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Abstract

Using a simple framework of Cooper and John (1988) and Cooper
(1999), this paper derives the conditions under which overconfidence
and underconfidence of agents lead to Pareto improvement. We show
that an agent’s overconfidence in a game exhibiting strategic comple-
mentarity and positive spillovers and an agent’s underconfidence in a
game exhibiting strategic complementarity and negative spillovers can
lead to Pareto improvement.
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1 Introduction

Recently, many researchers have emphasized that the misperception of agents
about themselves such as overconfidence or underconfidence about their own
abilities may have non-negligible effects on economic outcomes.! For exam-
ple, Chu (2007), Compte and Postlewaite (2004), Dubra (2004), Gervais and
Goldstein (2007), and Weinberg (2009) analyze the role of overconfidence
in economic activities. Among them, Chu (2007) and Gervais and Goldstein
(2007) show that the overconfidence of agents can have positive effects on the
aggregate economy. In Chu’s (2007) model, if a decentralized equilibrium ex-
hibits underinvestment in research and development (R&D) activity owing to
the activity’s strong positive externalities, a small degree of entrepreneurial
overconfidence about the probability of R&D success corrects this inefficiency
and improves social welfare by stimulating R&D investment and thereby pro-
moting economic growth, although a large degree of overconfidence decreases
social welfare by causing overinvestment in R&D activity. Gervais and Gold-
stein (2007) show that in a situation where there is a free-riding problem, the
agents who overestimate their skills work harder and mitigate the free-riding
problem. More precisely, when the complementarities among agents are suffi-
ciently strong, the overconfidence of some agents induces all of them to work
harder and thereby brings about Pareto improvement in the economy.
When strategic interactions occur in production activities, under what
conditions do overconfidence and underconfidence increase the welfare of
agents? This paper derives the conditions under which the misperception

of agents about their own abilities leads to Pareto improvement by using a

Many experimental studies have shown that overconfidence is a widely observed phe-
nomenon. A recent study by Benoit and Dubra (2011), however, points out that we should
be cautious in interpreting these empirical findings. They show that, even under rational
learning, most people situate themselves above the median. Nevertheless, investigating
Svenson’s (1981) study, Benoit and Dubra (2011) conclude that American data exhibit
the presence of overconfidence.



simple framework of Cooper and John (1988) and Cooper (1999).

2 The model

We employ a simplified version of Cooper and John’s (1988) model. The
economy consists of two agents engaged in a certain economic activity. The
individual payoff of each agent is assumed to be related to the other agent’s
activity and its own ability. Agent i selects its action e; € [0, 1] so as to

maximize its payoff. The payoff of agent i is given by
o'(ei e, 0i) (i # J),

where e; is the other agent’s action and 6; agent i’s ability. Furthermore, o is
twice continuously differentiable and ¢}, < 0. We assume that the marginal
payoff, ¢!, is increasing with respect to 6;; that is, ot; > 0. Let the true value
of ; be §; = 0 for i = 1,2. By restricting our attention to interior symmetric

Nash equilibria, we can easily derive agent ¢’s best response as follows:

e; = argmax o' (z,e;,0) i# j,
z€[0,1]

indicating that e; satisfies
oi(e;ej,0) =0. (1)
In a symmetric Nash equilibrium, we have

oi(e,e,0) =0.

2.1 Strategic complementarity and spillover

If in a model an increase (decrease) in one agent’s action leads to a cor-
responding increase (decrease) in the other agent’s action, that is, if the

reaction curve has a positive (negative) slope, we say that the model exhibits



strategic complementarity (substitutability). Totally differentiating (1), we

have ,
1
de; 12 | Vi

7
de; o1

Hence, if 0%, > 0 (0}, < 0), the sign of V* is positive (negative); that is, the
model exhibits strategic complementarity (substitutability).

Now, consider the case of strategic complementarity; that is, the case of
o, > 0and V’ > 0. In this case, the reaction curve slopes upward, indicating
the possibility of multiple equilibria. Typical situations with multiple equi-
libria are depicted in Figure 1. Let us here introduce the notion of spillover
as proposed by Cooper and John (1988). If an increase in one agent’s action
raises (lowers) the other agent’s payoff, that is, if o} > 0 (¢} < 0) for i # j,
we say that the model exhibits positive (negative) spillovers. As Cooper
and John (1988) show, when a game has multiple symmetric Nash equi-
libria and exhibits positive spillovers, the equilibria are Pareto-ranked and
the Nash equilibrium with high agent activity Pareto-dominates the Nash
equilibrium with lower agent activity. In Figure 1, three Nash equilibria are
Pareto-ranked: equilibrium A gives the highest payoffs, equilibrium B gives
the median payoffs and equilibrium C gives the lowest payoffs.

For examples of strategic complementarities and positive spillovers, see
Brunello and Ishikawa (1999) and Redding (1996). The models developed in
these studies consist of individuals who invest in education and firms who
choose either high technology or low technology. If the individuals attain
higher levels of education, the firms employ high technology, and if the firms
adopt high technology, the individuals invest in higher education. Thus, mul-
tiple Pareto-ranked equilibria emerge. A typical example of strategic comple-
mentarities and negative spillovers is the Bertrand competition model with
differentiated goods, as is pointed out by Froot et al. (1992) in their footnote
7. In this model, if a firm lowers its price, other firms follow and they too

lower their prices (strategic complementarities); thus, a firm’s more proactive



pricing behavior reduces the profit of other firms (negative spillovers). More-
over, De Bondt and Veugelers (1991) develop a duopoly investment model
with a positive or negative spillover effect, and show that the model can
strategically be either a complement or substitute, depending on the param-
eter value representing the degree of the spillover effect. This model can yield
cases of both strategic complementarity with positive spillovers and strategic
substitutability with negative spillovers.

For simplicity, we restrict our attention to the case of a stable, unique
Nash equilibrium in this paper. We can easily show that in the case of
strategic complementarity, the condition for a unique Nash equilibrium to
be stable is 0 < V! < 1 for ¢ = 1,2 in equilibrium, from which we obtain

1/V > V2 or equivalently,
1 2 1 2
011011 — 012012 > 0

in equilibrium.
[Figure 1 around here.]

3 Overconfidence and welfare

3.1 Strategic complementarity and overconfidence

Let us now introduce the overconfidence of agents about their own abilities.
Although the true ability of both agents remains 6, agent 1 is overconfident
about its ability; that is, the agent believes that its ability is greater than its
true ability by an amount of df; :



Meanwhile, agent 2 has a correct understanding of its true ability. As can

be easily verified from Eq. (1), the effect of agent 1’s overconfidence is:

2 1

dey _ —911%13 (3)
do. ) ol o2 _ ol g2
116,=0 11911 12012
2 1
& o 012013 (4)
dé. _ ol o2 _ ol g2
116,=0 1%1 12012

Thus, the impact on both agent’s actions depends on the signs of 0%,, o1s,
and 01,07, — 01,07,

Since we assume that o}, > 0, o}; < 0, and o{; > 0 and consider the case
of a stable, unique Nash equilibrium (0{,0%; — 01,07, > 0), the right-hand
sides of Eqgs. (3) and (4) are positive, implying that the overconfidence of
agent 1 stimulates both the agents to act and shifts agent 1’s own reaction
curve upward. This situation is depicted in Figure 2.2 Of course, our outcome
follows directly from the strategic complementarity between the two agents.
This can be confirmed from
ey

= = > 0.
01=0 do,

d0~1 61=0

[Figure 2 around here.]
Now, we consider the first-order welfare effect on each agent. First, we

obtain the following proposition.

Proposition 1 Suppose that there exist strategic complementarity and a pos-
itive (negative) spillover. Then, the overconfidence of agent 1 increases (de-

creases) agent 2’s welfare in a symmetric Nash equilibrium.

2This situation corresponds to that analyzed by Gervais and Goldstein (2007), who
show that the overconfidence of some agents makes all of them work harder, leading to
Pareto improvement.



Proof. In order to analyze the first-order effect on agent 2’s payoff in the

Nash equilibrium, we totally differentiate agent 2’s payoff to obtain
d — — d62 —~ d€1
—0?(eg,e1,0) = 0 (ea,€1,0)— + a3 (ez, €1,0)—.
1 1 1
Since o2(e, e, 8) = 0, it follows that in a symmetric Nash equilibrium,
d = _ de
— (e, e,0) = o2(e, e,0)—,
dbo, db,
which depends on the sign of ¢ because de; / df; > 0 from strategic comple-
mentarity and the presence of agent 1’s overconfidence. If the game exhibits
a positive spillover, that is, if o2 is positive, the sign is positive. Thus, the
welfare effect on agent 2 is positive. On the other hand, if the game exhibits
a negative spillover, that is, if o3 is negative, the sign is negative. Hence, the
welfare effect on agent 2 is negative. This proves the proposition. =
Next, we consider the first-order welfare effect on agent 1 and obtain the

following proposition.

Proposition 2 Suppose that there exist strategic complementarity and a pos-
itive (negative) spillover. Then, the overconfidence of agent 1 increases (de-

creases) agent 1’s own welfare in a symmetric Nash equilibrium.

Proof. In order to analyze the first-order effect on agent 1’s payoff in the

Nash equilibrium, we totally differentiate agent 1’s payoff to obtain

_ _d _d _dh
—o0' (e, e9,0) = a%(el, €9, 9)2 + 0:2[(61, €, 9)2 + 0?1,(61, €, 0)—.
1 d@l d01 1

Since oi(e, e, f) = 0, it follows that in a symmetric Nash equilibrium,

d | - 1 _ dey 1 _df
—o0 (e,e,0) =0,(e,e,0)— + o3(e,e,0)—. )
e h) =ole.ed)52 +olleed) )
Since the true ability of agent 1 remains unchanged, it follows that
do
—= = 0,
db,
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and therefore

ial(e, e,0) = ai(e,e, 6’_)d—6~2.

do, db,
The sign of this depends on the sign of o3 because dey/ df; > 0 from strategic
complementarity and the presence of agent 1’s overconfidence. If the game
exhibits a positive spillover, that is, if o} is positive, the sign is positive.
Thus, the welfare effect on agent 1 is positive. On the other hand, in the
case of negative spillover, that is, if o3 is negative, the sign is negative. Hence,
the welfare effect on agent 1’s payoff is negative. This proves the proposition.
|

Propositions 1 and 2 indicate that under strategic complementarity and

positive spillover, one agent’s overconfidence improves the welfare of both

agents. Thus, we have the following proposition.

Proposition 3 Suppose that there exist strategic complementarity and a pos-

itive spillover. Then, the overconfidence of an agent Pareto-improves welfare.

Proposition 3 clarifies the basic mechanism behind Gervais and Gold-
stein’s (2007) result and confirms that their analysis can be applied to a
broader class of games with strategic complementarities and positive spillovers,
including the models of Brunello and Ishikawa (1999) and Redding (1996).
The intuition behind Proposition 3 is simple. Suppose that I consider myself
a high type. Now, I will raise the level of my action, which will in turn
increase the other player’s welfare through positive externality and stimulate
the other agent’s action through strategic complementarity. This increase
in the other agent’s action will have a positive externality effect on me and
stimulate my action further through strategic complementarity, which will

further increase the other agent’s welfare and action, and so on.



3.1.1 Discrete changes in beliefs

Thus far, we restricted our analysis to a marginal introduction of overconfi-
dence. We now discuss the case of discrete changes in beliefs.

From Eq. (5), our result depends on the fact that the slope of an agent’s
payoff function with respect to its action is zero at optimal action, that is,
ol = 0 at the correct belief, and therefore marginal deviations from the op-
timal action can cause only second-order losses (the envelope theorem), a
point emphasized by Akerlof and Yellen (1985), Mankiw (1985), and Parkin
(1986). However, since discrete changes in beliefs can lead to corresponding
large deviations from the optimal point, we can not apply the envelope the-
orem to Eq. (5) because it would lead to first-order welfare losses. In the
current setting, an agent’s strong overconfidence leads to a large increase in

its action beyond the optimal level, and thus o¢ < 0. Then, we have
d d d
—o! = a%g 052.
db, db, db,
= )

(6)

From this equation, it is clear that even under strategic complementarity and
positive spillovers, the sign of welfare effect cannot be identified because the
first term on the right-hand side of Eq. (6) is negative whereas the second
term is positive; in the case of discrete changes in beliefs, a trade-off exists
between the welfare gain through positive spillovers and welfare loss through

excessive action.

3.1.2 Simultaneous overconfidence

We next examine the case in which agent 2 becomes overconfident simulta-
neously with agent 1. In this case, the results are essentially the same as
before. While overconfidence shifts the reaction curve of agent 2 rightward,
it moves the reaction curve of agent 1 in the upward direction, as depicted

in Figure 3. Thus, the activities of both agents are stimulated to a greater



magnitude (see point C in Figure 3) compared to the case in which only
agent 1 becomes overconfident (point B). This case corresponds to the situa-
tion analyzed by Chu (2007), who shows that when all entrepreneurs become
overconfident to a small degree, R&D investment is stimulated and social

welfare is enhanced.?

3.1.3 The case of underconfidence

Suppose that agent 1 is underconfident about its own ability. Underconfi-
dence can be easily introduced into the model by replacing df, with —db; in
Eq.(2) as follows:

01 =6 — db,. (7)

From Eqgs. (1) and (7), we obtain the following inequality:

2 -1
do. T Sl g2 ol 2 )
116,=0 1111 12%12
2 1
do. T glg2 L2 .
1lg,=0 11911 12012

The analysis is straightforward because it is almost the same as in the case
of overconfidence. The situation is depicted in Figure 2. As the figure shows,
both e; and e, decrease as a result of agent 1’s underconfidence. For the

first-order welfare effect on agent 2, we obtain the following proposition.

Proposition 4 Suppose that there exist strategic complementarity and a pos-
itive (negative) spillover. Then, the underconfidence of agent 1 decreases

(increases) agent 2°s welfare in a symmetric Nash equilibrium.

3 As mentioned in the Introduction, the effect with respect to social welfare in Chu’s
(2007) model depends on the degree of overconfidence. While a small degree of overcon-
fidence increases social welfare, a large degree of overconfidence decreases social welfare.
This result consistently corresponds to our above argument about discrete changes in
beliefs.

10



Proof. The proof of this is similar to that of Proposition 1. The first-order

welfare effects in the Nash equilibrium can be obtained as follows:

ia2(e, e,0) = o3(e,e,0)—,

db, db,
which depends on the sign of o2 because de;/ df; < 0 from strategic comple-
mentarity and the presence of agent 1’s underconfidence. If the game exhibits
a positive spillover, that is, if o2 is positive, the sign is negative. Thus, the
welfare effect on agent 2 is negative. On the other hand, in the case of nega-
tive spillover, that is, if o3 is negative, the sign is positive. Hence, the welfare
effect on agent 2’s payoff is positive. This proves the proposition. m

For the first-order welfare effect on agent 1, we obtain the following propo-

sition.

Proposition 5 Suppose that there exist strategic complementarity and a pos-
itive (negative) spillover. Then, the underconfidence of agent 1 decreases

(increases) the agent’s own welfare in a symmetric Nash equilibrium.

Proof. The proof of this proposition is similar to that of Proposition 2. The

first-order welfare effects in the Nash equilibrium can be obtained as follows:

ial(e, e,0) = ay(e, e, é)d—€~2,
db do,
which depends on the sign of o} because dey/df; < 0 from strategic comple-
mentarity and the presence of agent 1’s underconfidence. If the game exhibits
a positive spillover, that is, if o2 is positive, the sign is negative. Thus, the
welfare effect on agent 1 is negative. On the other hand, in the case of nega-
tive spillover, that is, if o2 is negative, the sign is positive. Hence, the welfare
effect on agent 1’s payoff is positive. This proves the proposition. =
By combining Propositions 4 and 5, we directly obtain the following

proposition.

11



Proposition 6 Suppose that there exist strategic complementarity and a
negative spillover. Then, the underconfidence of an agent Pareto-improves

welfare.

This result can be directly applied to a Bertrand competition model with
differentiated products or a case of De Bondt and Veugelers’ (1991) model be-
cause these models exhibit strategic complementarity and negative spillovers.
The intuition behind Proposition 6 is also simple: Suppose that I consider
myself a low type. Now, I will decrease my action and thereby raise the
other player’s welfare through a negative spillover and dampen the other
agent’s action through strategic complementarity. This decrease of the other
agent’s action raises my welfare through negative spillover and lowers my

action through strategic complementarity, and so on.

3.2 The case of strategic substitutability

Thus far, we investigated the case of strategic complementarity. In this
section, we consider the case of strategic substitutability. In the case of
strategic substitutability, the reaction curve slopes downward because o}, <
0:

dei _ —Uiz = V' <0.

7
de; o1

As in the case of strategic complementarity, we focus on a Nash equilibrium
that is unique and stable. The condition for a unique Nash equilibrium to
be stable is given by —1 < V* < 0 in equilibrium. From this, it follows that

1/V! < V2 or equivalently,
1 2 1 2
011071 — 012012 > 0.

Note that this inequality is the same as that in the case of strategic comple-

mentarity.

12



3.2.1 The case of overconfidence

The welfare analysis in this case is almost the same as that for overconfidence
under strategic complementarity except that o}, < 0. From Egs. (3) and

(4), we have

2 1

do. T glg2 L2 )
116,=0 11¥11 12¥12
2 -1
do. I Ry .
116,=6 1111 12¥12

Now, for the first-order welfare effect on agent 2, we obtain the following

proposition.

Proposition 7 Suppose that there exist strategic substitutability and a pos-
itive (megative) spillover. Then, the overconfidence of agent 1 increases (de-

creases) agent 2’s welfare in a symmetric Nash equilibrium.

Proof. The proof of this proposition is similar to that of Proposition 1. The
first-order welfare effects in the Nash equilibrium can be obtained as follows:
ia2(e, e,0) = o3(e, e, é)d—e},
db, db
which depends on the sign of 03 because de;/ df, > 0 from strategic substi-
tutability and the presence of agent 1’s overconfidence. If the game exhibits
a positive spillover, that is, if 02 is positive, the sign is positive. Thus, the
welfare effect on agent 2 is positive. On the other hand, if the game exhibits
a negative spillover, that is, if 02 is negative, the sign is negative. Hence, the

welfare effect on agent 2 is negative. This proves the proposition. m

On the other hand, for the first-order welfare effect on agent 1, we obtain

the following proposition.

Proposition 8 Suppose that there exist strategic substitutability and a pos-
itive (negative) spillover. Then, the overconfidence of agent 1ecreases (in-

creases) agent 1’s own welfare in a symmetric Nash equilibrium.

13



Proof. The proof of this proposition is similar to that of Proposition 2. The
first-order welfare effects in a symmetric Nash equilibrium can be obtained
as follows:
diélal(e, e,0) = ay(e, e, 9)?—2.

The sign of this depends on the sign of 3 because des/ df, < 0 from strategic
substitutability and the presence of agent 1’s overconfidence. If the game
exhibits a positive spillover, that is, if o4 is positive, the sign is negative.
Thus, the welfare effect on agent 1 is negative. On the other hand, in the
case of negative spillover, that is, if o3 is negative, the sign is positive. Hence,
the welfare effect on agent 1’s payoff is positive. This proves the proposition.
]

Propositions 7 and 8 indicate that in the case of positive spillovers, the
first-order welfare effect of agent 1’s overconfidence contributes to agent 2’s
welfare improvement but reduces agent 1’s own welfare on account of strategic

substitutability.

3.2.2 The case of underconfidence

Recall that in contrast to the case of strategic complementarity, we have
oty < 0 for the case of strategic substitutability. Other than this, the analysis
is the same as that for underconfidence under strategic complementarity.
From Egs. (1) and (7), we obtain

2 1
dey _ 011913 <0 (8)
do. ) ol o2 _ ol o2 ’
116,=0 11911 12012
2 1
do. _ ol o2 _ ol o2 :
116,=0 1%1 12012

For the first-order welfare effect on agent 2, we obtain the following propo-

sition.

14



Proposition 9 Suppose that there exist strategic substitutability and a pos-
itive (negative) spillover. Then, the underconfidence of agent 1 decreases

(increases) agent 2’s welfare in a symmetric Nash equilibrium.

Proof. The proof of this proposition is similar to that of Proposition 4. The

first-order welfare effects in a Nash equilibrium can be obtained as follows:

iaQ(e, e,0) = aa(e,e, 9_)d—6~1,
do, doy
which depends on the sign of o2 because de;/df; < 0 from strategic substi-
tutability and the presence of agent 1’s underconfidence. If the game exhibits
a positive spillover, that is, if o2 is positive, the sign is negative. Thus, the
welfare effect on agent 2 is negative. On the other hand, in the case of nega-
tive spillover, that is, if o3 is negative, the sign is positive. Hence, the welfare
effect on agent 2’s payoff is positive. This proves the proposition. m
On the other hand, for the first-order welfare effect on agent 1, we obtain

the following proposition.

Proposition 10 Suppose that there exist strategic substitutability and a pos-
itive (negative) spillover. Then, the underconfidence of agent 1 increases

(decreases) the agent 1’s own welfare in a symmetric Nash equilibrium.

Proof. The proof of this proposition is similar to that of Proposition 5. The

first-order welfare effects in a Nash equilibrium can be obtained as follows:

diélal(e, e,0) = ay(e, e, H)Z—Z,
which depends on the sign of o3 because dey/ df, > 0 from strategic substi-
tutability and the presence of agent 1’s underconfidence. If the game exhibits
a positive spillover, that is, if o3 is positive, the sign is positive. Thus, the
welfare effect on agent 1 is positive. On the other hand, in the case of neg-
ative spillover, that is, if 02 is negative, the sign is negative. Hence, the

welfare effect on agent 1’s payoff is negative. This proves the proposition. m

15



Propositions 9 and 10 indicate that in the case of positive spillovers, the
underconfidence of agent 1 increases the agent’s own welfare through strategic
substitutability but reduces agent 2’s welfare because agent 1 becomes less
active.

Since we can very easily analyze cases of negative discrete changes in
beliefs and simultaneous underconfidence in exactly the same way as in the

previous subsection, we do not repeat the analysis here.

4 Conclusion

In this study, we analyzed the conditions under which overconfidence and un-
derconfidence of agents in a game increase the welfare of agents. The main
result of this study is as follows: If the game exhibits strategic complementar-
ity and positive spillovers, the overconfidence of an agent can lead to Pareto
improvement; similarly, if the game exhibits strategic complementarity and
negative spillovers, the underconfidence of an agent can lead to Pareto im-
provement. The other results of this study are summarized in Tables 1 and
2.

16



Tablel: The first-order welfare effect under positive spillovers

Agent 1’s Overconfidence Underconfidence
Complementarity agent 1 + agent 1 -
agent 2 + agent 2 -
Substitutability agent 1 - agent 1 4
agent 2 + agent 2 -

Table 2: The first-order welfare effect under negative spillovers

Agent 1’s Overconfidence Underconfidence
Complementarity agent 1 - agent 1 +
agent 2 - agent 2 +
Substitutability agent 1 + agent 1 -
agent 2 - agent 2 +

17
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