Recall that ;. is preferred to a; by
at least g players. This implies that 1y, € B(3p) if ay € B(p), and that r¢,1 € B(5p) if
ax € B(3p). For the first case, observe that 1y, will be at least 2p distant away from s; for
alli € N, if re 1 & B(3p). While a; € B(p) implies that ||s; — ai|| < 2p foralli € N. Then,
for at least g players to prefer ry, 1, it must be that ;1 € B(3p). Similarly, r;,1 will be at
least 4p distant away from all ideal points if .1 ¢ B(5p), while a; € B(3p) implies that
|lsi — ak|]| < 4p foralli € N.

Finally, with the above discussion in hand, we show that the process can reach a;. Let
B* = B(5p) \ B(3p), i.e., the distance from any point in B* to one in B(p) is at least 2p.
Since the algorithm will get a; as far as we want, we can pick a sequence {ay,...,a;_1}
such that a;_» € B(3p) and a;_1 € B*. Then, the proof is complete by observing that
{i € N:uj(ar) > uj(ar—1)}| > 9. O

To prove Lemma 7, we first prove our version of Kramer (1977)’s Lemma 3 below.

Lemma 12. Fix small 6 > 0 such that i’ = n*. d(a,¢*) > d(a’,¢*) for a ¢ A*? and
a' € Q(a).

Proof of Lemma 12. Observe that €(J) = hull(J), where hull(]) is the convex hull of
ideal points {s; : i € J}. €(J) O hull(]) is obvious. To see €(]J) C hull(]), let
r* € argmin, gy, d(r,7') for r ¢ hull(]). Then, r* dominates r via J. Note that
€(J) = hull(]) implies that €(J) C &€(J') for J C J'.

Suppose that a ¢ A*° and a’ € Q(a). Let N(a,a’) = J. The definition of A*? implies
that |J| > 7 + 1. Define an open half space V,; = {x € R" : d(x,a) > d(x,a’)}. It must
hold that €(J) = hull(]) C V,. Otherwise, some player of N(a,a’) must prefer a to a’,

which contradicts the definition of N(a,4’). Then,

= ) e)c N ey’ el c Ve

JUSI\] J"eN|

This proves the claim that d(a, €*) > d(a’, €*). O
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Proof of Lemma 7. Note that sequentially choosing 4;,1 € Q(a;) must result in a cycle due
to the finiteness of A°. Let {ay,a,...,a.} denote such a cyclic sequence of alternatives,
thatis, a; 11 € Q(a;) foralli € {1,...,L} with a convention that a; .1 = a;. We show that
such a cycle must include a; € A*? for some i.

By way of contradiction, suppose that there exists a sequence {ay,ap,...,ar} such
that a; ¢ A*° for all i. Then, Lemma 12 implies that d(a;, ¢*) > d(a;.q,€*) for all
i €{1,...,L}, ie., the distance between a; and €* is strictly decreasing as the sequence
{ay,a,,...} progresses. Since d(ay,€*) > ... > d(ap1,¢*) implies that a; # ar .1, this
contradicts that the sequence is cyclic.

Note that the distance increases, d(a;, €*) < d(a;,1,€*), only if a; € A*?. By sequen-
tially choosing a;,1 € Q(a;), the process must reach some a; € A*°. O

We first prove Lemmas 13 and 14 below in order to prove Proposition 5.

Lemma 13. Let ay and ap be an arbitrary pair of alternatives with a; < ap. Let ag = a; — 6 and
as = ap + 6. Then

o kK

cgm > chaO ifa”” <ap < ap, (21)
. *

CZzlll > szas ifa; <ap<a . (22)

Proof. Letay = (aj + ai)/2. For the inequality (21), let

le{iEN:sg<si§a01}, Yzz{ieN:a01<si§a1}, Ygz{iEN:a1<si§a12},

Y4:{i€N:El12<Si}.

Note that some of sets above may be empty. Lety; = |Y;|and Y/ = {i € Y; : i < gq}.
Observe that

(a2 —a1) + Y (a1 + a2 —2s;),

CZsz [q_ﬂ+1+ Z Yj

1<j<2 i€Ys
Chag = Y [25i — (a0 +a)] + ) yi6 < Y, yié.
= siza’ 25z

The cost of voting for ay is ap — a; for any player i with s; < ay, and a7 + ay — 2s; for
i € Y3. For a, to obtain g votes, it needs votes of (9 — g + 1) players with s; < s; and votes
of playersin Y; U...U Y;.40 This observation gives cg;z above. For CZWO' the cost of voting
for ag is zero for i with s; < agy, 2s; — (ag +ay) fori € Yy, and (a1 —ag) = d fori € Y3U Yy,

46There are other cases of obtaining g votes. The described one is a minimum-cost one.
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Observe that

B> @—q+1+ Y y)l—a)>@G—g+1+ Y y))é.

1<j<3 1<j<3

Note that s; < s; < g foralli € Y, U Y3 UY;. This implies that y; + y5 +y; < g — q. Thus,
the inequality (21) holds. We can prove (22) similarly. O

Lemma 14. Let {ag, a3} be an arbitrary pair of alternatives with ag < as. Let ay = aog + 6 and
a, = az — 0. Then,

CZg,aO Z CZ::,EIZI (23)
CZ()EZ3 Z CZ()al' (24)

Proof. We prove the inequality (23). If ap = a, then it obviously holds. So suppose that
ag < az. Let aj = (aj + ax)/2. Also let

le{ieN:a03<si§a23}, Yzz{iEN:a23<si§a3}, YgZ{iEN:lZ3<Si}.
Lety, = |Y;|, Y/ = {i € Y; : i < g}. Observe that

g =Y, [25i— (a0 +a3)] +y53(a3 —a0),  cha, = Y [25i — (a2 + a3)] + y56.
ieY[UY; i€y}

As for ¢, the cost of voting for ag is zero for any player i with s; < ag3, that is 2s; —
(ag + a3) for i € Y1 UY;, and that is a3 — ag for i € Y3. For gy to obtain g votes, it needs
votesof Y{U...U Y§.47 This gives czm above. For cZ3a2, the cost of voting for a; is zero for
i with s; < aps, 2s; — (ap + a3) fori € Y, and (a3 — ap) = 6 for i € Y3. Since a9 < 4, and
as — ag > 0, it holds that cZSaO > 023,12. We can prove (24) similarly. O

Proof of Proposition 5. Suppose the contrary, that is, there exists @ ¢ {a™,a**} which is
stochastically stable. Suppose the case that 4 < a*. Let 7; denote an d-tree which mini-
oK ,112) € Tp.

For all 2 < a* with a # 4, replace the edge (a,-) € 1, with (a,a + §). Let 7y denote

the resulting set of edges. 71 may not be a tree, but observe that, for any a ¢ {4,4*} ©

mizes the cost of 4-trees. Let a; and a, be such that (a*,a,), (a

co(13). If a; = a™* with s, —a™* > §/2, then replace (a**,a,) with (4,4 + ) in 77. Let &
q q P

has a path from a to either 4 or a*. Lemmas 13 and 14 imply thatc,(7;) = ¥ ., <
p ply q (vw)ery

47This is a minimum-cost case since the cost of voting for g is smaller for players with smaller s; than
that for those with greater s;.
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denote the resulting set. Otherwise, replace (a*, ;) with (4,4 + §) in 7y Let 173 denote the
resulting set of edges. 7, must be an a**-tree, while 73 must be an a*-tree.
We will show a contradiction, that is, 7, or 73 will have a strictly smaller cost than ;.
First, we consider 1,. Either a; < a™ or a, > a™* must hold since a; = a™*. Observe that
Coregy > (4= 3 +1)9, Chars < (7 19)0.

a**q,

If a, < a*, then Sq — a2 > %(5. Recall that a™* — sq < ¢/2. For any player i withi > ¢,
her cost of transition (a**,a,) is given by (a —5;) — |a** —s;| > 6. If ap > a**, then
ay —a*™* > 6. For any player i with i < g, her cost of the transition will be greater than
6. Those observations imply the first ineciuality. The second inequality comes from that
ideal points of at least q players are greater than 4 + . Then, we have that ¢; (a**) <
cq(12) < cq(12)- A contradiction.

Next, we consider 13. If a; < a*, then

The first inequality comes from that ideal points of at least g players are greater than a*
since a* < s;. Similarly, the second one comes from that ideal points of at least g players
are greater than 4 + 6 since 4 < 4+ 0 < a* < sq- This implies that ¢ (a*) < _Cq(Tg,) <
cg(11) < c4(12). A contradiction.

For aq > a*, note that the g-th player prefers a* to a;. If a1 # a**, then a; —s; > 6. If
a1 = a** with s, —a™ < 5/2, then aj — sg > 6/2. Thus, player g prefers a*. Let

Yi={icN:s;<a*}, Yo={icN:a"<s;<ax}, Yzs=1{ic€N:ay<s;},

where a1x = (a1 +4a™)/2. Lety; = |Y;j|and Y/ = {i € Y; : i > n+1 — g}. Then, observe
that

cZ*al =16+ Y [a+a* —2s)], clors S VIO
i€y,

Note that !, .5 has no summand over Y; since players in Y, prefer 4 + J to 2. Also observe
that the g-th player is always in Y3, i.e., y5 > 1. This is because a™ < g < a* +6/2 implies
thata® < 's; < ayx. Thus cZ*al > ¢l .5 Then, ¢¥(a*) < ¢4(1). A contradiction,

We omit the proof for the case that 4 > a™** since it is very similar. O
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Section 7

Proof of Theorem 8. (A) and (N) are obvious. (P) and (SS) are implied by Corollary 1 and
Theorem 1, respectively.

proof for (M):

The monotonicity is implied by Theorem 5. Suppose that the profile changes in the way
described in Definition 14. Let ¢}, and c¥, denote the cost of (x, y) for the original profile
and the changed one, respectively. Also ¢;(x,y) and €;(x,y) denote the cost defined in
Theorem 5 for the two profiles, respectively. Observe that under the changed profile, it is

n

hard to move away from a and it is easier to get into g, that is, ch < CZb and Cha = CZa for
all b € A. Then, this implies that

50(61, b) < é()(bl,b), 50(19,61) > éo(b,ﬂ) Vb € ’Aﬂ‘

With the costs above in hand, the algorithm in Theorem 5 implies that if a is V'-recurrent
under the original profile, it must be so under the changed one. And if a is stochastically
stable, then it must be so under the changed one.

proof for (S):
Recall that ¢ = [(n +1)/2] and that A, is the unique recurrent class under g-quota rule.
We show that Ay = By, where By is defined in Definition 15. Then, the claim will be
implied by Lemma 4, which shows that stochastically stable alternatives for 4 > g must
be in A,. -

For odd n, it is clear that Ay = By since the strict majority is g. For even n, the strict
majority is g = g+ 1. The definition of the recurrent class implie_s that, if n(a,a’) > n/2
for some a € .A;, then such a’ must be A;. This further implies that, for all 2 € A, and

a' € A\ Ag, n(a,a") <n/2andn(a’,a) =n—n(a,a’) > n/2+1. Thus, Ag = By.

proof for (IC):
Foréy € A, let A = {¢y,...,¢x} beaset of clones of &. Let A = AU A, i.e. a set generated
by adding clones to A. c(+) and é,(+) denote costs on A and on .4, respectively. Let
7 and £ be the minimum cost a-trees on A and on A, respectively. Let ¢, € A U {¢o}
be such that the path d(¢,,a) C 1, does not include any edge having other clones, i.e.,
x ¢ Au{é} forall (-, x) € d(¢&,a). Let ag be such that (&,a9) € ., and a;, € A such
that (¢, a,) € . In the proof, we write “k # h” for “k € {0,...,h—1,h +1,...,K}"”.
We will show that &,(%) — ¢, (7)) is constant for all a € A\ {¢y} and that a similar

property holds for clones. Then, it will imply that @ minimizes the cost on A if and only

54



if a or its clone minimizes the cost on A.

Firstly, we show that by a way of contradiction,

Ca(t) —en(n) = ), L, Va € A\ {éo}. (25)
(k) ETF kR

Suppose that & (%) — cn(77) > Lo, yetrurn €L, - Add to T edge (&, ) € 1, for k #
h. Replace (&y,a0) € T, with (¢,a0). This replacement will not increase the cost since

n = cl  The resulting set must be an a-tree on .4, say %,. Observe that

Chx
€0,40 Ch/A0

en(fa) = Cn(Ta*) - C?O,ao + Cgh,ao + 2 Cgk,- = Cn(T;) + Z C?k,- < Cu( Aa*)-
(6, )€1 k£h (60, )ETF kAR

This contradicts that £ minimizes the cost of a on .A. Next suppose that ¢,(%F) —
cn(T3) < L(ep)etrhen Ch, - Remove from £ edges (¢&,-) € % for k # h. Replace
(én,ap) € T with (&, ay,). Also replace edges (y,¢) € T, if any, with (y, &). The result-
ing set of edges must be an a-tree on A, say 7,. Observe that

cn(Ta) = Cu(2) — ) i < cn(TF).
(k) €T kF#h

This contradicts that 7, minimizes the cost of 2 on A.

Secondly, we show that ¢,(%,) — cu (7)) = (%)) — cu(t)) foralla,b € A\ {é}.
Suppose that ¢, (1) — cn(7,%) < 62(2)) — cu(7)"). Let by be such that (&, by) € 7,°. Add
to 7, edges (¢, -) € T, for k # h.*® Replace (éo, by) € 7;° with (éy, bp). The resulting set

of edges must be a b-tree on A.* Let %, denote it. Observe that

() =can(m)+ ) g <al(m)+ ) o =)
(6, ) ETF kR (k) €T k# N

The last equality comes from (25). This contradicts that ;" minimizes the cost of b on A.
Since the choice of @ and b is arbitrary, this implies that é,(,%) — ¢, (7,") = 4(%)") — cu (7))
foralla,b € A\ {é}.

Finally, we consider trees of clones. Let ‘i‘k* denote the minimum cost tree of ¢, €
AU{e} on A. Let 1 denote that of ¢y on A. Then, we have that ¢,() — c, () =

#8Recall that & is such that the path d(¢),, a) C £ has no clone other than ¢,
For ¢, with k # h, the set of edges must have a path from ¢ to ¢, or a path from ¢ to some 4’ € A.
Since T, is a tree, there must be paths from by to b and from a’ to b. Thus, 1, is a b-tree on A.
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en(F) —cu(7)) for hand alla € A\ {¢}.>° To see this, observe that the arguments
above still apply by removing the two operations: “replace (¢, a;,) € T with (¢, ap,)”
and “replace (o, bg) € T, with (&, by)”. Since ¢, is the root of the tree %,*. The two
operations in the previous arguments are not necessary. For k # h, we can similarly show
that ¢, (1) — cn (7)) > n(8)) — cu(T)).

That ¢,(1,) — cu(7)) = E(8)) —cn(t)) for all a,b € A\ {&} and that a similar
equality holds for clone alternatives imply that an alternative minimizes the cost on A if

and only if the alternative or its clone minimizes the cost on A. O
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