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1 Introduction

In recent years, the techniques of monotone comparative statics have been extensively applied to
economic modeling. The most basic result in this theory concerns the monotonicity of an agent’s
optimal choice as a parameter changes. To be specific, let %; be a binary relation over (x;,&;) € RxR,
where z; is interpreted as agent i’s action and & some parameter that may affect the agent’s choice.
Assume that, for any fixed &, the restriction of >, to the set {(7;,&;) : a; € R} is a preference, i.e., a
complete, reflexive and symmetric relation. Given &; and given a feasible action set A; < R, agent

i’s optimal choice (or best response) is

What conditions guarantee that BR(§;, A;) is increasing in &;, in the sense that every element in
BR(&7, A;) is greater than every element in BR(E, 4;), when & > &7 It is known that, for this
to hold on every A;, where A; is an arbitrary subset of R, it is necessary and sufficient that X>;
obeys strict single crossing differences (see Milgrom and Shannon, 1994). This property says that

" / " !
for every ] >z and £ > ¢,

(ZL“;/,le) Zi (l‘;,ﬁ;) = (l‘gagz{,) > (:L‘gvgz{/)’

where >; is the strict preference induced by ;. In the case where we restrict the feasible action
sets A; to intervals of R, then strict single crossing differences can be weakened and replaced by the
strict interval dominance property (see Quah and Strulovici, 2008), which says that
(1’2/751/) Zi (xhg;) for all Zi€ [LE;,.T;I] d (xgagz{,) >i (miué-;/)
Given the central role played by these properties in ensuring monotonicity, it is useful to char-
acterize those observations of an agent’s choices that are consistent with them. In other words, our
objective is to develop revealed preference tests for these properties, along the lines of Afriat’s The-

orem, which characterizes consumer data sets that are consistent with the maximization of a locally

non-satiated utility function. A test of this type is a natural starting point for a nonparametric



investigation of monotone comparative statics. In our setting, we assume that the observer has
access to a data set with T observations, O; = {(al, &, AY)}L_ |, where af is the observed choice from
the feasible action set A! when the parameter is £/. We assume that A! is a compact interval of R.
The data set is said to be monotone-rationalizable if there is x; such that (i) a} € BR(&!, AL, x;) and
(ii) %, obeys strict interval dominance and is regular in the sense that BR(&;, A;, Z;) is nonempty
and compact for all y;, whenever A; is compact. This definition captures the notion that the ob-
servations are consistent with the belief that the agent is optimizing according to a preference with
strict interval dominance. The requirement (i) guarantees that %; can actually account for the ob-
served data, while the strict interval dominance requirement in (ii) guarantees that agent i’s choice
is monotone (with respect to the parameter) on all feasible sets that are compact intervals, even at

feasible sets not amongst those observed.

It is clear that monotone-rationalizability is a refutable hypothesis. For example, consider two
observations (a},&', Al) = (4,1,[3,6]) and (a?,&2, A?) = (3,2,[3,6]). In both observations, the
feasible set is [3,6]. The fact that 4 is chosen in the first observation means that (4,1) %; (a;, 1)
for all a; € [3,4]. Strict interval dominance of %, then requires (4,2) >; (3,2), which means that
the choice in the second observation cannot be optimal. A more elaborate example involving three
observations is the following: (a},&', A}) = (4,1,[3,6]) (as before), (a?,&%, A2) = (3,2,]0,3] and
(a3,&2, A3) = (0,2,]0,5]). Again, the first observation tells us that (4,2) >; (3,2). The second
observation tells us that (3,2) x; (0,2) (since action 0 was available when 3 was chosen) while the
third observation tell us that (0,2) X; (4,2) (since 4 was available when 0 was chosen). Since X is

transitive, observations 2 and 3 together tell us that (3,2) >; (4,2) and so we obtain a contradiction.

We show that an intuitive and easy-to-check property of the data set we call the axiom of
revealed complementarity (ARC) is both necessary and sufficient for monotone-rationalizabilty. In
essence, the axiom requires the exclusion of the phenomena depicted in the examples. In fact,
our result is somewhat stronger: whenever ARC holds, we could choose X; to obey strict single
crossing differences (and not just strict interval dominance).! When a data set obeys ARC, there

will typically be more than one preference that rationalizes the data, so it would be natural to ask

!Note that the result hinges on assumption that observed feasible sets are compact intervals. When we allow
for A! to be arbitrary compact sets, ARC is not sufficient to guarantee rationalization with X; obeying strict single
crossing differences (see Example 1 in Section 3).



what we can robustly infer about agent i’s preference from his observed behavior. We provide a
way of precisely identifying those pairs of actions that we can safely order, in the sense that the

ordering holds for all preferences consistent with the data and obeying strict interval dominance.

An important application of monotone comparative statics is to the study of games with strategic
complementarity (see Milgrom and Robert (1990) and Vives (1990)). These are games where players’
strategies are complements in the sense that an agent’s best response increases with the action of
other players in the game. These games are known to be very well-behaved: they always have
pure strategy Nash equilibria, in fact, there is always a largest and a smallest pure strategy Nash
equilibrium and a parameter change that leads to one agent having a greater best response will
raise both the largest and smallest equilibrium. Our revealed preference tests can be applied to
this context. Specifically, consider a data set where observations are drawn from an n-player game.
For each player ¢ (i = 1,2,...,n), we observe the feasible action set A! (assumed to be a compact
interval), the action chosen by the player, af € Al and an exogenous parameter y! (drawn from
a poset) that affects player i’s action. An observation ¢ may be succinctly written as (af,y*, AY),
where a' = (al)™_,, etc, and the data set is O = {(a’,y*, A")}I_;. In other words, we observe the
outcome in T different games, played by the same players, with games differing according to the
feasible action sets available to each player and/or the exogenous parameters affecting each players’

behavior.

Our first and most basic task is to develop a test for the hypothesis that the observations
constitute Nash equilibria in games with strategic complementarity. Notice that this hypothesis
is at least internally consistent since we know that these games always have pure strategy Nash
equilibria. The resolution to this problem is straightforward given the single-agent results: all we
need to do is to check that each player’s choices are monotone-rationalizable. Formally, this involves
determining whether the data sets O; = {(al, !, AD}L |, where & = (a';, y!) obey ARC. The data

set O is consistent with strategic complementarity if and only if ARC holds for O;, for all i.

When the data set O obeys ARC (in the sense that every player obeys ARC), a natural followup
is to ask how this data can be exploited to make predictions of equilibrium play in a new game, with
different feasible action sets A = (A?)"_ | and different parameters y° = (y?)"_,, assuming that the

players’ preferences remain unchanged. For each player, we provide a procedure for working out the



possible response correspondence. This specifies, given an exogenous parameter y; and a profile of
other players’ strategies, a_;, the set of all actions of player ¢ that could be a best response, in the
sense that it is a best response according to some preference for player ¢ that obeys strict interval
dominance and is consistent with his behavior as observed in ;. With these correspondences we
may identify €(y°, A°), which is the set of all possible Nash equilibria in the new game. Remarkably,
we show that £(y°, A°) has properties that echo those of a set of Nash equilibrium of a game with
strategic complementarity even if they are not exactly the same. While £(y°, A°) may not have a
largest or smallest element, we show that the closure of this set does have a largest and smallest

element. Furthermore, these extremal elements increase with 3/°.

Our study is not the first to obtain a revealed preference-type result in a monotone choice
environment. In particular, Topkis (1998, Theorem 2.8.9) reports an early result of this type. Topkis
considers a correspondence ¢ : T — R’ that maps elements of a totally ordered set T to compact
sublattices of the Euclidean space R!. He shows that this correspondence is increasing in the strong
set order if and only if there is a function f : R x T — R such that ¢(t) = arg maxgcpe f(z,1)
where f is supermodular in = and has increasing differences in (z,¢). In the case where ¢ is a
choice function, such a rationalization is possible even when T is a partially (rather than totally)
ordered set; this has been noted by Carvajal (2004) and Lazzati (2014), who also exploit this result
in a revealed preference analysis of games with strategic complementarity. In our paper, we confine
ourselves to the case where actions are totally ordered (rather than elements of a Euclidean space),
but the observational possibilities for the observer are allowed to be richer because we assume
that he may observe the agent choosing from different subsets of the set of all possible actions.
Consequently, at a given parameter value, the observer’s information may go beyond the set of
globally optimal actions; he may also receive partial information on the agent’s preference over
different actions. This in turn means that the problem we pose is different and (in one respect)
more complicated than the one posed by Topkis, because the rationalizing preference we construct
has to agree with this wider range of preference information, in addition to obeying single crossing

differences or interval dominance.

The paper is organized as follows. After a quick review of monotone comparative statics and
strategic complementarity in the next section, Section 3 gives a revealed preference characterization

of monotone rationalizability. This section also discusses the preference information that may be



robustly inferred from a monotone rationalizable data set. Section 4 extends the analysis to games

with strategic complementarity and discusses out-of-sample predictions of Nash equilibria.

2 Basic concepts and theory

Our objective in this section is to give a quick review of some basic concepts and results in monotone
comparative statics and of their application to games with strategic complementarities. This will

then motivate the revealed preference theory developed later in the paper.

2.1 Monotone choice on intervals

Let X; < R be the set of all conceivable actions of an agent i. A feasible action set of agent i
is a subset A; of X;. We assume that A; is compact in R and that it is an interval of X;. We
say that a set A; € X, is an interval of X; if, whenever 2", 2’ € A;, with 2” > 2/, then, for any
element 7 € X; such that 2” > 7 > 2/, 7 € A;. Given that A; is both compact and an interval,
we can refer to it as a compact interval. It is clear that there must be a@; and a; in A; such that

A; ={a; € X; : g

; < a; < a;}. Given this it is sometimes convenient to denote A; by [a;, a;]. We

denote by A; the collection of all compact intervals of X;. Given a feasible action set A;, agent i’s
choice over different actions in A; is affected by some parameter &;. We assume that &; is drawn
from a partially ordered set (or poset, for short) (Z;,>). For the sake of notational simplicity, we
are using the same notation for the orders on X; and =; and for any other ordered sets; we do not
anticipate any danger of confusion.

A binary relation z; on X; x =; is said to be a preference of agent ¢ if, for every fixed &; € =;,
%, is a complete, reflexive and transitive relation on X;. We call a preference x; reqular if, for all
A; € A; and &, the set BR;(&;, A;, ;) (which we may shorten to BR;(;, A;) when there is no danger
of confusion), as defined by (1), is nonempty and compact in R. We refer to BR;(¢;, A;) as agent
i's best response or optimal choice at (§;, A;). The best response of agent i is said to be monotone

or increasing in &; if, for every & > &,

a;j € BR;(&, 4;) and a; € BR; (¢, A;) = aj > a;. (2)



The preference %; is said to obey strict interval dominance (SID) if, for every x7 > z! and &/ > £,

(27, &) i (x4, &) for all x € [x7, 27] = (27, &) > (2, &), (3)

where >; is the asymmetric part of %, i.e., (%;,&) > (vi,&) if (x:,&) Zi (vi,&) and (x;,&) %
(yi,&). The following result is straightforward adaptation of Theorem 1 in Quah and Strulovici

(2009). We shall re-prove it here because of its central role in this paper.

THEOREM A. Suppose =; is a reqular preference on X; x Z;. Then agent i has a monotone best

response correspondence if and only if Z; obeys strict interval dominance.

Proof. To show that X; obeys SID, suppose that, for some z! > z} and &’ > £, the left
side of (3) holds. Letting A; = [}, 27], we obtain z! € BR;(&/, A;). Hence, by (2), it also holds
that = € BR;(¢/, A;y). If (2,&)) ~; («},&) were to hold, then 2z} € BR;({/, A;). However, then
we have that =7 € BR;(&), A;), =i € BR;(&/, A;), and 2 < 27, which contradicts (2). Therefore,
(xf,&]) > (x},&). Conversely, suppose & > &, a! € BR;(£!, A;) and a) € BR;(¢], A;). If af < a,
then (al, &) % (a;, &) for every x; € [af,a;] < A;. SID guarantees that (af, &) >; (a?, &), which

contradicts the assumption that a; € BR;(&;, A;). O

Readers familiar with the standard theory of monotone comparative statics will notice that our
definition of monotonicity (2) is stronger than the standard notion, which merely requires that
BR; (&, A;) dominates BR; (&), A;) in the strong set order. This means that, for any a € BR; (£, A;)
and a;BR;(&], A;), max{a},a.} € BR;(¢/, A;) and min{a!, a}} € BR;(&, A;). In turn, this weaker

notion of monotonicity can be characterized by preferences obeying interval dominance (rather

than strict interval dominance), which is defined as follows: for every a > a; and £/ > &,

(a7, &) zi (>4) (@i, &) for every a; € [a;, af] = (a7, &) Zi (>) (a5, &). (4)

(The reader can verify this claim by a straightforward modification of the proof of Theorem A or
by consulting Theorem 1 in Quah and Strulovici (2009).) Throughout this paper we have chosen
to work with this stronger notion of monotonicity; the weaker notion does not permit meaningful

revealed preference analysis because it does not exclude the possibility that an agent is simply



indifferent to all actions at every parameter value.?

2.2 Strategic complementarity

An important application of monotone comparative statics is to the study of games with strategic
complementarity. Let N = {1,2,....,n} be the set of agents in a game, and let X; < R be the
set of all conceivable actions of agent i. We assume that ¢ has a feasible action set A; that is a
compact interval of X;; as before, the family of compact intervals of X; is denoted by A;. Agent
1’s choice over different feasible actions is affected by the actions of other players and also by an
exogenous parameter y;, which we assume is drawn from a poset (Y;, >). Let =; = X_; x Y}, where
X_i = x;zX;. A typical element of =; is denoted by & = (a_;,y;) and =Z; is a poset if we endow

it with the product order. We assume that agent ¢ has a preference >; on X; x =;.

Given a profile of regular preferences {X;}icn, a joint feasible action set A € A = X;enA;, and

a profile of exogenous parameters y € Y = x,cnY;, we can define a game

Gy, A) = [(¥i)ien, (As)ien, (Zi)ien] -

We say that the family of games G = {G(y, A)}(y,4)ev x4 exhibits strategic complementarity if, for
every A € A, the best response of each agent i (as given by (1)) is monotone in & = (a_;,y;)-
It is clear from Theorem A that the family of games G = {G(y, A)},a)evxa exhibits strategic

complementarity if and only if Z; is an SID preference for every agent i.

As an example of such a family, consider the case of a Bertrand oligopoly with n firms, with
each firm producing a single differentiated product. Assume that firm ¢ has constant marginal cost
c; > 0, faces the demand function D;(p;,p,) : Ry x R";' — R, and chooses its price p; > 0 to

maximize profit I1;(p;, p_i, ¢;) = (pi—¢i)Di(pi, p—i). Suppose that the firms’ products are substitutes

in the sense that the own-price elasticity of demand,

b 0Dy
Di(pi, p-i) Opi
20ur stronger assumption here is analogous to the assumption of local non-satiation made in Afriat’s Theorem.

It is clear that without such an assumption, any type of consumption data is rationalizable since one could simple
suppose that the consumer is indifferent across all consumption bundles.

(pi ) ]Li)




is strictly falling with respect to p_; (the prices charged by other firms). These assumptions guar-
antee that, on any compact interval of prices, firm i’s set of profit-maximizing prices is monotone in
(p_s, ;). If this property holds for every firm in the industry, the collection of Bertrand games gen-
erated by different feasible price sets to each firm and different exogenous parameters, ¢ = (¢;)ien,

will constitute a collection of games exhibiting strategic complementarity.

It is known that the set of Nash equilibria of a game with strategic complementarity (even in
the weaker sense of best responses increasing in the strong set order) is particularly well-behaved.

The following result summarizes some of its properties.*

THEOREM B. Suppose G = {G(y, A)}(y,a)ey x4 exhibils strategic complementarity.

1. [EXISTENCE] Then, for every game G(y,A) € G, the set of pure strategy Nash equilibria
E(y, A) is nonempty.

2. [STRUCTURE]| For every game G(y, A), E(y, A) has a largest and smallest element (which we
denote by max E(y, A) and min E(y, A) respectively). Furthermore, E(y, A) forms a complete

lattice, i.e., every set K < E(y, A) has a supremum and infimum in E(y, A), i.e., the sets

UK) = {z€eE(y,A)|lz =z foralze K} and
LK) = {z€E(y,A)|z <z foralze K}

are nonempty and minU (K') and max L(K) (respectively the supremum and infimum of K in

E(y, A)) both exist.

3. [COMPARATIVE STATICS] The extremal equilibria of G(y, A) are both increasing in y, i.e., if

y" >y then max E(y”, A) = max(y’, A) and min E(y", A) = min(y’, A).

The set of Nash equilibria of G(y, A) coincides with the fixed points of the joint best response

3Specifically, they guarantee that for any p? > p}, InI(p, p_;, c;) —InTL(p}, p_;, ¢;) is strictly increasing in (p_;, ¢;),
which implies SID (see Milgrom and Shannon, 1994).

4For the proof of this result see Milgrom and Roberts (1990) and Vives (1990). The complete lattice structure of
E(A,y) was first pointed out in Zhou (1994).



correspondence BR(-,y, A) : A =3 A, where

BR(CL, Yy, A) = (BR1 (51, Al); BRQ(&Q, AQ), ey BRH(£n7 An)) .

The strong structural properties of E(y, A) follow from the fact that this is a very well-behaved
correspondence. Indeed, under strategic complementarity, for each (y, A) € Y x A, BR;(&;, A;) is
a compact subset of R and increasing in the sense of (2). Consequently, BR(a,y, A) is a compact
sublattice (hence subcomplete sublattice) of R™; furthermore the correspondence BR(:,y, A) is in-
creasing in the sense that if a” > o, then @” > @ for any @” € BR(a”,y, A) and @’ € BR(d/,y, A).
With these observations, parts 1 and 2 of Theorem B follow immediately from Zhou’s (1994) ex-

tension (to increasing correspondences) of Tarski’s fixed point theorem.

TARSKI-ZHOU FIXED POINT THEOREM. Let (L,>) be a complete lattice, and let a correspon-

dence F': L =3 L be subcomplete sublattice-valued and increasing with respect to the strong set order.

Then (L, =) is a nonempty complete lattice, where L is the set of fized points of F.

To obtain Part 3 of Theorem B, notice that BR(a,y, A) is also increasing in y. Part 3 then
follows from the following result, with F(-) = BR(-,y", A), G(-) = BR(-, ¢/, A), and ¢’ > ¢/'.

MONOTONE FIXED POINTS THEOREM. Suppose that both F': L = L and G : L = L obey the

assumptions in Tarski-Zhou fized point theorem and, for each z € L, F(z) dominates G(z) in the
strong set order. Then the largest and the smallest fized points of F' are respectively larger than the

largest and the smallest fived points of G.°

In essence, our objective in this paper is to establish the choice-based counterparts of Theorems
A and B. Our starting point is a data set drawn from a family of games. We characterize those
data sets that are compatible with strategic complementarity and identify, for each player, the set
of preferences that are compatible with his observed behavior. With this information, we ask how
the same players will play in a new game, with difference strategy sets or parameters; we provide
a computable characterization of the set of possible pure strategy Nash equilibria (i.e., the set of

equilibria compatible with prior observations) and show that this set has a structure similar to that

5This result is originally shown in Milgrom and Roberts (1994) for single-valued functions, and extended to
correspondences in Topkis (1998).
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of the actual equilibria in a game with strategic complementarity (as outlined in Theorem B).

3 Revealed monotone choice

Consider an observer who collects a finite data set from agent i, where each observation consists of
the action chosen by the agent, the set of feasible actions and the value of the parameter. Formally,
the data set is O; = {(al, ¢!, AD) her, where T = {1,2,...,T}, al € AL, and Al € A;. We say that O,
(or simply, agent i) is consistent with monotonicity or monotone-rationalizable if there is a regular
and SID preference x; on X; x =; such that for every ¢t € T, (a!,&!) z; (4,&}) for every x; € AL
The motivation for this definition is clear: if O; is monotone-rationalizable then we have found
a preference that can (i) account for the observed behavior of the agent and (ii) guarantee that
the agent’s optimal choice based on this preference is increasing in the parameter, on any feasible

action set that is a compact interval. Our principal objective in this section is to characterize

monotone-rationalizability.

3.1 The axiom of revealed complementarity

It is useful to introduce the revealed preference relations induced by O;. The direct revealed prefer-
ence relation > is defined in the following way: (z7,&) xF (2,&) if (2,&) = (al, &) and 2} € Al
for some t € T. The indirect revealed preference relation =T is the transitive closure of % i.e.,

~1

(27, &) =BT (21, &) if there exists a finite sequence 2z}, 22, ..., 2F in X; such that

(27,&) 27 (2},6) 2F (1,&) xf .. 2f (2F,&) 2F (2], 6). (5)

The motivation for this terminology is clear. If we observe, at t, agent ¢ playing x! when z} is also
feasible and other agents’ actions and the the parameters are given by &;, then it must be case that
(x?,&) zi (2}, &) if agent i is optimizing with respect to the preference >;. Furthermore, given that

21’ is transitive, if ((II;’,&,) zﬁT (xéag’L) then (I%&) zl (x;7§l)6

A relation R on X; x Z; said to have the interval property if, whenever (z;,&;) R (%;,&;), for z;,

6Note, however, that > and =T are not generally complete on X; for every fixed &;; as such these relations are
not preferences as we have defined them.

11



Z; in X, then (z4,&) R (2;,&) for any z; between z; and Z;, i.e., z; < z; < T; or ; < z; < x;. This
property plays an important role in our results. The lemma below uses the assumption that feasible

action sets are compact intervals to guarantee that >%7 has the interval property.

LEMMA 1. The relation xF" in X; x Z; induced by O; = {a!,&!, AL}, has the interval property.

Proof. 1f (27,&) zF (2},&), then there is Al such that 2/ = a! and z} € Al. The interval
property the follows immediately from the assumption that A! is a closed interval. Now suppose
(2, &) =T (21,&), but (27,&) £F (2),&). Then, we have a sequence like (5). Suppose also that

xf > xf and consider z; such that =] > z; > 2. (The case where z! < 2} can be handled in a

k+1
7

similar way.) Letting 22 = 2 and 27" = 2/, we know that there exists at least one 0 < m < k

such that 2™ > z; = 2™, Since (2™, &) 2F (21, &), it must hold that (2%, &) = F (24, &;). This

(2

in turn implies that (27,&) = (22,&) 2F" (24,&), since (20,&) 2T (2", &). [

DEFINITION 1. The data set O; = {al, &l ALYE | obeys the Axiom of Revealed Complementarity

(ARC) if, for every s,te T,

&> &, ap <a, and (a7,§) 2" (a;,&) = (aj, &) £ (a7, &). (6)

The examples presented in the Introduction show that ARC is a non-vacuous restriction on
data. So long as the number of observations O; is finite (as it is by assumption), checking whether
two elements (af, &) and (af, &) are related by > 27 is a finite procedure and, consequently, so is
checking for ARC. It is also clear that there are no computational difficulties, whether theoretical

or practical, associated with the implementation of this test. The main result of this section

characterizes monotone-rationalizability in terms of ARC.

THEOREM 1. A data set O; = {at, &, ALY | is monotone-rationalizable if and only if it obeys ARC.

The necessity of ARC for monotone-rationalisability is relatively easy to prove and we shall do
that first. Notice that the proof makes crucial use of the interval property and hence the requirement

that A! are intervals.

Proof: Suppose there are observation s and ¢ such that £ > &, a! < af, and (a3, &) I (af, £9).

)~ [RAY

By Lemma 1, 27 has the interval property, and so (af, &) 2B (x;, &) for all z; € [al, af

(2Rt

]. Since

12



O; is SID-rationalizable, there is an SID preference x; on X; x Z; such that (af, &) i (x;, &)
for all z; € [af,a]. The SID property on x; guarantees that (af,&f) >; (af,f), which means

17

(a;, &) £ (a7, &). O

3.2 Sufficiency of ARC in Theorem 1

Our proof of the sufficiency of ARC involves first working out the (incomplete) revealed preference
relations on X; x =; that must be satisfied by any SID preference that rationalizes the data and
then explicitly constructing a rationalizing preference on X; x =; that completes that incomplete
relation. In fact the rationalizing preference we construct for each agent will obey strict single
crossing differences (SSCD), which is a stronger property than SID. A preference relation %; is said

to obey strict single crossing differences if, for every =7 > 2/ and £/ > £,

(27, &) zi (73, &) = (27, &) >i (@, &) (7)

It is clear that every preference that obeys SSCD will also satisfy SID.

Given O;, the single crossing extension of the indirect revealed preference relation > is another

binary relation >f7% defined in the following way:

(i) for 27 > af, (2, &) > (2}, &) if there is § < & such that (7, §) X (27, &);

) ARV
(ii) for af < i, (x7,&) >zRTS (x%, &), if there is £ > &; such that (z7,&)) zZRT (xf, &N).

XRTS= > RT () »BTST Tt follows immediately from its

Let =TS be the binary relation given by
definition that >FT5 also has strict single crossing differences, in the following sense: if 2/ > 2 and

& > & orxl < and & < £, then
(2], &) =i (21, 6) = (2, &) > (a1, €))- (8)

In addition, let 7757 be the transitive closure of xF75 i.e., (27, &) 2 F5T (2, &) if there exists

~1

"Note that, as defined, >FT is not the asymmetric part of xF7.

13



! 22, ..., 2F such that

17

a sequence 2

(SL’;/,&) szS (2'375@) 2ZRTS (Zi27 §1> >RTS 2zRTS (Zf, £l> >RTS (I;, £l> (9)

i ~i
If we can find at least one strict relation >57 in the sequence (9), then, we let (27, &) >FTST () &;).
The relevance of these relations flows from the following result, which shows that any rationalizing

preference for agent ¢ must respect the ranking implied by these revealed preference relations.

PROPOSITION 1. Suppose that the preference x; obeys SID and rationalizes O; = {al, &, Alber.

Then z; extends leTST and >lRTST in the following sense:
(@, &) =i (1191 (2, &) = (2],&) zi (>4) (2, &) (10)

Proof.  Without loss of generality, we may let ! > z,. Since X; is transitive, it is clear
that we need only show that (27,&) 2 (>i) (z},&) whenever (z7,&) XFTS (FE19) (21, &). If

(z,&) ZBTS (-RT9) (2 &) then there exists some & < (<)&; such that (z7,&) 2T (2f,&)). By

7 1951

the interval property of =77, we obtain (z7,&)) 22T (x;, &) for all x; € [, 2]. Since x; rationalizes

O;, we also have (2!, &) 2z, (z;,&) for all z; € [z}, 27]. By SID of %;, we obtain (xf,&;) X (>4) (¢}, &)

for £ < (<) & []

At this point, it is reasonable to ask if we could go beyond the revealed preference relations we
have already constructed and consider the single crossing extension of >F757 | the transitive closure

of that extension, and so on. The answer to that is ‘no’ because, as we shall see in Lemma 4,

> RTST gheys SSCD, so it does not admit a nontrivial single crossing extension. Thus it is intuitive

to believe that all the information on agent i’s preference conveyed by the data set O; is encoded,

S ziRTST >ZRT.S'T

no more and no less, in the revealed preference relation and ; a formal statement of

this claim is in Theorem 2 in Section 2.4. Note also that Proposition 1 has a converse: if there is
a regular and SID preference on X; x =; that obeys (10), then O; is monotone-rationalizable. This
follows immediately from the fact that > < > F75T,

Given these observations, a reasonable way of constructing a rationalizing preference is to begin

h zZRTST >52TST

wit and and then complete these incomplete relations in a way that gives a preference

with the required properties. This is precisely the approach we take. To that end, we first establish

14



> RTS > RTST
~1 ~1

some relevant properties of and in Lemmas 2, 3, and 4. These pave the way for the

construction of x¥ in Lemma 5, which is shown to extend >FTT and >FT5T and to obey SSCD.
We then complete the proof of the sufficiency part of Theorem 1 with Lemma 6, which establishes

the regularity of x7.

LEMMA 2. The binary relations I, xBTS > RIS gnd > RTST on X; x Z; induced by O; =

)y A~

{al, &, AN all have the interval property.

Proof.  We have already established in Lemma 1 that =7 has the interval property. Let

>RTS
~1

xf > x; > zi. (The case where =7 < x; < x} can be proved in a similar way.) If (z7,¢;)

(=FT5) (z],&) holds, there exists some & < (<)&; such that (27,&) =FT (2),¢)). By the interval

7 @)

property of x5T we obtain (z7,¢&) B (x;,&)). Since 2! > z; and & < (<)§&;, we have that

PR %

(2, &) ZBTS (=FT9) (24,&;). So we have shown that >F7% and >FT% have the interval property.

~1

If (27, &) ZBTST (2, &), there exists a sequence 2z}, 22, ..., 2¥ such that

17~

(x;,7£i> >RTS (Z117§Z) >RTS (Z'L27£Z> >RTS zzRTs (Zfagz) >RTS (ZL{LJ&)

~q ~iq ~1q ~1

Letting 2 = 27 and 2™ = gz}, since 2/ > x; > ), we can find some 0 < m < k such that
2" > x; = 2™ By the interval property of >FTS we obtain (2", &) ZFS (2;,&). Thus
(27, &) Z,RTST (i, &) since (27, &) EZRTST (2", &) EZRTS (@i, &) O

Lemma 2 is used in the next two lemmas, both of which exploit the combination of the interval

property and ARC.

LEMMA 3. Suppose that O; obeys ARC. Then =FT% is cyclically consistent, i.e.,

(2, &) 275 (2,6) =% 270 (2, 6) = (28, &)+ (4], &). (11)

REMARK: Cyclical consistency can be equivalently re-formulated as the following:

(22'17 éz) 2FTS (Z’L27 51) ZﬁTS szTS (Zf:a 52) zFTS (Zzlu fl) (12>

nd (Zi17 éz) >|>'LRTS (Zi27 gz) }ﬁTS *zETS (257 fz) >|>ZRTS (Zila 51)

15



Thus, whenever there is a cycle like (12), it must be the case that
(Zilugi) ~1 <z7£l) NzRT : szT(Zf7€Z) zFT(Zzl7£l)

Proof. We prove this by induction on the length of the chain, k, on the left side of (11).
Whenever (11) holds for chains of length k or less (equivalently, whenever the cycles in (12) have

length k or less), we say that =579 is k-consistent. For 2-consistency, we need to show that

Suppose that z} > 22; the case of 2] < 2? can be dealt with in a similar way. By definition,

f (21, &) ZBTS (22,&) then there is £ < & such that (2},&) 2FT (22,¢). On the other hand,

~7q )

f(22,&) =TS (21)&), then there is & > & such that (22,¢&7) =FT (2},€) and so we obtain a

(2

violation of ARC.

>RTS

Suppose that is k-consistent for all k& < k. To show that k-consistency holds, suppose the

left side of (11) holds for k = k and z! < 2. Clearly, there must be m < k such that 2" < zF and

2" > 2k We consider two cases separately: (A) z =; z! and (B) 2 < z!. In case (A), by the

interval property of >F79 we obtain (2, &;) x5S (zZ’_C ,&). By way of contradiction, suppose also
that (zF,&) >FTS (21 ¢;). Then the interval property of >75 guarantees that (2%, &) >FTS (2" &)

and so we obtain a violation of 2-consistency. For case (B), since (21", &) =9 (2"*1, &), the interval

property guarantees that (2 &) =9 (2} &;). So we obtain the cycle

(zz17 62) EFTS (212’ &) EFTS E?TS (sz’ &) EFTS (Zzla fz) (13)
which has length strictly lower than k. By the induction hypothesis, we obtain

(7, &) Fi7 (2, &) FT 0T (2, 6) HT (41, 6)

and so we can replace each T in (13) by xFT. Furthermore, (2, &) +519 (21, &) guarantees
that (2™, &) 579 (241 ¢), by the interval property of >FTS. Therefore, (2},&) 2FT (271, &)

Z

and, by the interval property of xF7 we obtain (z!,&) =BT (xF,&). 2-consistency then ensures

16



that (257 £Z) >|>ZRTS (Zi17 §1> [l
LEMMA 4. Suppose that O; obeys ARC. Then zFT5T obeys SSCD.

Proof. By definition, >75T obeys SSCD if whenever z/ > 2/ and & > & or 2! < 2} and
€ < &, then

(a1, €) =TS (2, ) — (ol 1) =157 (2l €0)

>RTS

~1

We shall concentrate on the case where x7 > x; the other case has a similar proof. If (z7,&;)

(2, &), then we know that there is 2/ (for j = 1,2, ..., k) such that

(o7, 6) 2% (21, €) 277 (22, €) =7 20 (2,6 2 (2], €)- (14)

1951 1951 1951 158 19 5%
We can also choose a chain with the property that (writing 20 = 27 and 2™ = 2) (2, &) $F79
(2, &) for m’ > m + 1; in other words, no link in the chain can be dropped. We claim that, for

)

such a chain, we must have

" 1 2 k /
x>z >z > > 2 > (15)

Once this is established, the rest is straightforward: since £ obeys SSCD, (14) and (15) imply

(ZE” 5{/) >RTS (2175{/) >RTS (Z-Q,f{/) >RTS >RTS (z{c’g(/) >RTS (l‘/ 5{/)

1951 A 7951 A 7951 i % i % % 251

and so (&) >ETST (gf €1y,
It remains for us to establish (15). If this is false then there is m such that z"™' > 2. Let

2" be the first time after 2" such that z/"*" < 2. Then we have z]"*" < 2" < " 1

7 % ]
Since (2"t &) R RS (2m+n ¢ the interval property of =57 guarantees that (2" &) xRS

(2", &), Thus we obtain a cycle

(2, &) ZBTS (ymHl ¢y ZRTS | R RTS (ymin=l ¢y > RTS (,m ¢y,
By Lemma 3, we know that the terms in this chain cannot be related by > and must be related
by 2. In particular, (77", &) /7% (2, €)) and thus ("7 &) FT (5", ¢]) (by the

K3 7 (2

interval property of >1T%). We conclude that (2, &) > 2T (27"*" ¢!) and thus we can shorten the

7 1)~ % 7
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chain in (14) to

(l‘l/ 5/) leTS (2175{) ZfTS Z?TS (Zm fl) zZRTS (z.er"’f{) 2lRTS (Zk,f/-) 2ZRTS (:L‘/- 5/)

AT 1954 Y i % 7951 [RA-Y

which contradicts our assumption that no link in the chain can be dropped. O

We are now ready to define the preference we use for rationalizing O. Define the binary relation

>¥ on X; x Z; in the following manner:

(7, &) 27 (23, &) if (2], &) =7 (a7,&)

or (27, &) [T (a7, &) and @} > af (16)

79

where (z7,&) |57 (27, &) means neither (z7, &) 27 (27, &) nor (27, &) 257" (2}, &).
The following two lemmas will complete the proof of Theorem 1.

LEMMA 5. The binary relation ¥ is a preference that rationalizes O;. Furthermore, it extends

> RTST gnd >BTST in the sense that

(27, &) 250 (=775 (0, &) = (2], &) 27 (>=)) (a7, &) (17)
and obeys SSCD.

Proof. Clearly, >* is complete and reflexive, so to demonstrate that it is a preference we need

only show that it is transitive. Indeed, suppose

(a;,&) 2% (b;,&) 27 (¢, &) ° (@i, &).

There are only four fundamentally distinct cases we need to consider:

Case 1. None of the three elements are related by =757, Given the definition of x*, this means
that a; < b; < ¢; < a;, which is impossible.

Case 2. a; < b; < ¢;, (a;,&) ||FF5T (b;,&), (b5, &) |FT5T (e,&), and (c;, &) 2FTST (a4, &;). This is
again impossible since the interval property of >#75T will imply that (c;, &) 75T (b;, &).

C&SG 3. a; < bi, (ai,&) ||1RTST (b27€z>7 (bl,fz) zﬁTST (Ciu§i> leTST (al,§z) This is also impossible

18



because, by the transitivity of 75T we obtain (b;, &) ZFT5T (ay, &).
Case 4. (a;,&) ZFST (b;, &) 2FTST (¢;,&) 25T (a;,¢;). By Lemma 3, this is only possible if

~1 ~17

(@i, &) = (b, &) 2 (e, &) 2 (a3, &),

but then we also obtain, by the transitivity of 27 (a;, &) 2 F (¢4, &) and, hence, (a;,&) 2% (¢, &).
Since = #TST<>=* by construction, it is clear that >* rationalizes O;. To prove (17), first note

that (z,&) ¥ (2}, &) if (27,&) 2FTST (2,&) by construction. If (x7,&) >ETST (21.&;), then

Lemma 3 says that (v},&) £/ (27, &). Thus (2},&) %7 (27,&) as obtain (27, &) >F (2},&)

Lastly, to show that x* obeys SSCD, let 27 > x} and £/ > £/; then

(¢7,&) xF (2},&) = (a7, &) [T (2, €))
= (a7,&) > (a1,€])
= (27, &) >7 (2}, &),
in which the first implication follows from the definition of >¥, the second implication from Lemma
1

4, and the third from (17). O

LEMMA 6. For every compact interval A; and every & € =;, BR(&, Ai, =) is nonempty and has

finitely many elements. In particular, X} is a reqular preference.

Proof. Let [m,n] be a compact interval of =;. If [m,n] # a! for every t € T, then, it follows
from the definition of %} that (m,&;) zF (2;,&). In this case, m is only one maximiser of >¥ on
[m,n]. Suppose that [m,n] 3 a! for some ¢. Since there are a finite number of observations, we can
find some af € [m,n] such that (af,&;) =¥ (at,&;) for every al € [m,n]. We claim that either m or

a? is the maximiser of X} on [m,n]| for &. There are two cases to consider.

Suppose (m,&;) ¥ (af,§;) and there is z; € [m,n] such that (z;,&) >F (m,&). Then, since

()

m < z;, it must hold that (z;,&) >FTST (m,§;) and there is t € T such that z; = a!. Consequently,

(aﬁﬂgz’) >§k (m7 §l> 2? (a’f7£Z> 27 (CL;,&%

which is a contradiction. Therefore, (m,&;) x¥ (x;,&;) for all x; € [m,n]. Now suppose (af, &) ¥
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(m,&;). For every x; € [m,n], either (a$,&) ZTST (2;,&), in which case (a$,&) =¥ (z4,&), or

(a5, &) [IF757 (24, &), in which case we have (a3, &) 2} (m,&) 2F (2:,&). Thus (a5, &) X7 (24,&)

for all x; € [m,n]. []

3.3 ARC and SSCD

Theorem 1 tells us that when an agent has an SID preference, then any data set collected from this
agent must obey ARC. It also says that if a data set obeys ARC, then the agent’s actions can be
accounted for by an SID preference; indeed, we can explicitly construct a preference consistent with
those observations that obey the stronger property of SSCD (see Lemma 4).® We know that SSCD
is necessary and sufficient for an agent’s optimal action to be increasing with the parameter on all
arbitrary constraint sets drawn from X; (see Milgrom and Shannon, 1994). It follows that when a
data set O; is monotone-rationalizable, we can find a preference that both explains the data and
guarantees that the optimal choices based on this preference is monotone, on any arbitrary feasible

action set (and not just intervals).

So far we have always maintained the assumption that the observed feasible action sets Al are
intervals. Now consider a data set O; = {a,&!, B!}ie7, where a! is the observed choice from B!,
and B! is a compact subset of X; that is not necessarily an interval. It is easy to check that if O,
is rationalizable by an SSCD preference then it must obey ARC and, given the characterization of
SSCD preferences, we may be tempted to think that the converse is true. However, as the following
example shows, that is not the case and so a revealed preference theory built around arbitrary
observed feasible action sets and SSCD must involve a data set property different from ARC; we

leave this interesting issue to further research.

ExaMPLE 1. Let X; = {Oéi,ﬁ“’)/l‘} with o; < BZ < %, and let All = {Oéi7’)/l‘}, A? = {Oéi,ﬁi}, and
A% = {B;,7:}. Note that A} is not an interval of X;. Suppose that £} < & < &, and that a; = ~;,
a7,2 = Qi and CL? = ﬁl Then (717511) zfi (aiagil)? (al?£7,2> Zﬁ (617512)7 and (617513) zZR (717613) The

8This phenomenon, which may seem surprising, is well known in revealed preference analysis, partly because it
is also present in Afriat’s Theorem. In that context, the data consist of observations of consumer’s consumption
bundles at different linear budget sets. If the agent is maximizing a locally non-satiated preference then the data set
must obey a property called the generalized axiom of revealed preference (GARP, for short); conversely, if a data set
obeys GARP then it can be rationalized by a preference that is not just locally non-satiated but also obeys strong
monotonicity, quasi-concavity, and other properties.
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indirect revealed preference relation 7 is equal to the direct revealed preference relation > in this
example and, clearly, this set of three observations obeys ARC. However, it cannot be rationalized
by an SSCD preference. Suppose, instead that an SSCD preference X; rationalizes the data. Then,
it must hold that (v;,&') zi (au, &) and, by SSCD, (v, &%) >; (a;,&%). In addition, we have

(Oéivgig) 21 (517512) and so (717512) > (617512) Since 21 Obeys SSCD? we obtain (/717513) > (61753)7

which contradicts the direct revealed preference (3;, &) >; (vi, &).

3.4 Robust inference

For a given data set O; that obeys ARC, there will typically be more than one preference that
rationalizes an agent’s observed actions. For example, it is quite clear that the following simple
variation on (16) is also a regular preference on X; x =; that obeys SSCD (hence SID) and rationalizes

O; (when O; obeys ARC):

(ZL‘;’,&) z:‘ (fE;,fz) if (ZE;’,&) EZRTST (‘T;’ gl)
or (27, &) [T (2},&) and 2} < a7, (18)
Given this, it would be desirable to characterize that part of agent ¢’s preference that an observer
could robustly infer from the data; by this we mean those preference relationships that are valid for

all regular preferences that rationalize O; and that obey SID or SSCD. The next result shows that

< RTST RTST
~7q .

this is captured by the revealed preference relations and >;

THEOREM 2. Suppose that O; obeys ARC and let P} be the family of reqular preferences on X; x E;
that obey SID and rationalize O;. Then

(i) (2:,&) zi (2, &) for all x;€ P} if and only if (x;,&) XF'T (2], &);
(ii) (wiafi) > (952751') Jor all z;€ P} if and only if (331',5@') >ﬁTST ($;7€z)

The statements (i) and (ii) remain valid if P} is replaced with P;*, the family of reqular preferences

on X; x Z; that obey SSCD and rationalize O;.
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454

Proof. In Proposition 1, we show the “if” part of both statements (i) and (ii) for preferences
that obey SID and rationalize ;. Hence they must remain valid for preferences that obey single
crossing differences (which is a stronger property than SID). It remains for us to show the “only
if” part of both statements for preferences that obey single crossing differences. This completes the

proof since P;* < P;.

To show the “only if” of statement (i), suppose that (x;, &) XFTST (a4,&). Then either
(25, &) =50 (24,&) or (24,&) |17 (2],&). The first case implies that (2},&) > (2;,&) for

all >;€ P, so clearly we do not obtain (z;,§;) %; («},&;) for all ;€ P;*. For the second case, we

know that there exists a preference x* in P;* such that (24,&;) >¥ (2;,&) and hence, again, we do
not have (z;,&;) %, («},&;) for all >, € P’*; indeed, either the preference in (16) or that in (18) can

serve as such a preference, depending (respectively) on whether z/ is smaller or greater than ;.

We turn now to the “only if” part of statement (ii), for preferences in P*. Suppose that

(25, &) FETST (21.&); then either (x, &) ||FTST (24, &) or (24,&) 2FTST (2;,&). In the first case,
we know that we can find a preference ¥ (using either (16) or (18)) such that (z%,&;) >¥ (2, &),
so we do not obtain (z;,&;) >; (z},&;) for all ;€ P>,

For the second case, we suppose that x} > x;. (The argument for the case 2, < z; is analogous.)
We expand the data set O by adding a fictitious observation s, such that agent ¢ chooses af = z} in
the closed interval A = [z;, 2], when other players’ actions and the parameter values are given by
§ = & = (a—,y;). For player j # i, we choose A} = {a;}. We claim that the new agent i data set
O! (with the added observation s) continues to obey ARC. In that case, we know by Theorem 1 that
there is there is a regular preference x* obeying single crossing differences that rationalizes O} and
hence is also in P;*; furthermore, consistency with observation s requires that (7}, &) x5 (z;,€). So

it is not the case that (x;, &) >¥ (z;,£). To see that O} obeys ARC, note that a violation must imply

7

nm

that there are elements z7 and z! in X; such that following hold: (A) x!

is indirectly revealed
preferred to 2/ through a chain of revealed preference (as in (5)) that includes (z/,&) =® (v, &),

for some y; € [z;, 2}] i.e.,
(@7, &) =i (25, &) =1 (v &) 20 (a7, &) (19)

and (B) (27,&) ET (27.&;), where & > (<) & if 27/ > (<) &”. Note that all the revealed relations
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listed in (A) and (B) are valid in the original data set O;, with the exception of (x},&) 22 (y;, &)

(which arises from observation s). Those relations can be re-combined to obtain

(yir &) 2T (2], &) =17 (o &) 2 (a1, 60).

RTST
(2

Thus, we obtain, from the original data set O, (v;,&;) > (x},&;), but this is incompatible with
our initial assumption that (2, &) = ETST (2;,¢&;) which implies that (2%, &) =TT (y;, &) by the

interval property. ]

4 Revealed strategic complementarity

Let G = {G(y, A)}(y,a)evxa be a collection of games, as defined in the Section 2.2. We consider
an observer who has a set of observations drawn from this collection. Each observation consists
of agents’ action profiles, feasible closed interval action sets, and exogenous parameters, i.e., each
observation is a triple (a’,y’, A"), where a' € A", A* € A, and y' € Y. The set of observations is

finite and is denoted by O = {a', 4", A'}ie, where T = {1,2,...,T}.

DEFINITION 2. A data set O = {a',y", A'}e7 is consistent with strategic complementarity (or
SC-rationalizable) if there exists a profile of reqular and SID preferences {Z;}ien such that each

observation constitutes a Nash equilibrium, i.e., for everyt € T, (at, &) z; (x4, &) for every x; € AL

The motivation for this definition is clear. If @ is SC-rationalizable then we have found a
profile of preference {X;},cn such that (i) a’ is a Nash equilibrium of G(A*,4") and (ii) the family
of games G = {g(yvA)}(y,A)erAa where G(y, A) = [(¥i)ien, (Ai)ien, (Zi)ien, | exhibits strategic

complementarity (in the sense defined in Section 2.2).

For each agent i, we can define the agent data set O; = {(al,&!, AN}, induced by O, where
&= (a',,yt). We say that O = {a', A", y'},e7 obeys ARC if O; obeys ARC, for every agent . It
is clear that O is SC-rationalizable if and only if O; is monotone-rationalizable for every agent 4.
This leads to the following result, which is an immediate consequence of Theorem 1 and provides

with us with an easy-to-implement test of SC-rationalizability.
COROLLARY 1. A data set O = {a',y*, A}L_, is SC-rationalizable if and only if it obeys ARC.
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Suppose an observer collects a data set O = {a’, A", y'},c7 that is SC-rationalizable and then,
maintaining that hypothesis, asks himself the following question: what do the observations in O
say about the set of possible pure strategy Nash equilibria of the game G(3°, A°), where A° € A and
y? € Y? The issue can be formally posed in the following way. For every i € N, O; obeys ARC and
so the set of regular and SID preferences that rationalize O;, i.e. P}, is nonempty. Every observed
strategy profile a' in the original data set O is supported as a Nash equilibrium by any preference
profile {Z;}icny in P* := x;enP;. For each {Z;}icny € P*, we know from Theorem B that the set of
pure strategy Nash equilibria, E(y°, A°, {x;}icn), of the game G(y°, A) is nonempty and hence

g(y()?AO) U{ }zeNEP* ( 07A07 {zZ}ZEN)

is also nonempty. £(y°, A%) is the set of predicted Nash equilibria of the game G(y°, AY). This gives
rise to two related questions that we shall answer in this section: how can we compute &(y°, A°)

from the data and what can we say about the structure of &(y°, A%)?

4.1 Computable characterization of &£(y°, A%)

Let BR;(&;, AY, x;) be player i’s best responses in A? to & = (a_;,9)), based on the preference
%€ Pr. Then the possible (best) responses of player i is given by

PRZ(&’M A?) = U BR; (5w i Nl) (20)

Zi€P}

and the joint possible response correspondence PR(-,y°, AY) : A° 3 AY is defined by
PR(CL y AO) (PRl(a laylvA(l))aPR2(a—27yg7Ag)a 7PRn<a—nayg7A2L)) : (21)

The crucial observation to make is that just as the set of Nash equilibria in a game coincides with
the fixed points of its joint best response correspondence, so the set of possible Nash equilibria in
G(y°, A%), E(y°, AY), coincides with the fixed points of PR(-,y°, A%). Equivalently, one could think

of £(y°, A%) as the intersection of the graphs of each player’s possible response correspondence, i.e.,
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E(y", A%) = Nien Ti(y’, A%), where
[i(y°, A%) = {(as,a_;) € A’ : a; € PRy(a_s, ), AD)}. (22)

It follows from Theorem 1 that
PRi(a_i, v}, A7) = {a; € A} : O; = O; U {((as,a—;), 95, A})} obeys ARC}, (23)

where O; is the data set O; augmented by the (fictitious) observation {((d;, a_;), ", A?)}. Further-
more, we know that any data set that obeys ARC could in fact be rationalized by a regular and
SSCD preference. Thus PR;(&;, A7), which is defined by (20), also equals .. eps BR; (&, A% =),

where P* is the set of regular and SSCD preferences that rationalize O;. As a result,

g(y07 AO) = U{zi}ieNe'P** E (y(]? A07 {EZ}ZEN)y

where P** = x;,cnyP’*. In other words, the set of possible Nash equilibria of G(y°, A%) (and,
obviously, the properties of this set such as those outlined in Theorems 3 and 4) do not depend on
whether we are allowing all SID preferences rationalizing the data set O or all SSCD preferences

rationalizing O.

The computation of (A% y°) hinges on the computation of PR;(-,3?, A%) : A_; = AY. Two

features of this correspondence together make it possible for us to compute it explicitly.

(I) For any a_;, one could show that

PR;(a_s,y?, AY) = {a; € AV : $a; € AY such that (a;, a_s,y?) > (a5, a5, 90)}.  (24)

)

In other words, PR;(a_;,4?, AY) coincides exactly with those elements in AY that are not

dominated (with respect to >FT5T)

by another element in AY. Since the data set is finite,
PR;i(a_;, Y, A?) can be constructed after a finite number of steps and, in fact, one could also

show that it consists of a finite number of intervals.

25



(IT) The correspondence PR;(-, 32, A%) takes only finitely many distinct values. For j # i, let
AT ={a; € X; : Ja_; such that (a;,a_;) = a’ for some t € T}

We denote by Z; the collection consisting of all subsets of A(J)- of the following two types: the
singleton sets {d;}, where ; is in the set A7 = (AT n A9) |Jmax AY|Jmin A? and the interval
sets {ae AY):a <a < b}, where a € A? and b is the element in A? immediately above a. We

denote by H,; the collection of hyper-rectangles
[1 X IQ X ... X Ii,1 X [fi+1 X ... X [N

where I; € Z;, for j # i; note that these hyper-rectangles are subsets of x j#A?. Then one

could show that for any hyper-rectangle H; € ‘H;,

if a';, a"; € Hy, then PR;(a’_,,4); AY) = PRy(a”;,50; AY). (25)

—

In other words, the correspondence PR;(a_;,3%; AY) is constant within each hyper-rectangle
H;. Therefore, to compute PR;(a_;, yY; A?) we need only find its value via (24) for a typical

element within each hyper-rectangle H; in the finite collection H,;.

It follows from observations I and IT above that the graph of player ¢’s possible response correspon-

dence (as defined by (22)) is also given by

Fi(yoa AO) = {(ai: a*i) € AO : ﬂdz € A? such that (dla a—g, y?) >RTST (&ia a_g, yzo)} (26)

)

and can be explicitly constructed. Furthermore, because PR;(a_;, 30, A?) consists of a finite union of
intervals of A%, I';(y°, A%) is a finite union of hyper-rectangles in A°. The theorem below summarizes

these observations.

THEOREM 3. Suppose a data set O = {a’,y*, A'}I_, obeys ARC and let (y°, A%) € Y x A.

(i) PRi(-, 47, AY) obeys (24) and (25) and, for any a_; € x;.A}, PRi(a_s,y7, AY) consists of a

finite union of intervals of AY.
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Figure 1: £(A°) in Example 2

(i) The graph of PR;(-,4?, A?), T;(y°, A%), is a finite union of hyper-rectangles in A°. Conse-
quently, the set of possible Nash equilibria, E(y°, A®) = N,en Ti(y°, A%), is also a finite union
of hyper-rectangles in A°.

EXAMPLE 2. Figure 1(a) depicts two observations, {(a', A') and (a?, A?)}, drawn from games
involving two players. This data set obeys ARC and we would like to compute £(AY), where
AY = Al U A? (for i = 1, 2). First, we claim that the unshaded area in Figure 1(b) cannot be
contained in T';(A%). Indeed, consider the point 2’ = (z],}) in the unshaded area, at which
7y < al, 2, > al, and 2} € Al. Therefore, (al,al) = (2),a}) and so (a},ad) BT (2, al). Since
vl > ad, (al,al) >FTS (29, al), which means that (z/,,) ¢ I'1(A°). Using (26), it is easy to check
that T'y(AY) corresponds precisely to the shaded area in Figure 1(b). Similarly, T'y(A%) consists of
the shaded area in Figure 1(c). The common shaded area, as depicted with the darker shade in

Figure 1(d), represents £(A%) = T'1(A°%) n T'y(A%). Note that the dashed lines are excluded from
E(AY), so this set is not closed.

Proof of Theorem 3. Part (ii) follows straightforwardly from part (i), so we shall focus on
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proving (i), which consists of three claims.

It follows from (23) that (24) holds provided we can show the following: O; = O;U{(a;,a_;,y?, A%)}

violates ARC if and only if there is a; € A such that (d;, a_;, y?) >F5T (@;,a_;,1?). Let 2B 2FT.

7

>ETS and zFTST be the revealed preference relations derived from O; = O; U {(a;, a_;, 39, AV},

which must contain the analogous revealed preference relations of O;. Suppose there is a; € A?

RTST

; (@i, a_s, y°) and so (G;,a_s,y?) >FEST (@;,a_4,9). On the other

)

such that (a;,a_;vyY) >
hand, since a; € AY, we have (a_;,4°) 2F (a;,a_;,y?). Thus, the relation %775 is not cycli-
cally consistent, which implies (by Lemma 3) that O; violates ARC. Conversely, suppose that
O; = 05 U {(as,a_i,y°, AN} violates ARC. Since O; obeys ARC, this violation can only occur in
two ways: there is @; € X; such that (@, a_;,y?) 25T (4;,a_;,9°) and (a, a_s, §;) =FT (a4, a_s, ;)

with either (1) a; < a; and (a_;,4;) > (a_s,y?) or (2) a; > a; and (a_;,4;) < (a_s,yY). We need
RTST

to show that @; is dominated (with respect to >£75T) by some element in AY. In either cases (1)

RT

or (2), since (G;,a_;, i) X; RTS

(dia&—iagi)v we obtain (diaa—ivyzo) >7, (d’ha—i?y?)‘ If dl € A?’ we

are done. If ; ¢ A? then, given that (a;,a_s,3?) 257 (d;,a_;,3°), there exists a; € A? such that

(@i, a—, y7) X{ (G, a,y?). Thus (ai, a,yf) > (@, ami, 7).

To see that (25) holds, first note that @; ¢ PR;(a’_;, 4, A?) if and only if O, = O;U{(d, a’;, 0, A%)}
violates ARC. Since H; is not a singleton, it must be an interval and so there is no a; such that
(a],a",) = a' for some ¢ € T. Therefore, O, violates ARC if and only if there is @; € A? and @_; such
that (a;,a_s,¥;) =8 (a;,a_s, y;) with either (1) a; < a; and (a_;, ;) > (a’;,3?) or (2) a; > a; and
(a_;,y;) < (a',;,4?). Note that there is ¢ € T such that (a;,a_;) = a'; in particular, this means that
a_; € xjz AT, It follows from our definition of H; that (a_;, ;) > (a”;, ) if (@_s, 7)) > (a’;,49)
and (a_;, 5;) < (a”,,90) if (@—s, %) < (a’_,,4°). Thus O, = O; U {(a@,a",,y°, A%} also violates ARC.
We conclude that a; ¢ PR;(a”;,4?, AY) if a; ¢ PR;(a’;,4?, AY), which establishes (25).

Lastly, we show that PR;(a_;,vy?, A?) consists of a finite union of intervals of AY. This is
equivalent to showing that AY\PR;(a_;, v, A?) is a finite union of intervals; an element a; is
in this set if and only if there is ¢ € T such that a} € AY and (al, &) >FTST (g, &%), where
€Y = (a_;,y?). This is turns holds if and only if is s € T such that either (1) (al, &) FTST (a3, €0)
and (af, &) =15 (a;,£2) or (2) (al, &) =FT5T (af,€Y) and (a$,£0) BT (a;,£0). Notice for a fixed

s € T, the sets {a; € A? : (a3, &) =115 (a;,€9)} and {a; € AV : (a5, €)) =BT (a;,£Y)} both consist
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7

RTS

of intervals, because of the interval property on > and >;"° respectively (see Lemma 2). It

follows that AY\PR;(a_;, Y, A?) is a finite union of intervals. O

4.2 The structure of £(y°, A%)

As we have pointed out in Section 2, the set of pure strategy Nash equilibria in a game with strategic
complementarity forms a nonempty complete lattice, and the largest and smallest equilibria exhibit
monotone comparative statics with respect to exogenous parameters. In this subsection, we show
that these properties are largely inherited by the set of predicted pure strategy Nash equilibria
E(yY°, A®). This is illustrated in Example 2, where it is not hard to check from Figure 1(d) that
the set of predicted Nash equilibria forms a complete lattice and, in particular, the largest and the
smallest possible Nash equilibria exist; while this is not true in general, properties close to this are
always true. The next result lists the main structural properties of £(y°, A°); we have consciously

presented them in a way that is analogous to Theorem B.

THEOREM 4. Suppose a data set O = {a',yt, Al}e7 obeys ARC and let (y°, A°) € Y x A.

1. [EXISTENCE| The set of possible pure strateqy Nash equilibria, E(y°, A), is nonempty.

2. [STRUCTURE| (a) The set E(y°, A°) admits a largest and smallest element (denoted by
max &(y°, A%, ) and min E(y°, AY) respectively. (b) Furthermore, for every set K < E(y°, A°)
that is closed in R™, the sets

UK) = {2€EW°, A" 2= forallze K} and
LK) = {2e&@° A% :2<x forallze K}

are nonempty and minU(K) and max L(K) both exist.

3. [COMPARATIVE STATICS] The strategy profiles max E(y, A°) and min&(y, A°) are both in-

creasing i y €Y.

Remark: We use S to denote the closure of S.
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Parts 2(a) and 3 in Theorem 4 tell us that the set of possible Nash equilibria effectively has
a largest and smallest element and that these increase as the parameter y increases. Note that
because A° is a subcomplete sublattice of (R",>), any set in A° will have a supremum and an
infimum in A°. Therefore, the principal content in part 2(a) lies in the claim that the supremum
and infimum of £(y9, A) are contained in £(y°, A%). Clearly, the analogous statement in Theorem
B is stronger since it says that the set of pure strategy Nash equilibria (even when it is not closed)
has a largest and smallest element; Example 3 (presented later in this subsection) shows that this
conclusion cannot be strengthened. While £(y°, A°) is not generally a complete lattice, part 2(b)
of the theorem says that any closed subset K of £(y°, A°) will be bounded above by elements of
E(yY°, A%) and the closure of this set of upper bounds, Zm, has a smallest element. In this sense,
its structure is close to that of a complete lattice. In the special but important case where A° is
finite, every subset of A° is closed and so it follows immediately from Theorem 4 that &£(y°, A°) is

a bona fide lattice; we record this as a corollary.

COROLLARY 2. Suppose a data set O = {a',y', At} er obeys ARC and let (y°, A°) € Y x A. Then

EY, A%) is a nonempty complete lattice if A is a finite set.

The conclusion of Theorem 4 may also be strengthened in the case where the feasible action set of
every agent is unchanged throughout the observations, i.e. A* = A° € A for allt € T. In this setting,
and allowing for agents to have multi-dimensional actions, Lazzati (2014) shows that £(y°, A°) has
a largest and smallest element. Applying Theorem 4 to this case gives the stronger conclusion that
E(y°, AY) forms a complete lattice. Indeed, by (23), a necessary and sufficient condition for a; € A°
to be contained in PR;(a_;, y¥; AY) is that O; = O; U {(as, (a_s, ), AV)} obeys ARC. If A° = A?
for all ¢t € T, then it is straightforward to check that this is equivalent to

ai = a; = al for all s,t € T such that & > (a_;,y)) = & (27)

[

which is precisely the “sandwich” condition obtained by Lazzati (2014). It follows that PR;(a_;, v, A?)
must be a closed interval in AY and (by Theorem 3) its graph I';(y°, A°) is a finite union of closed
hyper-rectangles. Therefore, £(y%; A%) = (,cy [i(y°, A?) is also closed and, by Theorem 4, it must

contain its largest and smallest element. Furthermore, for any arbitrary set K < E(y°, A%), its
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Figure 2: £(A°) in Example 3

closure K < &(y°, A°) because the latter is closed. It follows that U(K) = U(K) and is also a
closed set and, by Theorem 4, min U/ (K) exists. By an analogous argument, we may conclude that
max £(K) exists and thus £(y°, A) is a complete lattice. The following corollary summarizes our

observations.

COROLLARY 3. Suppose that a data set O = {a',y', At}icr obeys ARC and let A® = AY forallte T.

Then E(y°, A°) forms a nonempty complete lattice.

In the case where agents’ constraint set changes across observations, the £(y", A%) is not generally

closed and may not contain its largest or smallest element, as the following example illustrates.

EXAMPLE 3. Suppose that we have two observations as depicted in Figure 2, where A and A? are
the strategy sets available to player 1 at observations 1 and 2 respectively, and with player 2 having
singleton strategy sets at each observation. Let A} be the blue segment in the figure, with A = {ai}.
It is easy to confirm that observations 1 and 2 obey ARC, and the set of possible equilibria £(AY)
is equal to I';(A%), which is not a complete lattice because max E(AY) ¢ £(AY). To see this, it
suffices to show that af ¢ PRy(a3; AY). Since (a2,a2) =¥ (a¥, a3), we obtain (a?,al) >89 (a¥, ald).

In addition, (a},al) ¥ (a?,ad) and so (a},al) =FTS (a¥,al). On the other hand, it is clear that

(a¥,al) = max E(AL).

We end this section with the proof of Theorem 4. The proof uses the following lemma.
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LEMMA 7. Suppose O = {a',y', A}L_, obeys ARC and let A° € A. Then the map pi* : A%, xY — AY
given by
p:*<a—i7 yl) = Sup PRi(a—ia Yis AO)

has the following properties: (i) it is increasing in (a_;,y;) € A%, x Yi; (ii) for a’; and a”; in H;,
P (a”;,yi) = pi*(al;,y:); and (iii) if, for some (a—;, %), pi*(a—, 9;) € PRi(a—;, 9i, A°) and for some
(dfia gz) > (C_Lfia g@); p?*(afia gz) = p?*(dfia gz): then p;k*(&*ia Ql) € PRZ(CAI,“ @ia AO)

Remark: In a similar way, we define p} : A%, x Y; — AY by p¥(a_;, y;) = inf PR;(a_s, yi, A°). This
function will obey properties (i) and (ii) and, instead of property (iii), it will have the following
property (ii)": if, for some (a_i, %), p;(a—i, 9:) € PRi(a—s,%i, A°) and for some (a_;, §;) < (a—i, Ui),
pi(a—i, i) = pf(a_i, 4:), then pf(a—;,9i) € PRy(a—s, §s, A°).

Proof. Since PR;(a_;, y;, A®) is the union of a collection of best response correspondences (see
(20)), each of which is increasing in (a_;,y;), pi* must be increasing. Claim (ii) is an immediate
consequence of (25) (which was proved in Theorem 3). Lastly, if pi*(a_;,7:) € PRy(a_s, ¥, A°)
then there is ;e P} such that p#*(a_;, 7;) € BRi(a_i, 4, A, 2;). Since the best response corre-

spondence is increasing, there is a; € BR;(a_;, 9;, AY, 2;), and thus in PR;(a_;, 9;, A?), such that

a, = p¥*(a_;, ;). This establishes (iii). m

We are now ready to prove Theorem 4. It is worth pointing out an obvious first approach that

ok
7

will not work. Given p¥*, we can define, for each a € A%, p**(a,9°) = (p¥*(a_;, ¥?))ien, and since

p¥* is increasing in a_;, so p**(a,y") is increasing in a. By Tarski’s fixed point theorem, p**(-, %)
will have a fixed point and indeed a largest fixed point a*; thus the existence of maXW is
ensured if it could be identified with a*. However, they are not generally the same points: it is
straightforward to construct an increasing (but not compact-valued) correspondence such that its
largest fixed point does not coincide with the largest fixed point of its supremum function. Our

proof of Theorem 4 takes a different route. We have already explained at the beginning of this

section why &(y°, A?) is nonempty, so we shall concentrate on proving statements 2 and 3.

Proof of 2(a) and 8 in Theorem 4: We shall confine our attention to max £(y°, A%); the proof for
the other case is similar. Firstly, note that the properties of p}* listed in Lemma 7 guarantee that

there exists a sequence of functions {pF(-, y?, A?) }ren selected from PR;(+, 42, A?) with the following
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properties: (i) for a’; and a”; in H;, p¥(a”,,4%) = pF(a’;,y?); (i) pFa_i,y?, AD) is increasing in
a—; and in k; (iii) pfa—, v, AY) = pi*(a— yi, AD) if pf*(a—i,y), AY) € PRi(a—i, y), A7); and (iv)
limy oo pFla_s, yf, AY) = p¥*(a_;, y?, A?). In other words, there is a sequence of increasing selections
from PR;(-,y°, A%) that has pi*(a_;,y°, A°) as it limit, with the sequence being exactly equal to

pi*(a_;, vy, AY) if the latter is a possible response of player i.

The function p¥(a,y?, A%) = (pF(a_i, 12, A?))icn is increasing in a, since pf is increasing in a_;.
By Tarski’s fixed point theorem, p* has a largest fixed point, which we denote by z*(y°, A°). Since
(-, y2, AY) is a selection from PR;(+,y?, A?), 2%(y°, A%) € £(y°, A®). By the monotone fixed points
theorem (see Section 2), the sequence z*(y°, A°) is increasing with k. Since A° is compact, this

sequence must have a limit. This limit, which we denote by a**(y°, A°), lies in E(y°, A°).

We claim that a**(y°, AY)) > Z, for any 7 € £(y°, A°). Indeed, since 7; € PR;(7_;,9?, A?) for all
i € N, for k sufficiently large, p*(7_;, 9%, A?) > 7;. Now consider the map p* confined to the domain
S = xien{a; € AV 1 a; = 7;}. Since p* is increasing, the image of p* also falls on S; in other words,
p* can be considered as a map from S to itself. It is also an increasing map and, by Tarski’s fixed
point theorem will have a largest fixed point. The largest fixed point of p* restricted to S must
again be z%(y?, A%) and it follows from our construction that z%(y° A%)) > Z. In turn this implies
that a**(y°, A%)) = 2. So a**(y°, A?)) is an upper bound of £(y°, A°) and thus also an upper bound
of £(y0, AY). Given that a**(y°, A%)) € £(3°, AY), we conclude that a**(3°, A%)) = max E(y°, A°).

To see that a**(y, A°) is increasing with respect to the parameter, consider y” > 3. Given
the properties of pi* listed in Lemma 7, we can choose functions {pF(-,y;, A)}ren selected from
PR; (-, yi, AY) (for y; = 9} and y!) satisfying properties (i) — (iv) and, in addition, p¥(a_;, y/, A?) >
p(a_i,yl, AY) for all a_;. The map p*(-,y!, A?) is increasing and will have a largest fixed point
2®(y", A®) which, by the monotone fixed points theorem satisfies z*(y”, A%) > z*(y/, A°). Taking

limits as k — oo, we obtain a**(y", A%) = a**(y/, A°). O

Proof of 2(b) in Theorem 4: For each i, let 2' = arg maxgex a;. Thensup K = (21,22,...,2") € A°

° TL

and we shall denote this profile of strategies by z. Since 2* € K, there is xfe P} such that

)

2t e BRi(2",,4?, A, x¥). Since the best response correspondence is increasing, a; > z! for all

(RN

a; € BRi(a_;,9), A%, x¥), where a_; > z°

19~

;; this holds, in particular, for all a_; > z_;. Thus

PR;(a_s, yP, A?) n [z, max AY] is nonempty for all a_; > Z_; since it contains BR;(x_;, ¢y, A?, =,
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) N [Z, max A?] and the latter is nonempty. Therefore, the correspondence F; : x j.;[Z;, max Aj] —
[2;, max AY], given by

Fi(a_;) = PRi(a_s, 9y, AY) N [%, max AY]

is well-defined. With this, we may define F: [z, max A’] — [z, max A°], where F(a) = (Fi(a_;))ien-
The fixed points of F' coincide with the set U(K). Firstly, note that F' does have a fixed point
and thus U (K) is nonempty. Indeed, F' contains the correspondence G : [z, max A°] — [z, max A]
given by G;(a) = BR;(a_;,1y°, A%, x¥); since G is increasing and compact-valued, the Tarski-Zhou

fixed point theorem guarantees that G, and thus F', has a fixed point.

To show that minm exists, we can adopt essentially the same proof strategy as the one used
to show the existence of min&(y°, A9). We shall sketch the argument, leaving the details to the
reader. By adapting the proof of Lemma 7, we can show that the function ¢ : x,[Z;, max Ag] —
[2;, max AY] defined by ¢f(a_;) = inf Fj(a_;) has the following properties: (i) it is increasing in
a_g; (ii) for a'; and a”; in H; 0 X7z, max AY], ¢f(a”;) = ¢f(a’,); and (iii) if, for some a_;,
qf(a_;) € Fiy(a_;) and for some a_; < a_;, ¢f(a_;) = qf(a_;), then ¢f(a_;) € Fi(a_;). Given
this, we may then construct a sequence of increasing functions ¢¥ selected from Fj that converges
monotonically to ¢ and with the property that ¢f = ¢F if ¢*(a_;) € Fi(a_;). We define the function
¢" : [z, max A°] — [z, max A°] by ¢*(a) = (¢¥(a_;))ieny and denote the smallest fixed point of ¢* by

2. The point 2" is also a fixed point of F' and thus 2 € U(K). Furthermore, it is decreasing in k,

with a limit z*, which is a lower bound U(K'). Consequently, z* = minU(K). 0
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