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Abstract

Estimation results obtained by parametric models may be seriously misleading when the
model is misspecified or poorly approximates the true model. This study proposes two tests
that jointly test the specifications of multiple response probabilities in unordered multino-
mial choice models. Both test statistics are asymptotically chi-square distributed, consistent
against a fixed alternative, and able to detect a local alternative approaching to the null at a
rate slower than the parametric rate. We show that rejection regions can be calculated by a
simple parametric bootstrap procedure, when the sample size is small. The size and power

of the tests are investigated by Monte Carlo experiments.
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1 INTRODUCTION

Not infrequently, variables of interest in economic research are discrete and unordered as we often
find the variables that indicate behavior or state of economic agents. Some econometric models
have been developed to deal with these discrete and unordered outcomes. Above all, parametric
models such as the multinomial logit (MNL) and probit (MNP) models proposed by McFadden
(1974) and Hausman and Wise (1978), respectively, are widely employed, for example, in struc-
tural econometric analysis (e.g., the economic models of automobile sales in Berry, Levinsohn, &
Pakes, 1995; Goldberg, 1995) and as part of econometric methods (e.g., selection bias correction
of Heckman, 1976; Dubin & McFadden, 1984). However, results obtained by such parametric
models may be seriously misleading when the model is misspecified or poorly approximates the
true model. Thus, researchers need to examine the validity of parametric assumptions as long as
the assumptions are refutable from data alone.

This study proposes two new specification tests that are directly applicable to any multinomial
choice models with unordered outcome variables. These models set parametric assumptions on
response probabilities that an option is chosen from multiple alternatives, and identical assump-
tions are often set for all response probabilities. Problems occur when these models do not mimic
the true models because the response probabilities and partial effects of some variables on the
probabilities cannot be properly predicted. Moreover, the parameter estimation results may be
misleading and their interpretation confusing. The specification tests proposed here can be uti-
lized to justify the choice of parametric models and avoid misspecification problems.

The novelty of the tests provided in this study is that they allow us to test the specifications
of response probabilities jointly for all choice alternatives. Multinomial choice models with un-
ordered outcomes consist of multiple response probabilities, each of which may be parameterized
differently. This implies that one needs to test multiple null hypotheses to justify the parametric
assumptions of these models. A substantial number of specification tests have been developed to

test a single null hypothesis. To our knowledge, however, no joint specification tests have so far



been theoretically suggested for multiple null hypotheses.

One test proposed here is based on the L,-distances between parametric and nonparametric
fits of response probabilities, and the other is based on moment conditions. We show that both
test statistics are asymptotically chi-square distributed, consistent against a fixed alternative, and
able to detect a local alternative approaching the null at the rate 1/ Vnhi/2, where q is the number
of independent variables.

One eminent feature of our tests is that a parametric bootstrap procedure works well to calcu-
late the rejection region for the test statistic. Since both testing methods involve nonparametric
estimation, a sufficiently large sample size could be required to establish that the chi-squared dis-
tribution is a proper approximation for the distribution of test statistics. Thus, a simple parametric
bootstrap procedure to calculate rejection regions is a practical need.

A crucial point that makes parametric bootstrap work is that the orthogonality condition holds
with bootstrap sampling under both the null and alternative hypotheses. This is different from
the specification test for the regression function that requires the wild bootstrapping procedure
to calculate the rejection region proved by Hirdle and Mammen (1993). It is also noteworthy
that the parametric nature of the model leads to substantial savings in the computational cost of
bootstrapping.

Methodologically, two different approaches have been developed to construct specification
tests. One uses an empirical process, and the other a smoothing technique. We call the first
type empirical process-based tests and the second type smoothing-based tests. Most of the lit-
erature on specification tests can be categorized into one of these two types. Empirical process-
based tests are proposed by Bierens (1982), Bierens (1984), Bierens (1990), Delgado (1993),
De Jong (1996), Andrews (1997), Bierens and Ploberger (1997), Stute (1997), Stinchcombe
and White (1998), Chen and Fan (1999), and Whang (2000), among others. Smoothing-based
tests are proposed by Eubank and Spiegelman (1990), Le Cessie and van Houwelingen (1991),
Wooldridge (1992), Yatchew (1992), Gozalo (1993), Hérdle and Mammen (1993), Ait-Sahalia,
Bickel, and Stoker (1994), Delgado and Stengos (1994), Horowitz and Hardle (1994), Hong and



White (1995), Y. Fan and Li (1996), Lavergne and Vuong (1996), Zheng (1996), Li and Wang
(1998), and Lavergne and Vuong (2000) to mention only a few.

These two types of tests are complementary to each other, rather than substitutional, in terms
of the power property. For Pitman local alternatives, empirical process-based tests are more
powerful than the smoothing-based tests. The empirical process-based tests can detect Pitman

local alternatives approaching the null at the parametric rate n~1/2

, whereas the smoothing-
based tests can detect them at a rate slower than the parametric rate. Smoothing-based tests
are, however, more powerful for a singular local alternative that changes drastically or is of high
frequency. Empirical process-based tests can be represented by a kernel-like weight function
with a fixed smoothing parameter. Thus, it can be intuitively understood that empirical process-
based tests oversmooth the true function and obscure drastic changes of alternatives. Y. Fan and
Li (1996) show that smoothing-based tests can detect singular local alternatives at a rate faster
than n~1/2,

The two tests proposed in this study are most related to Hérdle and Mammen (1993) and
Zheng (1996), both of which propose smoothing-based tests for functional forms of the regression
function. Most of the specification tests developed for functional forms of the regression function
can be directly applied to test the parametric specifications of ordered choice models such as
the parametric binary choice models because ordered choice models have only single response
probability that is equal to conditional expectation of outcome. For example, Mora and Moro-
Egido (2008) applied several specification tests, originally developed for regression functions,
to some ordered discrete choice models for a comparison of their relative merits based on their
asymptotic sizes and powers. However, extending their application to unordered multinomial
choice models is not trivial, which is carried out in this paper. Extending empirical process-
based tests and rate-optimal tests! to unordered multinomial choice models is a task left for future
research.

This paper is organized as follows. Section 2 introduces unordered multinomial choice mod-

els and reveals problems of parametric specification. The two new test statistics are proposed



in Section 3. The assumptions and asymptotic behaviors are provided in Section 4. Section 5
shows how to bootstrap parametrically. We investigate the size and power of the tests by con-
ducting Monte Carlo experiments in Section 6. We conclude with Section 7. The proofs of the

lemmas and propositions are provided in the appendix.

2 UNORDERED MULTINOMIAL CHOICE MODELS

We have the observations {{Y; ;j, X j }7_, J!=1, where Y; ; € {0, 1} is a binary response variable
that takes one if individual i chooses alternative j and zero otherwise. Each individual chooses
one of J alternatives, which implies ¥; , = O forallm # j if ¥;; = 1. X;; € RN isa
vector of independent variables that affect the choice decision made by individual i. Throughout
this paper, we assume that {X; ;,Y; ;}”_, is independent and identically distributed for each
J =1,...,J. With i remaining fixed, however, {X; ;,Y; ; }]!=1 is not necessarily independent
or identical.

Multinomial choice models with unordered response variables is constructed by introducing
latent variables yl?': It which may be interpreted as the utility or satisfaction that i can obtain
by choosing alternative j. We assume each individual chooses an alternative that maximizes
personal utility; thatis, ¥; j = 1if y/"; >y, forallm # j. Further, y; depends on a function
gj(Xi,j.0) and unobserved error €; j: y;"; = gj(Xi,j.0) + €i,j, where €;; is independent of
X;,j and 6 € O is the parameter in a subset of a finite dimensional space ®. Then, the response

probability that i chooses j can be formulated as follows:

P(Yi; = 1Xi) = Py ; > yip Ym # j |Xi)

= P(ei,j —€im > 8m(Xim.0) — g (Xi,j,0) Vm # j | X;), )]

where X; € R? is a vector consisting of all independent variables. The dimension g of X; is
equal to ij=1 k; when all variables in X; ; are alternative-specific for all j. This occurs when

no variable in X; ; is identical to any of those in X; ;, as long as j # m.



A specification of the functional forms of g(-) and distributions of € lead to full parameteri-
zation of the model in the sense that parameters and response probabilities can be estimated para-
metrically. For example, if we assume linearity, g; (X; ;,0) = X l/ F B, and the type I extreme-
value distribution for ¢; ; for all j, we have McFadden’s (1974) MNL model in which P(Y; ; =
11X;) = exp(Xi” j,B) / Z]‘(:l exp(Xi/, J.,B).2 An alternative model suggested by Hausman and
Wise (1978) is the MNP model, in which ¢; ; is assumed to be normally distributed. In both
cases, the parameters can be inferred by maximum likelihood estimation, and the choice proba-
bilities are obtained by plugging the estimated values into (1).

In empirical studies, however, functional forms of g; (-) and distributions of ¢; ; are generally
unknown for all j. Moreover, functional forms of g;(-) and distributions of ¢; ; in unordered
multinomial choice models may be nonidentical across j. Thus, we need joint specification tests
that indicate whether parametric specifications provide a good approximation to the true models.

The appropriate null and alternative hypotheses are as follows:

Hy : P[mg ;(X;) = P(Y;; = 1|X;)] = 1,for some 6 € @ and for all j

Hy: Plmg ;(X;) = P(Y;; = 1|X;)] < 1,for any 6 € ® and for some j,

where m (X;) denotes the true response probabilities and mg_; (X;) their parameterized variants.

3 TEST STATISTICS

Both test statistics proposed in this study are built on the features of response probabilities. One
uses the L,-distance between the parametric and nonparametric fits of response probabilities,
and the other uses moment conditions that are satisfied when the parametric response probabil-
ity is true. This implies that we test the specifications of the functional forms of g;(-) and the
distributions of €; ; simultaneously for all ;.

One may think that the rejection of the null hypothesis reveals nothing about what is mis-

specified because the tests reject the null hypothesis if any combination of the functional forms



of g;(-) and the distributions of €; ;, for all j and m is misspecified. Nonetheless, rejection of
the null hypothesis could imply something more. Note that strict inequality holds after any trans-
formations on both sides of inequalities with any strictly increasing functions. This implies that
the distribution of the conditional response probabilities given in equation (1) could be trans-
formed into what is well-known as the normal or type-I extreme distribution. In this case, the
distributions of ¢; j are not an essential specification issue, provided we can specify the func-
tional forms of g; (-) correctly. In other words, distributional assumptions of error terms could
help us simplify the estimation of parametric models by specifying the functional forms of g; (-)
prudently.

Before presenting the test statistics, we introduce some notations. Let fj(x) be the non-
parametric density estimator for a continuous point of X; and my, ;(x) the Nadaraya—Watson

kernel estimator for m;(x) = P(Y;; = 1|X; = x) = E(Y;,j|X; = x), as follows:

n

A = Yk (25
i=1

Yio K (%5) vy

Z?:l K(X,'h—x) >

mp,j(x) =

where K(-) is a kernel function and #/ is a bandwidth depending on n. In addition, we define
K@ as the two-times convolution product of the kernel and K () as the two-times convolution
product of K @),

3.1 Test Statistic Based on L,-distance

We consider the weighted L,-distance between the parametric and nonparametric fits of response

probabilities for each j:

Tnj = nhq/Z/ [, (x) = Kpamg ; (X)Pr(x)dx,



where 8, ,m(X;) = > 71—, K[(X; —x)/hlm(X;)/Y -, K[(Xi — x)/ h] is a smoothing opera-
tor,my (X;) is the estimate of mg_; (X;), and 7 (-) is an arbitrary weight function. We denote the

M), its asymptotic variance by Vj(HM), and the covariance between

expectation of 75, ; by M;H
Ty, and Ty m by VM),
Let us introduce some further notations to provide the test statistic. Note that testing the spec-
ification of an arbitrary pair of J — 1 response probabilities is a sufficient test for the null hypoth-
esis subject to Zf:l P(Y;,; = 1|X;) = 1 for all i. For notational simplicity, we omit the L,-

distances of the Jth response probability from our test statistic. Let T, =

(Tt s s Ty—1) and NCHM) = (pHMD) aCHM) - CHM)y e 0 (7 — 1) x 1 vee-

tor of weighted L,-distances and the estimates of /L](.HM), respectively. Y (HM) is defined as a
. . . . . (HM)
(J — 1) x (J — 1) variance-covariance matrix whose (j, m) elements are estimates of VJ m
Then, the test statistic is
CAHM) = [T,y — N HMOY [ HMO [, — D),
where
2
M _ a2 / [ [0 X0) = my (X |} 7(x)dx
62(x)m(x)
+ h12K @ (0) / " Cdx
Jn(x)
5 [67 ()] (x)?
)
’ fh (x)
o 2 2
PO <2k @) [ R
’ fn ()
forj =1,....,J —landm # j. my_; _;(X;) is the leave-one-out Nadaraya—Watson kernel es-

timator for m; (X;); thatis, my, ; _; (X;) = Z;'#i K[(X; —Xi)/h]Yl’j/Z?# K[(X; — Xi)/ h].
61.2 (+) is the estimated conditional variance of u; ; = Y; j —m;(X;), where E(u; ;| X;) = 0, and

6j,m(-) is the estimated covariance between u;,; and u; p,.



Considering the nature of the model, 6].2 (-) and 6/, () can be easily obtained. Since Y;; is
a binary variable taking zero or one, u;,; = [l —m;(X;)]1(Y;,; = 1) —m;(X;)1(Y;,; = 0),
where 1(-) is an indicator function. The conditional variance of u;_; and the covariance between

u;,; and u; ,; can then be written straightforwardly as follows:

07 (Xi) = B} ;|1X;) = mj(X;)[1 —m;(X;)] )

0j,m(Xi) = E(ui, juim|Xi) = —m; (Xi)mp (X;). 3)

Thus, their consistent parametric estimators under the null hypothesis are 8].2 (x) =my ; (x)[1 -

mg (x)] and 6j,m(x) = —mp (x)mé,m (x), respectively.

3.2 Test Statistic Based on Moment Conditions

The test statistic is based on

Zj =Elug; jE(ug; ;1 Xi) f (X)),

where ug; ; = Y;; — m;g(X;). Under the null hypothesis, Z; = 0, since E(ug; ;j|Xi) =
0. Under the alternative hypothesis, E[ug ; jE(ug; ;j|X;) f(Xi)] = E[E(ug;,; 1X)? (X)) =
E{[P(Y;,; = 1|X;) —mg ; (X1)]* f(Xi)} > 0.

The nonparametric estimates of Z;, denoted as Z,_;, can be obtained as follows:

1 AL | Xi— X\ . .
Zn,j = mlzzh—qK( 7 )ue,i,jue,l,j,

=11%#i

where ilg; j =Y ; — m; s (X;). We denote the asymptotic variance of Z, ; and the covariance
between Z,, ; and Z, , by V](]Zh) and Vj(’ih), respectively.

We introduce some further notations to provide the test statistic. Note that we omit the Jth
alternative for the reason discussed above. Let Z, = (Z,,1,...,.Zn,j—1) bea (J — 1) x 1

vector and VZM be a (J —1) x (J — 1) variance-covariance matrix whose (j, m) elements are



estimates of Vj(flh). Then, the test statistic is

C,SZh) — n2th’/1 [I}(Zh)]—lzn’

where
h P
5 (Z N
Vi = KO0 =367 XD fu(Xi)
i=1
h P
5 (Z N
VR = K@ © = 3 [ (X0 fu(X0)
i=1
forall j =1,...,J —1and j # m. Note that 6]-2(X,-) and 67, (X;) are consistent parametric

estimators under the null hypothesis for (2) and (3), respectively.

4 THE ASYMPTOTIC BEHAVIOR

First, we provide sufficient assumptions to show the asymptotic behavior of the test statistics.
Asymptotic distributions under the null hypothesis and alternative hypothesis are then given.
Finally, we show the asymptotic behaviors of the test statistics under Pitman local alternatives.
4.1 Assumptions

The following are sufficient assumptions to show the test statistics’ asymptotic behavior.

Assumption 1: X lies on a compact set. The marginal density of X;, denoted as f'(-), is contin-

uously differentiable and bounded away from O.
Assumption 2: m(-) is continuously differentiable on the support of X .

Assumption 3: P(Y;; = 1|X;) # Oand P(Y;; = 1|X;) # 1, foralli and j. None of the

alternatives is a perfect substitute for another.

Assumption 4: () is continuously differentiable.

10



Assumption 5: m; g(-) is continuously differentiable, and m; ()—mjg(-) = 0p(1//n) forall
J.

Assumption 1 establishes that the first-order derivative of f(-) is bounded. The assumption
that X lies on a compact set may be considered a strong one because it excludes X to follow
some tractable distributions such as the normal. However, it does not confine applications of
the test to empirical study because, in general, observations rarely take an infinite value. The
assumption that f(-) is bounded from 0 avoids the random denominator problem associated with
a nonparametric kernel estimation. It is also straightforward to see that the first-order derivative
of m(-) is also bounded under Assumptions 1 and 2.

Assumption 3 guarantees that sz(X i) # 0and 0;;(X;) # O forany j and [ # j because
07 (Xi) = P(Yi,; = 1|X;)P(Yy,; = 0|X;) and 01 (X;) = =P (Yi,; = 1|Xi) P(Yiy = 1]X,).
It is also clear that oj2 (X;) and 0.1 (X;) never tend to infinity owing to the nature of the model.
The fact that no alternatives are perfect substitutes for each other ensures that the variance-
covariance matrices V HM) and V(2" are invertible.

We need Assumptions 4 and 5 to show the asymptotic behavior of C,gHM) and C,gZh), respec-
tively. The /n-consistency of the parametric estimation given in Assumption 5 can be obtained,
for example, by maximal likelihood estimation of a multinomial probit or logit model.

The kernel function assumption is as follows:

Assumption 6: The kernel K is a symmetric function and satisfies [ K(u)du = 1, [ |K(u)|du <

0o, sup |K(u)| < oo, and |[uK(u)| — 0 as |u| — oo.

Assumption 6 is satisfied by commonly used second-order kernels, such as the Epanechnikov,
Gaussian, and quartic kernels, and the two-times convolution product of the kernel is bounded
under this assumption. Furthermore, the nonparametric density estimator and the Nadaraya—
Watson kernel estimator are consistent under Assumption 1, 2, and 6 (see, for example, Theorem

4.1 of Hirdle, Miiller, Sperlich, & Werwatz, 2004).
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4.2 Asymptotic Distribution under the Null Hypothesis

c rSHM) C rSZh)

We provide propositions about the asymptotic distributions of and under the null

hypothesis. The proofs of the propositions are provided in the appendix.

Proposition 1. Let Assumptions 1-4, and 6 hold. Then, under the null hypothesis,

HM) ¢
C,g ) 5 X?J—l)

ash — 0andnh? — oc.

Proposition 2. Let Assumptions 1-3, 5, and 6 hold. Then, under the null hypothesis,

zh) 4
c, )_)X%J—l)

ash — 0andnh? — oc.

Propositions 1 and 2 indicate that the asymptotic distributions of the test statistic C,gHM)

and C,gZh) under the null hypothesis are both chi-squared distributions with J — 1 degrees of
freedom. Therefore, we reject the null hypothesis that the parametric specification of the response
probability is identical to the true one with a probability of one if the test statistic is larger than
the (1 — «) quantile of the chi-squared distribution with J — 1 degrees of freedom, where « is

the significance level.

4.3 Asymptotic Distribution under the Alternative Hypothesis

We show that both the test statistics are consistent, that is, their asymptotic power is equal to one.

The proofs of the lemmas are provided in the appendix.
Lemma 1. Let Assumptions 1-4, and 6 hold. Then, under the alternative hypothesis,

1 Tay -, [Tme.; () — mj )2 (u)du + O(h9/?)

(n — 1)ha/2 17j(1;1M) ” 2K®(0) [ 7(x)2{mg,; (x)[1 = mg,; ()]}2 f 2 (x)dx}1/2 g

12



forall j asn — oo and h — 0.

Lemma 2. Let Assumptions 1-3, 5, and 6 hold. Then, under the alternative hypothesis,

1 nhZ/QZn’j ﬁ) ]E{[mg’j(Xi)—mj(Xi)]zf(Xi)} >0
2 D@D K G (0) Elmg,; (X021~ mg (o)) £ (X))

forall j asn — oo and h — 0.

The proofs of Lemmas 1 and 2 provided in the appendix imply that 75 ; — [Lfl M and

nh2/4 Zy,; diverge for all j as the sample size n increases and 17].(7M) and I7j(jZ.h) converges
to constants, both strictly larger than zero. In addition, it is straightforward to see that the prob-

e ~(HM) 5 (Zh) . .
ability limits of ij and V]m under the alternative hypothesis are

2K (0) / 0 (x)mg.; () g ()2 f 2 (x)dx,

2KP (0) Elmg,_j (Xi)2mg m(Xi)? f(X:)],

respectively, both bounded above by Assumptions 1-4 and 6 for any j # m. Thus, the following

propositions follow immediately.

Proposition 3. Let Assumptions 1-4, and 6 hold. Then, under the alternative hypothesis, C,gHM)
diverges in probability, and thus the asymptotic power of the test is 1.

Proposition 4. Let Assumptions 1-3, 5, and 6 hold. Then, under the alternative hypothesis,

C,gZh) diverges in probability, and thus the asymptotic power of the test is 1.

The proofs of Propositions 3 and 4 are apparent from Lemmas 1 and 2 and the discussion on
e ~(HM) 5 (Zh) . . .
the probability limits of ij and V]m under the alternative hypothesis mentioned above.
4.4 Asymptotic Distribution under Pitman Local Alternative

We show that both the test statistics C,gHM) and C,gZh) have nontrivial power against Pitman

local alternatives approaching the null at the rate 1/+/nh49/2. Proofs of the lemmas are provided

13



in the appendix. Let us consider a sequence of local alternatives:
Hyp o P(Y;; = 11X;) = mg ;(X;i) + 0nl; (Xi),

where /(-) is a known continuous function with E[/(-)?] < oo and §, — 0 at the rate 1/~/nh4/2,

Lemma 3. Let Assumptions 1-4, and 6 hold. Then, under the local alternative hypothesis,
~(HM) 4 HM HM .
Ty — S0 S N MO Iy forant

where MM = [[1;(x) + 2m; (x) - 2my (o))l (x)m(x)dx.

Lemma 4. Let Assumptions 1-3, 5, and 6 hold. Then, under the local alternative hypothesis,
d
nhi?z, . 5 N(MJ.(Zh), VJ.(JZ.h)) forall j,

where M{“" = B[l (x)? f (x)].

Lemma 3 indicates that the limiting distribution of [7},,; — ﬁ;HM)] / VJ(?M) is the nor-
mal distribution with mean M ].(HM)[Vj(fM)]_l/ 2 and variance one. Similarly, Lemma 4 in-
dicates that the limiting distribution of nh4/2Z nj/ V](JZh) is the normal distribution with mean
Mj(Z k) [VJ(JZ h)]_l/ 2 and variance one. The following propositions show that both the test statis-

tics can detect the local alternative with nontrivial powers.

Proposition 5. Let Assumptions 1-4, and 6 hold. Then, under the local alternative hypothesis,

)

the test statistic C,EHM converges to a non-central chi-squared distribution with J — 1 degrees

of freedom:

d
CM = @)

where A = [MHEM)Y [y HMZ =1 pr(HM) i 4 noncentrality parameter.

14



Proposition 6. Let Assumptions 1-3, 5, and 6 hold. Then, under the local alternative hypothesis,
the test statistic C,gZh) converges to a non-central chi-squared distribution with J — 1 degrees of

freedom:
d ~
CEM S R

where ). = [MEDY v EM=1 M (2R s 4 noncentrality parameter.

The proofs of Propositions 5 and 6 are straightforward from Lemmas 3 and 4 and the discus-

. e 1e ~(HM) 5 (Zh) . . .
sion on the probability limits of V]m and ij for j # m in the proofs of Propositions 1

and 2.

5 BOOTSTRAP METHODS

This section presents bootstrapping methods that are useful in approximating the distribution of
test statistics when the sample size is small. We show that the parametric bootstrap procedure
works well to calculate the rejection region for the test statistic. Proofs of the propositions in this
section are provided in the appendix.

The response probability that person i chooses alternative j can be parametrically estimated
under the null hypothesis for all i and j by using the observations {{X; ;. Y; ;}'; le. We
randomly choose one of J alternatives (say, alternative m;) for each person with the probabilities
equal to the estimated response probabilities. Then, we derive bootstrap observations Y;* =
{Yz*lYl*ZYz*m,Yz*J} foreachi = 1,--- ,n, where Yi”"m[ = 1 and YI*J = 0for j #

m;. We use {{X; ;, YZ*J Y1 }J!=1 as the bootstrap observations.

Assumptions 3 and 5 can be rewritten by using the bootstrap observations as follows:

Assumption 3’: P(Yi*j = 1]X;) # 0 and P(Yl.*j = 1]X;) # 1, for all i and j. None of the

alternatives is a perfect substitute for another.
Assumption 5°: m; g(-) is continuously differentiable, and M G () —mjg(-) = 0p(1/+/n) for

15



all

where §* is the estimate of 0 obtained by using the bootstrap observations {{X; ;, Yi’:‘j |1 }1[=1-
Since the bootstrap sample Yl*] is derived in accordance with the parametrically estimated
response probabilities m b.j (Xi), Assumption 3’ implies that these probabilities do not take the
values zero and one; that is, mp (X;) # 0 and mp i (X;) # 1,foralli and ;.
Assumption 5’ requires that 6* be a consistent estimator of 6. Clearly, Assumption 5’ is satis-
fied whenever Assumption 5 holds. Moreover, Assumption 3’ is also satisfied with a probability

of one whenever Assumptions 3 and 5 hold.

5.1 Bootstrap Methods for C,gHM)

}n J )

(HM)
i=1j=1 Cn

we construct Cyy (HM

With the bootstrap observations {{X; ;, ¥;*

i similarly to

By the Monte Carlo approximation for the distribution of , we can obtain the (1 — «)
quantile ty (HM)  The null hypothesis is rejected if C,gHM) > 1y (HM) e show in the fol-
lowing proposition that this parametric bootstrap procedure works: under the null hypothesis,

C, (HM) converges to the asymptotic distribution of C,gHM) ; under the alternative hypothesis,

C, (HM) converges to the asymptotic distribution of test statistics under the null hypothesis.
A crucial point that makes the parametric bootstrap work is that the orthogonality condition,
E(u ;" j |X;) = 0, holds under both the null and alternative hypotheses with a probability of one,
where u7 ; = Y;*; —m7(X;), and m} (X;) is the true response probability under the bootstrap
sample. This is because the model deriving the bootstrap sampling is the parametric model that

we attempt to test; that is, m}" (Xi) = mg ;(X;).
Proposition 7. Let Assumptions 1-4, and 6 hold. Then, the test statistic obtained with the boot-

strap observation converges to a chi-squared distribution with J — 1 degrees of freedom:

C:(HM) - X%J—l)

asn — oo and h — 0.
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5.2 Bootstrap Methods for C,th )

C, Zh) i constructed similarly to C,gZh) by using the bootstrap observations

The test statistic
HXi,j. Yl*J L }j] _1- By Monte Carlo approximation for the distribution of C, (Zh), we can ob-
tain the (1 — o) quantile 74, ZM) The null hypothesis is rejected if C,gZh) > 1y ZM We show in
the following proposition that this parametric bootstrap procedure works: under the null hypoth-
esis, Cpy (zh) converges to the asymptotic distribution of C,gZh); under the alternative hypothesis,

C, (Zh) converges to the asymptotic distribution of test statistics under the null hypothesis.

Proposition 8. Ler Assumptions 1-3, 5, and 6 hold. Then, the test statistic obtained with the

bootstrap observation converges to a chi-squared distribution with J — 1 degrees of freedom:

C:(Zh) 2 X%J—l)

asn — oo and h — 0.

6 MONTE CARLO EXPERIMENTS

The size and power of the tests are examined by Monte Carlo experiments. We consider a simple
case in which each individual chooses one of three alternatives. To explore the power properties
of the tests, we consider three different true models.

The null hypothesis to be tested is the following:

Hy: P |:m9,j(Xi) _ __xp(Po+ PiXi) :| =1

Z}=1 exp(Bo + B1Xi.;)

for some Bo,B1 € R and for all j = 1,2, 3. The null hypothesis is based on the assumptions
that the function g; (X, ;, ) is linear, specifically, Bo + B1X;,;, and that ¢; ; follows the type
I extreme-value distribution for all j. For simplicity of calculation, X; ; is assumed to be one-

dimensional.
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We consider three different true models. Each of these true models has a specific form of
g; (), which can be generally written as g; (X;,j,0) = y; Xi,j + ¢; (Xi; — 1/2)?> +d; 2X;,j —
2/3)3. By applying specific values in y = {y1,¥2,y3}, ¢ = (c1,¢2,¢3), and d = (dy, d>, d3),
we propose three kinds of true models; Model 1: y = {1,1,1}, ¢ = (0,0,1),and d = (0,0, 0),
Model 2: y = {1,1,5}, ¢ = (0,3,5), and d = (0,0,0), and Model 3: y = {1,1,1}, ¢ =
(0,3,5),and d = (0, 3,5). The true distribution of ¢; ; is a type I extreme-value distribution for
all j.

These true models allow us to investigate power properties of the tests in the case of misspec-
ification due to nonlinearity and choice-specific coefficients. We can add nonlinearity to the true
function of g; (-) by setting ¢; and/or d; at a nonzero value, which is imposed on all true models.
Choice-specific coeflicients can be inserted by setting y; at different values across j, which is
placed on Model 2. In this experiment, we do not consider the misspecification originating in
the distribution of ¢; ; and the omitted variables.

We derive {{X;,; }13-:1};’:1 uniformly from [0,1] and {{¢; ; };:1};’:1 randomly from the type
I extreme-value distribution. Then, the latent variable y* is generated by each true model: yi": ;=
gj(Xi j,0) + €, ;. The binary outcome Y; ; is chosen to be 1, if yl?‘jj > ylf‘jm forallm # j, and
0 otherwise. Sample sizes are n = 100 and n = 250. The critical value for each test statistic
is computed by B = 100 repetitions of the parametric bootstrap, and all results are based on
M = 1,000 simulation runs.

For the nonparametric parts of the test statistics, X; ; are considered to be specific to each
alternative, namely, ¢ = 3. The quartic kernel K(z) = (15/16)(1 — z?)21(|z| < 1) is
used for nonparametric estimation. Bandwidths for the kernel estimator are chosen to be i €
{0.30,0.35,0.40,0.45}. We use the nonparametric density estimator of X; as the weight func-
tion for C,SHM); that is, w(x) = f5(x).

Table 1 illustrates the size of the tests at the 5% significance level. The first and second rows

CrSHM) C’gZh)

of the table show the size of the test statistics and , respectively. The first to fourth

columns of the table illustrate the results obtained with a sample size of n = 100 and bandwidths
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Table 1: Monte Carlo estimates for the size of the test statistics Cn(HM) and C,gZh).

n =100 n =250
Test\h 030 035 040 0.45 030 035 040 0.45
C,,(HM) 0.062 0.046 0.059 0.055 0.047 0.054 0.055 0.054
C,SZh) 0.058 0.064 0.063 0.077 0.065 0.074 0.064 0.049

Note: The significance level is 0.05.

h of 0.30, 0.35, 0.40, and 0.45, respectively. Similarly, the fifth to eighth columns show the result

with n = 250. Overall, the probabilities of rejection by C,SHM)

vary with the bandwidths but
stay around the nominal size. The size of the test statistic is close to its nominal value when
h = 0.35forn = 100 and & = 0.30 for n = 250. In contrast, C,gZh) tends to overreject the null
hypothesis. The probability of rejection is close to its nominal size when 4 = 0.45 and n = 250.

In comparing the power performance of the tests, it is possible to correct size distortion
by using the bandwidths corresponding to the nominal size of the tests. In practice, however,
this procedure cannot be employed because we do not know the true model. Thus, we do not
correct the size distortion in this experiment. We rather show the power performance with each
bandwidth level, since choosing an appropriate bandwidth in practice is outside the scope of this
paper.

Before beginning to show the simulation results of the power performance of the test statis-
tics, we illustrate the discrepancy between the true and parametric null models. The response
probabilities in this simulation are mappings of the unit cube to the unit interval. For illustra-
tion simplicity, however, we focus on the domain of the response probabilities, being {X; =
(Xi,1, Xi2, Xi3): Xi,j €[0,1] forall j and X; 1 = X; > = X; 3}. In this setting, the fitted val-
ues for the response probabilities of the parametric model under the null hypothesis are always
1/3 for all j because the model does not have any alternative-variant coefficients.

Figure 1 shows how the true and null response probabilities react to the covariates. The

larger distance between the true and null models with x fixed indicates that the parametric null
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Figure 1: Discrepancy between true and estimated parametric response probabilities for Models
1,2, and 3.
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Table 2: Monte Carlo results for the proportion of rejection of the null hypothesis by employing
the test statistics C,gHM) and C,gZh).

n = 100 n = 250

Test  Model\h 030 035 040 045 030 0.35 040 045

CHM Model 1 0.056 0.052 0.056 0.077  0.053 0.075 0.064 0.063
Model 2 0.377 0.952 0.985 0931  0.932 0.988 0.864 0.575
Model 3 0.149 0.298 0.190 0.109  0.721 0.616 0.418 0.334

%M Model 1 0.065 0.053 0.063 0.076  0.063 0.054 0.064 0.083
Model 2 0.998 1.000 1.000 1.000  1.000 1.000 1.000 1.000
Model 3 0.672 0709 0.791 0.838  0.995 0.999 0.999 1.000

Note: The significance level is 0.05.

model does not approximate the true model well. The parametric predictions of the response
probabilities lie close to the true response probability of Model 1 relative to Models 2 and 3 for
all j. For the second and third alternatives, the parametric null response probability appears to
lie closer to true one of Model 3 than that of Model 2. For the first alternative, however, the
distance between the true and null models seems to closer for Models 3. Summing it up, the null
model gives the best predictions of response probabilities for Model 1 and the predictions are
less accurate for Models 2 and 3. The prediction precision of the null model could reflect in the
power performance of the test statistics.

Table 2 reports the proportion of rejections of the null hypothesis at 5% significance by test
statistics C,gHM) and C,gZh). Both the test statistics have almost no nontrivial power when the
true model is Model 1. Non-rejection of the null hypothesis does not imply that the null model
is true. However, in fact, as the top three figures in Figure 1 exhibit, the parametric model under
the null hypothesis may provide proper approximation for the response probabilities of Model 1.
Therefore, the low power of the test statistics may be the acceptable result. In contrast, both the
test statistics have more non-trivial power when Model 2 or 3 is true. The power performance
improves along with the increase of sample size and depends on the choice of bandwidth.

By comparing the power performances of C,gHM) and C,gZh) in Table 2, we find that C,EZh)
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tends to outperform c,§HM)

, especially when the true model is Model 2 or 3. However, this

finding may be specific to sample sizes and types of misspecifications set in this experiment. First,
(HM) . . (Zh) .

Cn incorporates more nonparametric components than C,” "’ because the asymptotic mean

C,EHM) could be more scattered in a small sample, which impairs

of Ty,; is non-zero. Thus,
its power performance. Second, the relative power performances of these two tests may differ
when we set other functional forms for g(-) and distributions for €, because these test statistics

are constructed on different bases, L,-distance and moment conditions.

7 CONCLUSION

This study proposes two consistent specification tests for unordered multinomial choice models.
They test the specifications of multiple response probabilities jointly for all choice alternatives.
Both test statistics are asymptotically chi-square distributed with J — 1 degrees of freedom, con-
sistent against a fixed alternative, and have nontrivial power against local alternatives approaching
the null at the rate 1/ Vnh/2. The rejection region for the test statistic can be calculated through
a simple parametric bootstrap procedure, when the sample size is small. In Monte Carlo ex-
periments, we test the specification of the MNL model under three true models to examine the
power performance of the tests. We found that both the test statistics have almost no nontrivial
power when the parametric model under the null hypothesis provides a proper approximation for
the response probabilities of the true model. Both the test statistics have more non-trivial power
when the approximation of the null model is less successful. The test performance depends on
the choice of bandwidth. We can reduce size distortion by choosing an appropriate bandwidth,
but this issue remains for future research.

The tests proposed in this study can be applied to testing the parametric specifications of
response probabilities for any unordered multinomial choice models, including MNL and MNP
models. However, these tests are not able to detect local alternatives approaching the null hy-

pothesis at the parametric rate, nor are they rate-optimal. Extending the testing procedure to
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incorporate such features is left for future research.

NOTES

! Rate optimal tests are proposed by J. Fan and Huang (2001), Horowitz and Spokoiny (2001),
Spokoiny (2001), Baraud, Huet, and Laurent (2003), Zhang (2003), and Guerre and Lavergne
(2005), among others.

2 To be accurate, the MNL model proposed by McFadden (1974) consists of alternative-
variant coefficients, whose response probabilities are indicated by P(Y; = 1|X) =
exp(X'Bj)/[1 + Zf:l exp(X’B;)]. However, the models represented by alternative-variant co-
efficients are able to transform into a model with alternative-invariant coefficients without loss of
generality, which is sometimes called a conditional logit model. In this paper, we describe only

the model with alternative-invariant coefficients.
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APPENDIX

Proof of Proposition 1. It suffices to prove the following:

~(HM) 4 HM
To — "™ 5 NG, vHID), (A.1)
(HM) (HM)
v I _ UM — o (1), (A2)
HM Y (HM
VM _ UM — o,(1), (A3)
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(HM) (HM)
where VJ ; and ij

are the asymptotic variance of 7, ; and covariance between 7}, ; and

T m, respectively. We show that they can be written as follows:

[02(0) P (x)?
— e ax
26

(HM) _ 4) [Uj,m(x)]zﬂ(x)2
Vj,m =2K (0)/ 2(0) dx.

VI = 2k @ (0) f

Proof of (A.1). Since E(u; ;| X;) = 0, we obtain the following:

Tos = 12 [y = Sy, P00
2
— nhq/2 /{ﬁh,n [mj(Xi) —mé'j (Xi)] + ﬁh,n“i,j} w(x)dx
2
= /2 [l (X0) =g, (X01] ()

2
X;—
1 /Z?:lK( hx) “12

i
w(x)dx
nh34/2 fhz(x) )
X;— X;—
| Eior X K (557) K (55 ) i (x)d
m(x)dx
nh3a/2 fhz(x)
We will show that
Tij + Toy = ™) = 0, (1), (A4)
d
T3; = NO. VM), (A5)

Proof of (A.4). It follows that

2
Xi—
R

i,Jj
29 phal? FAX) T
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1 7 (X;)
hq/Z (2)( )Z ”fh( i)+0(1)

(o
K@
= k@0 [ 2 o0,

Thus, the proof of (A.4) is straightforward because the leave-one-out Nadaraya—Watson kernel
estimator for m; (X;) is consistent under Assumption 1, 2, and 6, and the parametric estimator
for 0].2 (x) is consistent under the null hypothesis.

Proof of (A.5). It is clear that 73 ; can be treated as a second-order degenerate U-statistic:

T = >3 s R (K, X0

i=11%#i

where K(X;, X)) = [ K[(Xi_x)/jflz](]ig(xl_x)/h]n(x)dx. Letting Z; = {X;,u;}, we define
h

Gn(Z1,Z3) = Ez;{[u1,jui,j K(X1, Xi)l[uz,jui K (X5, X;)]}. According to the central limit

theorem for degenerate U-statistics proposed by Hall (1984),

T3,
e 2Ry s R (X1, X))

2 NO, 1)

if

E[G2(Z1. Z2)] + n'E{{uy, juz,j K (X1, X2)]*}
E{[u1,juz,; K (X1, X2)]2}2

—0 asn — oo. (A.6)
Thus, it is enough to show that (A.6) and the following hold:
2h B {[uy juz,j K (X1, X2)2} 5 VM, (A7)
Proof of (A.6). First, straightforward calculation gives
E[G5(Z1, Z2)]
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2
7?0} ()| [ R0 R O 00 | }

2
= h4q[aj2(x)q,-2(y)[ ¢ 20 (x)f(x)K(“)( - )+ O(hq)} Jf(x) f(y)dxdy

nu&m’
2 4
= O(h™), (A.8)

where K (© is defined as the two-times convolution product of K @,

Second, in the same way as above, we obtain

n T EB{luy jua; K (X1, X2)]*}

4
K X1—X K X2—X
= %E {04(x1)04(x2) |:/ ( hfhz)(xg h )Jr(x)dx:| }
h* Vot (x)o* (x2)m* (x1) X1 —x2\74
——E{ [k (52)]

= [f2<x1>14 +O(hnj)

_ Y @) [o* )Pt (x) ., (@)
S VIGOETE B A

5

n

The last equation holds because O';-" (x) = IE[M:l j | X; = x] is bounded by Assumption 1 and the
fact that Y; ; is a binary variable taking the values zero and one.

Next, we obtain the following:

E{[u1,juz,; K(X1, X2)*}? = E{E{[u1,juz,; K (X1, X2)]*| X1. X2}}?

2 2
K (X=X g (X2=X
:E{of(xl)ajz(xz) |:/ ( hfz)(xg h )n(x)dx:| }
h

= 0(h°). (A.10)
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Finally, (A.8)—(A.10) indicate that (A.6) holds because O(h79)0(h>?/n)/O0(h>?) — 0 as
n—ooand h — 0.

Proof of (A.7). It can be shown by straightforward calculation that

2h 3B [uy,jus,; K (X1, X2)]%)

X|—X X2—X 2
= 2h1E 1 07 (x1)07 (x2) U = hfz)(ljcg : n(x)dx}
h

2 2 2
= 2K®(0) f % f(x)%dx + O(h).
h

LR y 0 (A.11)

because the nonparametric density estimator f}, is consistent under Assumptions 1 and 6.

Proof of (A.2) and (A.3). Since the asymptotic variance VJU;IM) is shown above, we derive the
asymptotic covariance VJ(ZM) According to the result of (A.1), it is clear that E(73,; T3,,) 2
Vv EM) a5 n = 0. Because E(ui,ju;,j) = 0ifi # 1, and E(u; ju;m|X;) = 0jm(X;) if j #

m, it follows that

E(T3,; T3,m) =

Xi—x X;—x .. .
n21113‘1E [Z s K (% f,,)(j( Z )“”’ul”n(x)dx

/ SN2 K (Xsh—y) K (th‘y) Usmlt.m
th(y)

n(y)dy

n K X;—x K X;—x
2n_2h_qE|:2i:;ui,jul,jui,mul,m/ ( hfzz(x)( " )n(x)dx
) (5

[ T )
=2K9(0) f o m;X)(]Z)J]Tz(X)Zf(X)zdx + O(h)

2 ijn’jMX (A.12)

n(y)dy}
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Thus, the proofs of (A.2) and (A.3) are straightforward from (A.11) and (A.12).

Proof of Proposition 2. 1t suffices to prove the following:

~ d
nh12 2, ; 5 NO,VEP), (A.13)
Zh ~(Zh
ViR =V = 0p(1). &.14)
Zh Y (Zh
VIR 0 = op(1). (A.15)
where VJ.(JZ.h) and Vj(flh) are the asymptotic variance of nh9 127 n,j and the covariance between

nhd/ 22,,, j and nhi/2z n,m. respectively. We show that they can be written as follows:

VD = 2k @ 0)E(o2()2 (1)},

VIR = 2K @ ()E{o;m ()] f (x)}.

Proof of (A.13). Under the null hypothesis, we have m; (-) = mg_;(-). Thus, it follows that

W25 1 " I% Xi—X;
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=1 [

[me,; (Xi) —my (Xi)llme,; (X)) —mg (X)]

n

X;i— X
s B s

ll;ét

s 2ok (M

11#i

) [mo,;(Xi) —my (Xi)]uy,;

31



) [me,; (X1) —my (XD]ui,;

hq/Z(n VE ZZ (

=11#i
=Z1,j+ 2o+ 723+ Zs;.

We will prove the following:

Z1,j =0p(1), (A.16)
Zo; LN (0.v 7). (A.17)
Zs; =o0p(1), (A.18)
Za; =o0p(1). (A.19)

Proof of (A.16). Assumptions 1, 5, and 6 along with straightforward calculation show that

Proof of (A.17). Note that Z, ; can be treated as a second-order degenerate U-statistic:

hi/2 " Xi — X
sz :n(n_])zz ( )Mi’jul,j.
=1 Ii
Define Gn(Z1.Z2) = Ez[{K[(X1—X;)/hluyjuij }{K[(X2— X;)/hluz, jui ],
where Z; = {Xj,u;}. According to the central limit theorem for degenerat U-statistics pro-
posed by Hall (1984),
Zy,j d
2.J 5 N, 1) (A.20)
h—a/2 \/ZE{[Ml,juz,jK (%)]2}
if
E[G2(Z1, Za)] + n™ Bl jua K (X152 )14}
—0 asn — oo. (A.21)

Elfu, jua,; K (2522) 212
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Thus, it is enough to show that (A.21) and the following hold:

2 0 (XX 2
ha Uy, juz,j 2
Proof of (A.21). First, straightforward calculation gives

4 v 2
E[GZ(Z1,Z2)] =E BEZZ- [”111'“2,1‘“:'2,11{ (Xl ; Xl) K (X2 h : )“ }

—Z —Z 2
o?(X1)o? (X2) [/ o2 (2)K (th )K (th )f(z)dz:| }

= 31K (0) f[ojz(x)]“f(x)“dx + O(h39TY) 4 o(n311Y)

(Zh)
— Vi, (A22)

=E

= 0(h39). (A.23)

In the same way, it can be shown that

1 X — X2\ 1%
_E Uy K
i (1572)

1

- / of ()0} () [K (%)]W (x) f(y)dxdy

2
= };_q /[o;‘(x)]zfz(x)dx/ [K )]*du + O (h q)

n

=0 (E) : (A.24)

n

Next, after some calculation, we obtain

2 2
X1 —X»
ul,juz,jK h

E =E

)2
o?(X1)o%(X2) [K (Xl ;Xz)]

2
= h24 {K(Z)(O) / [02()]% f2(x)dx + 0(h)§

= 0(h?9). (A.25)

o> n+o(k)

o0 — Qash — Oand

Finally, (A.23)—(A.25) indicate that (A.21) holds because

nh? — oo.
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Proof of (A.22). From equation (A.25), it is clear that

2E
7

2
s (22 } =2k [l0* P f0dx + 0y
= 2K@()E{[0?(x)]? f(x)} + O(h)

(Zh)
— v, (A.26)

Proof of (A.18) and (A.19). (A.18) and (A.19) are straightforward because E(u; ;| X;) = 0 and

E(u;, ;| X;) = 0 from the definition. First, we show that Z3 ; = 0,(1):

Xl) o, (Xi) = mg ;(X)us,j

. 1 X”:X”:K (Xl
3,' = -
SRR EE =114

_ hq% > {EX, [K (X" . X’) op(l/muz,,} n op(wa}

—0p(1/ /) = 0p(1/¥/nh) = 0, (1).

hq/2
We can also prove (A.19) by similar calculation.

Proof of (A.14) and (A.15). Since the asymptotic variance is shown above, we derive the
asymptotic covariance between nh? / 22,1, j and nhd/ ZZn,m, which we denote as Vj(ih). From
the results of (A.16)—(A.19), it is clear that E(Z3 ; Z> m) — Vj(,Znh) as n — o0o. Because

E(uijuy,j) = 0if i # 1, and E(u; ju;m|X;) = 0j,m(X;) if j # m, it follows that

E(ZZ:]ZZ,m)
n X — Xl n X._ X
1)2hq ZZK( : )uz,Juz,ZZK( S t)usmutm
=11[#1 s=112s
B A )
i=11+#1

_ (n_zﬁ [ oimimm [k (S52)] £ s 01dxa
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—2k®(0) / [0j.m (2 £2(0)dx + O(h)

(Z h)

-V (A.27)

Thus, the proofs of (A.14) and (A.15) are straightforward from (A.26) and (A.27). |

Proof of Lemma 1. According to the proof of Proposition 1, we can write 75, ; = Ty ; + 1>, ; +

T3, ;. Thus, it is enough to show the following:

{07 (x) =my ([l —mg ()]} (x)

~(HM) _
Ij+T12; — i = an K(Z)(O)/ IS dx + op(1)
= 0(h1/?), (A.28)
1
(1 — Dhal2 By = / o, j (u) — m; ) (w)du + op(1), (A.29)

VM 2K [ (6 mg,; (11 = oy (2 @) + 0, (1),

(A.30)

Since 61.2 (x) = mp x)[1— mg (x)] converges to mg_; (x)[1 — mg_;(x)] in probability under
the alternative hypothesis, the proofs of (A.28) and (A.30) are straightforward.

Proof of (A.29). To show the probability limit, we apply Lemma 3.1 of Powell, Stock, and Stoker
(1989), which shows that (n — 1) "\ h=9/2T5 j = iip + 0, (1) if B[ A7 29u; ju; ; K(Xi, X1)||?] =
o(n), where 7, = E[h™2%u; JULj K(X;, X))

The condition for the application of of Lemma 3.1 holds as follows:

Ellh™Tu; jup ; K (Xi, X))
2

| K X,-h—x K X/h—x
~ B | [ ( fzz(xf ) wcoas | s2xroicnn
2 2
=h qK(“)(O)/%f(x)zdx#— o(1)
h

= O(h™7) = O(n(nh?)™") = o(n),
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since nh? — oco. Applying Lemma 3.1, we get T3,j = 'n + 0p(1), where

1
(n—1)ha/2

T = E[h_zqui’jul,jk(xi, X))

=h" qu [E(u; 1|X1)E(MIJ|XI)K(X17XZ)]

=h- 2q / / K(MT;Z)([(S%)n(x)dx[maj (U) —mj (u)][me,j (U) —m;j (U)]f(u)f(v)dudv

- [ k@ws f 2 [me,](u) mj )P f @)*du + O(h)
h

= [[mg,j(u) —mj(u)] m(u)du + op(1).

The last equality holds because [ K @ (s)ds = 1. |

Proof of Lemma 2. According to the proof of Proposition 2, we can write nhil2z n,j =2Za,j+

op(1), where mzz, ;j is a second-order U-statistic. It is enough to show the following:

1

—7q 22,0 = Ellmg ; (Xi) —m; (Xpl f (X)) + 0p(D), (A31)

VA =2K@ (0)Eime,; (Xi)*[1 — mg ; (X)]> f(Xi)} + 0p(1). (A.32)

Since 6].2()() =mg x)[1— mg (x)] converges to mg_; (x)[1 — mg_;(x)] in probability under
the alternative hypothesis, the proofs of (A.32) is straightforward.

Proof of (A.32). We show that n=1h=2/4 Z,,j satisfies the condition for the application of
Lemma 3.1 of Powell et al. (1989):

_ Xi—X
Bl K (S ) 1P

=20 [ K (5) 020p0) 100 fr)dxdy
=h1 / Ku)?[07 (x)]* f(x)*dxdu + O(1)

= 0™ = O(n(nh?)™') = o(n) since nh? — oco.
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Applying Lemma 3.1, we obtain Zy,j =Tn +0p(1), where

hq/2

Xi—X
r —E|:h u,]ul]K( lh l)]

B / K (%) [mg,;(x) —m;(x)]lme,; (y) —m;j ()] f(x)f(y)dxdy

= f K(u)[mg,j(x) —m; (x)]zf(x)zdxdu + O(h)

= E{lmg,j (X:) —m;(X)> f(X:)} + O(h).

Proof of Lemma 3. Under the local alternative hypothesis, 7}, ; can be written as follows:

Toy = 112 [ ) = Sy, (6 Pr(0)d
2
= nhi/? /{ﬁh,n[mj(Xi) —my (Xi) + 8nlj (Xi) + ui,j]} m(x)dx
=nhQ/2/{ﬁh’n[mj(Xi)—Méd,(Xi)]}zn(x)dx
1 : X
nh34/2 /ZK (

2
— x) [wi,j + 8nl; (X)) f 2 (x)m(x)dx

Xﬁ — X o . .
nh3q/2/;§K( ) ( A )[uw + 8nlj (Xi)]

1, + 8uli (X)) fy, 2 () (x)dx
2 N X;—x X;—x . .
nh3‘1/2/,~=211=21K( )K( h )[m’(X’)_mé,j(Xl)]

Snli (X)) fh_z(x)yr(x)dx + 0p(1)

=Ti;+T2j + hSq/z /Z (X’h_x) [8al; (X)) £ 2 (x) 7 (x)dx

+Toyt s | ZEK (X’ A x) K (X’ = x) 52 (Xo)l; (X) fi7 2 () () dx
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+ W%/ZZK(X",;X)K(X’;’“) [y (Xi) = g (Xi)]

i=1]=1
8nlj (X1) fi 2 () (x)dx + 0p(1)

=T1,j+ T2+ T, ; + T3, +Ts; + Ty +o0p(l).

d
From (A.4) and (A.5), we have T1,; + Ta,j — "™ = 0,(1) and T3 ; = N(0, V™)),
T, ; + T; ; can be written as follows:
Xi—
/ / /2¢2 {Zlnle( hx)lj(Xi)}z
T, ; +Ts5,; =nh?=5, < (x)dx
’ ’ n i—X
O K (25
=c / [Rpnli (X)) (x)dx,
where ¢ = nh4/282 is a constant that converges to 1 as n — co. Thus,
/ r P 2
I,,+T;; — /lj(x) m(x)dx. (A.33)

Next, we show the asymptotic behavior of 7, i

, 2 "2 Xi—x X;—x
T:W/EIZK( ) (B o —mg i

Suli (X1) fi 2 (x) 7 (x)dx

:2nhq/28n/{ZK(Xih_x)[mj(Xi)—mé,j(Xi)]$
i=1
n n —2
{ZK(X’,;")IJ-(XZ) [ZK(X",:")} r(o)dx
I=1 i=1

=2 [ Syl (X0 = mg (Xl (X7
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Thus,
Taj 52 / [mj(x) —mg (Ol (x)m(x)dx. (A.34)

Finally, it follows from (A.4), (A.5), (A.33), and (A.34) that
. d .
T — "™ S Ny VM) foran ;.
|

Proof of Lemma 4. Under the local alternative hypothesis, nh?/2Z n,j can be written as follows:

n n Xi— X\ . A
Ug,i,jue,l,j

1 n o n X, — X
:——WZZK( ; l)[mj(Xi)_mé’j(Xi)+5nlj(Xi)+Mi,j]

[mj (X1) —mp ;(X1) + 8nlj (X1) +uy 5]

1 . X — X
=zl,,-+mgzl<( ) I X0 = (X8 )

o 2o 0 K (T b ) =m0y (0

1 . Xi — X;
+—— Y YK ( : ) 821; (X))l (X)) + Za,; + 0p(1)
i=
=Z1j+2Z5; + 25, +Zy i+ Za; +op(1).

d
From (A.16) and (A.17), we have Z1 ; = 0, (1) Z5,; — N(0, V].(jZ.h)). Similar to the proof for

(A.18) in Proposition 2, it can be straightforwardly shown that Z} j =op(l)and Z 3, ;i =o0p(1).

E(Z é j) can be written as follows:
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n

, 1 z Xi— X1\ o2
2= e oK () o)

i=11#1

I ¢ Xi— X
~ halz 2_E [K( W l) 5511()(1')11(?(1)] +op(1)
i=1
n

X —X
- WE [K( 1 7 ‘l) 5;3lj(X1)lj(Xz)] +0,(1)
- ;,:T / K (S52) 8210l () £ () f(0)dxdy + 0p(1)
= nh4/25,21 / K@)l (x)lj(x —uh) f(x) f(x —uh)dxdu + op(1)

=c / 1;(x)? f(x)*dx + O(h) + 0p(1).

Therefore, Zéﬁj converges to E[/; (x)2 f(x)] = Mjf asn — oo. [ |

Proofs of Propositions 7 and 8. The proofs of Propositions 7 and 8 are on the same lines as
Propositions 1 and 2, respectively. The boundedness of J]T"4(x) = E[u;“} | X; = x] correspond-
ing to (A.9) and (A.24) can be shown straightforwardly because Yi*j is a binary variable taking

the values zero and one and X lies on a compact set by Assumption 1. |
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