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Abstract

This paper studies the asymptotic efficiency in factor models with serially correlated
errors and dynamic panel data models with interactive effects. We derive the efficiency
bound for the estimation of factors, factor loadings and common parameters that describe
the dynamic structure. We use double asymptotics under which both the cross-sectional
sample size and the length of the time series tend to infinity. The results show that the
efficiency bound for factors is not affected by the presence of unknown factor loadings and
common parameters, and analogous results hold for the bounds for factor loadings and
common parameters. The efficiency bound is derived by using an infinite-dimensional con-
volution theorem. Perturbation to the infinite-dimensional parameters, which consists in an
important step of the derivation of the efficiency bound, is nontrivial and is discussed in

detail.
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1 Introduction

This paper studies asymptotic efficiency in factor models and dynamic panel data models.
We derive the efficiency bound for the estimation of parameters including infinite-dimensional
parameters such as factors. We consider the setting in which we observe a variable y,; for
many individuals over long time periods, and y,; can be written as the sum of the interaction

of factors, f;, and factor loadings, \,, and an idiosyncratic component, wy;:
Ynt = ft/An + Wne-

The factors, f;, vary over time but are constant across individuals; and the factor loadings, A,
are fixed over time but vary across individuals. The idiosyncratic component, w;¢, is assumed to
be Gaussian stationary and independently and identically distributed (i.i.d.) across individuals.
We further assume that its dynamics can be characterized by a finite number of parameters, 6.
The vector 6 consists of common parameters that do not depend on either n or t. This setting
includes cases in which wy,; follows a stationary autoregressive-moving-average (ARMA) model,
but is not restricted to them. The objective of this paper is to derive the efficiency bound for
the estimation of functions of f;, A, and 6.

This paper contributes to two different, although highly related, areas of the literature: fac-
tor analysis and dynamic panel data models. In factor analysis, factors are used to summarize
the information contained in y,; when there are many cross-sectional units.! See the introduc-
tion of Bai (2003), Bai (2009a), Breitung and Tenhofen (2011) or Choi (2011) for an overview
of economic applications of factor models. The estimation of factors is discussed in Stock and
Watson (2002), Bai (2003), Forni et al. (2005), Breitung and Tenhofen (2011) and Choi (2011)
among others.

In dynamic panel data analysis, the dynamic structure of wy; is of interest, and the factor
specification is used as interactive effects for characterizing unobserved heterogeneity across
individuals and unobserved common macro shocks. For example, when w,; follows an autore-
gressive (AR) process, the model is called a panel AR model, which has been used in many
economic applications. Note that our specification includes models with individual effects in
which f; = 1 and A, control time-invariant unobserved heterogeneity and that are commonly

used in empirical applications. There have been many estimators proposed for dynamic panel

!This paper considers “exact factor models” in which w,; is cross-sectionally independent, and any cross-
sectional dependence in y,; is captured by the interactive effects f/\,. In the recent literature, “approximate
factor models” originated by Chamberlain and Rothschild (1983), in which cross-sectional dependence in wp; is
allowed, are popular. However, it would be very difficult, if not impossible, to discuss efficiency in the presence

of general cross-sectional dependence in wpy.



data models. For example, the estimation of panel AR models is discussed by Anderson and
Hsiao (1981), Arellano and Bond (1991), Hahn and Kuersteiner (2002), Alvarez and Arellano
(2003), Hayakawa (2009), Lee (2012) and Han, Phillips and Sul (2014) for cases with indi-
vidual effects, and by Hahn and Moon (2006) for cases with both individual and time effects.
Holtz-Eakin, Newey and Rosen (1988), Bai (2009b), Moon and Weidner (2010) and Sarafidis and
Yamagata (2010) discuss estimation of dynamic panel data models in the presence of interactive
effects.

Our main purpose is to derive the efficiency bound; i.e., the lower bound of the asymptotic
variances of any regular estimators of a function of parameters. We examine the asymptotic
efficiency in factor models with serially correlated errors (or dynamic panel data models with
factor structure) when both the cross-sectional sample size (N) and the time-series length (7')
tend to infinity. We allow some elements of f; and/or A\, to be known. Thus, our analysis can
be applied to simpler specifications that are popularly used in dynamic panel data analysis,
such as models with only individual effects.

We derive the efficiency bound for the estimation of infinite-dimensional parameters, f;
and A,. The presence of the common parameters (whose dimension is finite) does not affect
the efficiency bound for infinite-dimensional parameters. It is remarkable that the efficiency
bound for factors is not affected by the estimation of the factor loadings and vice versa. The
results indicate that the principal component analysis (PCA) estimator of factors by Stock and
Watson (2002) and Bai (2003), which is arguably the most popular estimator in factor models,
is efficient.? The PCA estimator of factor loading is efficient only if w,; is serial uncorrelated.
The estimator developed by Breitung and Tenhofen (2011) is shown to be efficient when it is
applied to the current setting.?

We examine the efficiency bound for the estimation of the common parameter, 6, which is
the parameter of interest in dynamic panel data analysis. Our results reveal that the efficiency
bound in the presence of factor structure is the same as that in the case when factors and factor
loadings are known.

We apply the efficiency results to various dynamic panel data models. First, we consider

the panel AR(1) model. Note that the efficiency bound has been derived by Hahn and Kuer-

2More precisely, we consider the efficient bound for the estimation of some linear transformation of the factors.
The factors themselves are not identified, but some linear transformation of them is identified and can be estimated

by the principal component analysis.
3Breitung and Tenhofen (2011) show that their estimators are more efficient than the PCA estimator. However,

they do not examine the efficiency bound. We also note that they consider more general settings than ours; for

example, they allow heteroscedasticity. The efficiency bounds in those general settings are not known.



steiner (2002) for cases with individual effects. We derive the same efficiency bound based on
our general efficiency result. However, as discussed in Section 5.1, the argument of Hahn and
Kuersteiner (2002) is not complete, and we conclude their analysis. We also consider the esti-
mation of the parameter in panel MA (1) models and the estimation of autocovariances. For the
estimation of autocovariances, we provide conditions under which Okui’s (2010) autocovariance
estimator achieves the efficiency bound. In particular, we show that if the true data-generating
process follows a Gaussian stationary ARMA(p, q) model, Okui’s estimator for the k-th-order
autocovariance is asymptotically efficient if and only if p > ¢ and 0 < k < p — q. These results
are analogous to the results of Kakizawa and Taniguchi (1994), who derive the lower bound of
the variances of autocovariance estimators in a time-series setting.*

The notion of efficiency used in this paper is that of the convolution theorem by Hajék
(1970), which is extended to the cases with infinite-dimensional parameters by van der Vaart
and Wellner (1996). The derivation of the efficiency bound is nontrivial because we consider
double asymptotics, and there are infinitely many nuisance parameters (i.e., there are as many
factors as T' and as many factor loadings as V).

The main difficulty is how to specify the parameter space for the “localized” factors and
factor loadings. The convolution theorem requires that the parameter space be a linear subspace
of a Hilbert space with an inner product that is consistent with the formula of the limiting
process of the local log-likelihood. However, it is not trivial to construct appropriate local
parameter spaces for factors and factor loadings that satisfy the conditions for a linear subspace
of a Hilbert space. We discuss the difficulty of constructing an appropriate local parameter
space in detail in Section 5. In particular, we argue that extending the approach taken by Hahn
and Kuersteiner (2002) does not provide the efficiency bound for factors and factor loadings.

To construct a local parameter space, we adopt an approach that is based on the theory of
lo space. We assume that the localized factors and factor loadings are square summable and
prove that the local parameter space is a Hilbert space with an appropriate inner product. We
then derive the efficiency bound for the estimation of factors and factor loadings, as well as the
common parameters.

Our approach for constructing local parameter spaces deviates from that considered in the
related literature in statistics. There have been a number of studies on asymptotic efficiency in
“functional models” in statistics.” A functional model is one that contains nonrandom infinite-
dimensional parameters. In that literature, there have been several attempts to construct

appropriate local parameter spaces to derive the efficiency bound. However, this paper does

“See Porat (1987) and Walker (1995) for alternative derivations of the efficiency bound.
°See, e.g., Sprent (1966), Kumon and Amari (1984), Pfanzagl (1993) and Strasser (1996, 1998).



not take this approach because it turns out that factors are not regular parameters under this
approach and we cannot derive the efficiency bound for the estimation of factors under this
alternative approach.

While efficiency is an important issue, there have not been many studies on efficiency bounds
in factors models or dynamic panel data models. Hahn and Kuersteiner (2002) provide the semi-
nal contribution and derive the efficiency bounds for panel AR(1) models with individual effects.
They also apply the convolution theorem. However, they do not discuss how to specify the local
parameter space. While their efficiency result is valid by simply adding an assumption that the
local parameter space is a linear subspace of a Hilbert space, constructing an appropriate local
parameter space is far from obvious as argued above. This paper complements their analysis
by providing concrete examples of local parameter spaces for models with individual effects.

Gagliardini and Gourieroux (2010) examine the asymptotic efficiency in dynamic panel data
models with factor structure. They assume that the dynamics of factors can be characterized
by finite-dimensional parameters. Therefore, their analysis does not need to face the difficulty
associated with the presence of infinite-dimensional parameters. We treat factors as infinite-
dimensional parameters and do not specify their dynamics.

The reminder of this paper is organized as follows. The next section presents the setting.
Section 3 gives the summary of the results. Section 4 provides the theoretical derivation of the
efficiency bound and presents the results given in Section 3 in a more mathematically formal
way. Section 5 contains detailed discussion on the specification of the parameter space for
localized infinite-dimensional parameters. Section 6 concludes the paper. All mathematical

proofs are given in the Appendix.

2 Setup

Suppose that we have available a panel data set {y,;} forn =1,2,--- /N and t =1,2,--- ,T.

We assume that y,; follows a factor model:

Ynt = ft,/\n + Wnt,

where wy,; is independently and identically distributed (i.i.d.) across individual n and follows
a Gaussian stationary process over time ¢ with mean zero. We call f; factors and A, factor
loadings, respectively, and we regard them as parameters. The interaction, f/\,, is called

interactive effects. Let p denote the number of factors so that f; and A, are p x 1 vectors. We



assume that p is known.® We allow some elements of f; and ), to be known.

It is assumed that the autocovariance structure of {wy}icz (Z is the set of all integers) is
completely characterized by a finite-dimensional parameter § € © where © is some open subset
of RF. We denote the k-th-order autocovariance by v (6); i.e., vx(6) := Eqg [Wrwy, t—k|, where Eqg
denotes the expectation under §. Note that because {wy; }tcz is a Gaussian stationary process,
the parameter 6 completely determines the law of the process {wp;}iez. We also impose an
absolute summability condition on the autocovariance function k +— ~;(6). Thus far, we have

assumed the following restrictions on w;;.
Assumption 1.
(i) wye is i.i.d. across individual n.
(ii) wyy follows a Gaussian stationary process over t with Eglwy,] = 0.
(ii1) Yope o |k(0)] < oo for every 6 € ©.

This class of models includes many models that are popularly used in the literature. This
class includes factor models in which factors, { ft}thl, are the parameters of interest. It also
contains many dynamic panel data models that are popularly used in applied studies. For
example, if p =1, f; =1 and wy,; follows an AR(1) process so that wy; = owy -1 + un where

Upt ~ i.i.d.N(0,02), then a panel AR(1) model with individual effects is obtained:
Ynt = QYnt—1 + (1 - a)An + Un¢.

If we set p=2, fy = (1, f1r)’ and A\, = (A1, 1) and assume that w,; follows an AR(1) process,

we obtain the panel AR(1) model with both individual and time effects:

Ynt = @Ynt—1 + (1 — o)Ay + (1 — @) fie + wpe.

3 Summary of the results

In this section, we present the summary of the results on the efficiency bound in dynamic panel
data models with factor structure. The assumptions used for the derivation and the formal

theoretical results are presented in the following section.

5Choice of p is an important topic in the recent econometric literature. See, e.g., Bai and Ng (2002), Onatski

(2009) and Ahn and Horenstein (2013).



3.1 Factors and factor loadings

We first present the efficiency bound for the estimation of Jy,. f¢, where Jy7 is a nonrandom pxp
invertible matrix, possibly depending on N and T, and limy 7 Jny7 = J. The reason that we
consider the estimation of Jy fi, not f; itself, is that the factors f; may not be identified. For
any invertible p x p matrix A, the pair of f; and A, and that of A’f, and A~')\,, yield the same
interaction effect f{\, and the same observable distribution of y,;. Therefore, without further
restrictions, we cannot identify f; and \,.” On the other hand, some linear transformation of
ft is identified and can be estimated. We thus consider the efficiency bound for Jy,f;. The
efficiency bound is presented in Theorem 4.3. Let X)) = limpy 00 22;1 AnAL/N. The efficiency

bound is:
Y(0) IS5,

and the rate of convergence is v/N. This efficiency bound is the same as the asymptotic variance
of the OLS estimator from the regression of y,; on A, using observations at time ¢. This result
indicates that the efficiency bound for factors is unaltered even when the common parameters
and factor loadings are known.

Next, we give the efficiency bound for factor loadings, J&;)\n. We introduce the following
notation. Let 2(6) be the variance-covariance matrix of the vector w,, = (wn1, ... wyr) so that
Q(0) := Eglwpw)]). Let Fr = (f1,...,fr)’. Let Dy be the diagonal matrix whose diagonal
elements are the square roots of the diagonal elements of F.Fr. When factors are stationary,
then the order of Dy is VT. However, when some factor exhibits a deterministic trend or
is slowly varying, the order of the corresponding element of Dy is different from /7. The
efficiency bound for the estimation of J&%ﬂ)\n is presented in Theorem 4.4 and is:

—1
J1 < lim DTlFmT(e)—lFTDTl) J

T—o0

and the rate of convergence is Dp. Similar to the result for factors, the efficiency bounds for
factor loadings are the same even when common parameters and factors are known. If # and Fp
were known, this efficiency bound would be attained by the GLS estimator of y,; on f; using
observations from individual n.

Lastly, we provide the efficiency bound for an interactive effect, f/\,. Let dj denote the k-th
diagonal element of D, and ryp := min{\/ﬁ ,di,da,...,dp}. The efficiency bound is given in

"Bai and Ng (2013) provide conditions under which they are identified.



Theorem 4.5. It is:

N, T—00

2
. TNT _
+A <N1T1§OO \/N> Y(0)Z33 An,

-1
fi (NlTigooD;%NT> <T1L11C1>OD;1F}QT(9)1FTD;1> < lim D;erT> fi

and the rate of convergence is ry7.

We now examine the efficiency of the PCA estimator. The PCA estimator is obtained as
follows. Let Y be the T'x N matrix whose (¢,n) element is y,,;. The PCA estimator of factors Fr
is the v/T times the eigenvectors that correspond to the p largest eigenvalues of YY”. The PCA
estimator of factor loadings is A’y = F}Y/ T so that the PCA estimator of A, is the n-th row of
An. We assume that Dy = O(v/T). Bai (2003) derives the asymptotic distribution of the PCA
estimator. To introduce the asymptotic distribution, we need the following notation. T is the
eigenvector matrix of E}\{f(limT_wo FLFr/T )EX\Q, and V is the diagonal matrix whose diagonal
clements are the corresponding eigenvalues. Define Q = V1/27/ E;i/ ®. Bai (2003) considers
the distribution of v N ( ft —J EDC ANT ft) for some random matrix J pca,NT- In Appendix B, we
show that .J pcA,NT can be replaced with a nonrandom matrix Jpca N7 so that we can apply
our efficiency result. Moreover, we show that limy 700 JPca,NT = QL.

We show that the PCA estimator of factors is efficient. By Bai (2003) and Appendix B, if
N,T — oo and \/N/T—>O:

VN (fi = Jpcantfi) —a N (0,7(0)VIQEMQ'V ).
Simple algebra shows that the asymptotic variance is simplified to:
YOV LQEMQV ! = 1 (0)V V2SS S A V2V = (o) VL
The efficiency bound is:
YO)Q N ERQ T =V TR ISETY Y2 = (o),

The asymptotic variance is equal to the efficiency bound, and the PCA estimator is efficient.
On the other hand, the PCA estimator of factor loadings is not efficient, in general, and is
efficient only if w,, is serially uncorrelated. By Bai (2003) and Appendix B, the asymptotic

distribution is:
5 _ 1. 1 _
VT (A = Tpbangdn) —a N (o, Q! Jim TF:’FQT(G)FTQ 1) .
The efficiency bound is:

1 S\
Q(%EI;OTFfQT(Q) 1FT> Q'



The asymptotic variance is not equal to the efficiency bound in general. Thus, the PCA estima-
tor of factor loadings is not efficient. However, when w,,; is serially uncorrelated, it is efficient.

In that case, Q7 (6) = v(0)Ir, and the asymptotic variance is:
1.1 _ . 12 5.1 1/2mm —
(@) Jim ZFpQr(0)FrQ " = (VTSN lim PRS0V = 5 (0),
by the properties of eigenvalues and eigenvectors. Similarly, the efficiency bound is:
b 2000 ) O VTSt AEEy) s v
Q TE}IOIOT 787 (0) T Q" =(0) AN Tl—%of 74T A\
=7(0)1p.

Thus, the asymptotic variance and the efficiency bound match, and the PCA estimator of factor
loadings is efficient when wy; is i.i.d.

We next show that the PC-GLS estimator of Breitung and Tenhofen (2011) indeed at-
tains the efficiency bound even in the presence of serial correlation.® Suppose that w,; =
Zszl QW ¢t~ + Ung, Where up; ~ i.i.d.N(0,0%). Assume also that Dy = O(\/T) Consider

the following approximate Gaussian log-likelihood function:

_N(T2— D) log o2 — iv: ZT: ((Ynt — firn) — Zi;goék(yn,tk - fg_k/\n))2. (3.1)
n=1t=p+1

The PC-GLS estimator is the local maximum of the function (3.1) in the neighborhood of

the principal component estimator by Stock and Watson (2002).° Let ;GLS and S\gLS be the

PC-GLS estimators of f; and A, respectively. Applying Theorem 1 of Breitung and Tenhofen

(2011) in the current setting (see also the proof of Theorem 2 in Breitung and Tenhofen (2011))

gives that if N,T — oo with \/N/T —0:
VN(fEE = Tpcanthi) =a N (0,9(0)0(Q )@ ™),
and, if N,T — oo with v/T /N — 0:
1

-1
ﬁ(ATCLJLS — JI;éA,NT)‘n) —a N <0, Q <T1£%O TF}QT(Q)lFT> Q’) .

The asymptotic variances are the same as the efficiency bounds, and the PC-GLS estimator is

asymptotically efficient.

8 As written in footnote 3, Breitung and Tenhofen (2011) consider more general settings in which there is no
Gaussianity assumption, and heteroscedasticity and weak cross-sectional dependence are allowed. Moreover, the

AR model used for the estimation can be misspecified.
9The global maximum is not well defined because the likelihood function is unbounded, in general. See

Breitung and Tenhofen (2011, Section 3) for the detail of this problem and how to compute the estimator.



Note that Choi (2011) and Bai and Li (2012) also develop estimators that are more efficient
than the principal component estimator under the set of conditions different from ours. Choi’s
focus is on heteroscedasticity and cross-sectional dependence, and serial correlation is basically
excluded. Bai and Li (2012) account for heteroscedasticity, but serial correlation is not allowed.
On the other hand, we consider serial correlation, but we do not account for heteroscedasticity
across individuals nor cross-sectional correlation. Note that they do not derive the efficiency
bound, and the efficiency bounds under heteroscedasticity or cross-sectional dependence are not

known.

3.2 Common parameters

This section presents the efficiency bound for the estimation of functions of the common param-
eters. The parameter of interest is 5(6), where 3(-) is a differentiable function from © to R,
For example, when we are interested in the model parameter itself, we set 5(6) = 6. When an
autocovariance is estimated, we have 5(6) = v (6).

We first derive the result for general 3(6). We also discuss several applications in which
specific forms of 3(0) are presented. Let 3(0) = 03(6)/d6. Let go(-) be the spectral density of

Wt

[e.e]

Z Ym (0) exp(—ims),

m=—0o0

1

9o(s) = o0

where ¢ := y/—1. Note that Assumption 1 guarantees the existence of gg. We also define:

o) =4 [ ;@ge(s);ge(s)ggt)-

The efficiency bound for the estimation of 5(6) is given in Theorem 4.6. It is:
CIONCREOR

and the rate of convergence is VNT.

The efficiency bound has the same form as the limit of the Cramér—Rao lower bounds for
estimation of §(f) in a time-series setting without an intercept under Gaussianity. Indeed,
in the time-series literature, the matrix I'(#) is called the Gaussian Fisher information matrix
associated with spectral density gy (see, e.g., Taniguchi and Kakizawa (2000, p. 58)). We note
that the closed form of the matrix I'(6) for ARMA models is available in, e.g., Box and Jenkins
(1970).

An important implication of this finding is that the presence of factors does not affect the

form of the efficiency bound. This result is interesting in the sense that the sequence of factors

10



and factor loadings is an infinite-dimensional parameter, but the efficiency bound is the same
as that for the case in which they are known. An interpretation of this result is that it is related
to the well-known fact that the sample average and the sample variance are independent when
observations are Gaussian. Note that in factor models, the interactive effects, f/\,, determine
the mean of y,:, and the parameter 6 determines the variance—covariance structure of y;.

We apply this efficiency result to the panel AR(1) model, the panel MA(1) model and the

estimation of autocovariances.

3.2.1 Panel AR(1) model
The first application deals with the case in which wy,; follows an AR(1) model:
Wpt = QWnpt—1 + Unt,

where s ~ i.i.d.N(0,02). The parameter 6, in this case, is § = (a, 0?)". In terms of y,, this

specification can be written as:
Ynt = AYn,t—1 + (ft - aft—l),)\n + Upt.

This specification, in particular the one with individual effects (i.e., f; = 1), has been examined
in many studies as mentioned in the introduction. Because ¢ (0) = 6 in this case, the efficiency

bound is:

The efficiency bound for « is the same as that derived by Hahn and Kuersteiner (2002). The
efficiency bound for o2 is a new result. Note that the estimation of o2 is important; for example,
when we provide a forecasting interval for a future value of y;;.

There are many estimators that achieve the efficiency bound for « for models with individual
effects. For example, all of the bias-corrected, fixed-effects estimators of Hahn and Kuersteiner
(2002), the GMM estimator developed by Hayakawa (2009), and the random- effects, pseudo-
maximum-likelihood estimator discussed by Alvarez and Arellano (2003) are asymptotically
efficient. Therefore, to distinguish many existing estimators in terms of efficiency, the first-
order efficiency result considered here is not sufficient, and we may need alternative efficiency

criteria, such as higher-order efficiency.

3.2.2 Panel MA(1) model
This subsection considers the following panel MA (1) model with individual effects:
Ynt = Ap + QUp t—1 + Unt,

11



where |a| < 1 and uy ~ 1i.d.N(0,0%) across both n and t. The parameter is 6 = (a,0?).
MA models are also popularly used to analyze the dynamic nature of economic variables. For
example, Abowd and Card (1989) employ MA models to study income dynamics.

Noting that 5(6) = « in this case, the efficiency bound is:

{pofrert{ a0} = (1 o 1_0a2 )=

We note that the literature on the estimation of panel MA models is scarce, and we are not

aware of any estimator that achieves this efficiency bound.

3.2.3 Autocovariances

This section examines the asymptotic efficiency of the estimation of the k-th-order autocovari-
ance, 7 (0). By using the spectral density gg, 7x(f) can be expressed as:
Yi(0) = / exp(—iks)gg(s)ds = / cos(ks)ge(s)ds,
— -7

by Fourier inversion. Therefore, the efficiency bound for the estimation of 4 is given by:

{/_7; COS(kS)aae,.QO(S)dS} re)* {/_7; cos(kS)aaege(S)dS} - (3.2)

This expression demonstrates that the efficiency bound has the same form as the limit of the
Cramér—Rao lower bounds for estimation of () in a time-series setting obtained by Kakizawa
and Taniguchi (1994).'° We use their results to investigate the conditions under which existing
estimators of autocovariances achieve the efficiency bound. In particular, we consider Okui’s
(2010) bias-corrected autocovariance estimator.!!

We define Okui’s (2010) estimator and derive its asymptotic distribution. We consider the

case with individual effects only: yn; = A\, + wye. Okui’s (2010) estimator is a bias-corrected,

within-group sample autocovariance estimator and is defined as:

N T
1
= D - — V
Yk N(T — k) L Lo ynt yn ynt k yn) + T,

19Gee Porat (1987) and Walker (1995) for alternative derivations of the lower bound. Note that these three
papers examine the limit of the Cramer—Rao lower bound such that it gives the lower bound of the variances of
(exactly) unbiased estimators, while the convolution theorem gives the lower bound of the variances of regular
estimators. Considering regular estimators allows estimators to be only asymptotically unbiased but does not
require that they be unbiased in finite samples. Moreover, it is difficult to develop estimators that are unbiased

in finite samples in our setting because of the presence of interactive effects.
1 Okui (2010) analyzes models with individual effects. Cases with incidental trends and cases with both

individual and time effects are considered by Okui (2011) and Okui (2013), respectively.
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where VT is an estimator of the long-run variance of wy;. The first term on the right-hand-side
is the within-group sample autocovariance estimator, and the second term is added to correct
the bias that arises because ), cannot be estimated at v/ NT. Okui (2010, Section 4) suggests
using the kernel estimators (Parzen (1957) and Andrews (1991)) for V. Under Gaussianity,

the asymptotic distribution of 4 is obtained as a corollary of Okui (2010, Theorem 4):

)
VNT (5 — (6)) % N (07 > {00 + 7k+s(9)7k—s(9)}> :
s=—00

Because this asymptotic variance of 7 is exactly the same form as that of its time-series
counterpart (see, e.g., Anderson (1971, Chapter 8)), we can use the results in time-series analysis
to investigate its efficiency. Kakizawa and Taniguchi (1994) present the necessary and sufficient

condition for this variance to be equal to (3.2). Using their result, it follows that if {wy}iez is

a Gaussian stationary ARMA (p, q) process, then 7 () is asymptotically efficient if and only if:
p>q and 0<Ek<p-—gq. (3.3)

The condition (3.3) implies that if {wy }+c7z is a stationary AR(p) process and k < p, then we can
efficiently estimate 7 (6) using 7. Porat (1987) states that this is not surprising in time-series
contexts because AR coefficients can be efficiently estimated by Yule-Walker estimators, which
are functions of sample autocovariances. On the other hand, if {wy}iez is a Gaussian MA(q)
process, then none of 45 are asymptotically efficient. As an intermediate case, if {wn;}iez is,
for example, a stationary ARMA (3, 1) process, then 7 is asymptotically efficient if and only if
0 < k < 2. The results for MA models and ARMA models are nontrivial and interesting, as

argued by Porat (1987).

4 Derivation of the efficiency bound

In this section, we present the derivation of the efficiency bound formally. We start with a
general discussion on the convolution theorem. We then present the regularity conditions on
the spectral density of wy,; and infinite-dimensional parameters, and we explain how to specify
the parameter space for the localized factors and factor loadings. It turns out that how to
specify the local parameter space is not a trivial question, and it is discussed in detail in the

next section.
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4.1 A convolution theorem

The efficiency bound is derived by employing the infinite-dimensional convolution theorem by
van der Vaart and Wellner (1996). In this subsection, we briefly review their result.!?

We follow the notation and terminology used by van der Vaart and Wellner (1996). Let
H be a linear subspace of a Hilbert space with an inner product (-,-) and norm || - |. We call
H the local parameter space. For each N (sample size) and h € H, let Py be a probability
measure on a measurable space (Xy,Ayn). Consider a problem of estimating a parameter
kn(h) € B, where B is a Banach space, given a sample with law Py . Let {Ay, : h € H} be
an iso-Gaussian process indexed by H such that it is a Gaussian process with mean zero and
covariance function EAy, Ay, = (h1, ha). The sequence of experiments {Xn, An, Pnp : h € H}
or, simply, {Py, : h € H} is said to be locally asymptotically normal (LAN) if we can write:

dPN’h
dPn

1
tog S0 = A~ S,
for a sequence of random variables Ay j such that as N — oo:

Ay~ Ay (4.1)

Here, L denotes weak convergence under Py j,. By the iso-Gaussianity assumption on {Ay, : h €

H}, the condition (4.1) is equivalent to saying that for any finite subset {hy, ho, -, hq} C H:

A]\f,hl
A

M2 0 N(O, (hay ), (4.2)
AN,

as N — oo where ((hg, hq)) is a d x d matrix whose (a, b)-th component is (h,, hy). The sequence

of parameters kx(h) is assumed to be regular, in the sense that as N — oo:
ry(kn(h) — kN (0)) = £, VheH,

for some bounded linear map £ : H — B and the sequence of certain linear maps ry : B — B.

A sequence of estimators 7y is said to be regular with respect to ry if, as N — oo:

ry(ry — sy (h) % L, Vhe H.

12¥While we consider double asymptotics under which both N — co and T" — oo, the convolution theorem

stated here considers only N as the index that tends to infinity. However, it is sufficient to show the convolution
theorem with N — oo by the following argument. The theorem can be directly applied to the case of diagonal
asymptotics under which 7' depends on N, say T' = T(N), and T(N) — oo as N — oo. Phillips and Moon
(1999) state in their Remark (a) after Definition 2 that if a weak convergence result holds under any diagonal
asymptotics in which 7'(N) is monotonic in N, then that result holds under double asymptotics. This condition

is satisfied in our convolution theorem.
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It should be emphasized that this definition requires that the limit distribution L be the same
across h.'> Let B* denote the dual space of B. A bounded linear map % : H — B has an
adjoint map £* : B* — H, where H is the completion of H. The adjoint map is determined by

the relation:
(K*b*, hy = b*k(h),

for h € H and b* € B*.
Under the setting above, van der Vaart and Wellner (1996) establish the following infinite-

dimensional convolution theorem.

Theorem 4.1 (van der Vaart and Wellner, 1996, Theorem 3.11.2). : Assume that { Py, h € H}
is LAN. Furthermore, assume that the sequence of parameters ky(h) and that of estimators
TN are reqular. Then, the limit distribution L of rn(7ny — kn(0)) equals the sum G + W of

independent, tight, Borel-measurable random elements in B such that:
b*G ~ N(0, ||=*b*||?), Vb* € B*.
The law of G concentrates on the closure of k(H).

This theorem implies that the law of G is optimal in the sense that the variance of the
estimation of a linear combination of parameters cannot be smaller than the variance of the
corresponding linear transformation of G. In particular, when the parameter of interest is finite
dimensional, the variance of G is the efficiency bound. We apply this convolution theorem to
derive the efficiency bounds for parameters in factor models. To do so, we need (1) to find
some appropriate local parameter space, (2) to derive the LAN result, and (3) the parameter

of interest to be regular.

4.2 Regularity conditions on the spectral density

In this subsection, we state the regularity conditions on the spectral density of w,; that are
needed to apply Theorem 4.1. Recall that gy denotes the spectral density of w,: and that

Assumption 1 (iii) guarantees its existence.

Assumption 2.

BIntuitively speaking, a sequence of estimators is regular if its limiting distribution is unaffected by a disap-
pearing small change of the parameters (see, e.g., van der Vaart (1998, p. 115)). The regularity requirement is
a desirable property for reasonable estimators to have, and it is not very restrictive. It excludes, for example,
Hodge’s super-efficient estimator (see van der Vaart (1998, p. 109)). For a detailed study of the regularity
condition, see, e.g., Bickel et al. (1993, Chapter 2).
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(i) 0+ gp(s) is differentiable at any point 6 € ©.
(i)
lim sup [gg4c(s) — go(s)| =0, V0 € ©.

(iii)
2

0 ds <oo, Ym=12,---,L V0€0O,

%99(5)

/.

where 6,, is the m-th component of 8, and:

2
ds=0, VYm=1,2,---,L, V0e€O.

™

. 0 0
1% o @geﬂ(s) - %90(5)

(iv) There exists a positive number ¢ > 0 such that:

go(s) >c, V€O, Vsel|-mmn].

(v) The matrix:

1 [ 0 0 ds
) = — = = —
)= 5 /_7r 067 9%) 9g9%)

is nonsingular.

Assumptions 2(i)-(iv) are similar to the assumptions imposed in Davies (1973, A 1.1 to A
1.4). Assumption 2(v) is also assumed in Davies (1973, see, e.g., p. 482).14
As an example, consider the case where {wy}iez follows a stationary ARMA(p, q) process

such that:
Wnt = A1 Wn t—1 + A2Wn, t—2 +-- 4+ ApWn t—p + Unt + blun,t—l +---+ bqun,t—q7

where up; ~ i.i.d.N(0,02) across n and t. We also assume that the polynomials a(z) :=
1—a1z—agz?—-- — apzP and b(z) : =14+ b1z + boz2 + -+ byz? have no common zeros and

that a(z) and b(z) have no zeros on the unit circle. Then, the spectral density of {wn}iez is

given by:
0.2 b e—is 2 0.2 b 6—1’3 b eis
() = 7 I b o) w3
27 |a(e="s)] 21 a(e%)a(e’)
where 0 = (a1, ,ap, b1, - , by, 0%). After some algebra, we can easily show that the spectral

density of the ARMA model satisfies all the conditions in Assumption 2.

14The difference is that Davies (1973) states these conditions in terms of the autocovariance function k +— (),
while we state them in terms of the spectral density go. The reason that we state these conditions in terms of

the spectral density gy is that it enables us to check these conditions relatively easily.
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4.3 Conditions on infinite-dimensional parameters

We first state the two sets of assumptions on the true values of factors and factor loadings.
These assumptions are used to prove that the log-likelihood ratio has a well-defined limit.?

The first set of assumptions concerns individual effects or factor loadings.

Assumption 3. There exists some positive number M > 0 such that ||\,||g < M for all n € Z,
where || - ||z denotes the Euclidean norm. The matrix ¥\ = limy_ 00 ZN:1 AL /N exists and

n

is positive definite.

The second set of assumptions concerns time effects or factors, and these assumptions guar-
antee that they satisfy Grenander’s conditions (see, e.g., Grenander and Rosenblatt (1957) and
Anderson (1971)). Let f be the I-th element of f;. Let:

T

|
af, () := Z Jorlj 0 ftm
t=1
forlim=1,2,---,p.
Assumption 4. (i) @} (0) 5 o0 as T — oo for I =1,2,--- ,p.
(i) fir/al, > 0asT — oo forl=1,2,---,p.

(iii) The limit of:

() = i)
()L, 0)

exists and is finite for I,m =1,2,...,p and j € Z.

(iv) Define pi, () = lim¢ oo vl (j), and let R(j) be a p x p matrix whose (I, m)-th component
is pim (7). Assume that R(0) is nonsingular.

4.4 Local parameter space

We now discuss the space of local parameters and the sequence of statistical experiments. Let 5
denote a space of one-sided sequences of p-dimensional vectors a,’s (n € Z) with 0% | [lay||% <
0o, Set Hy := R x 5 x £5 and let (0, {\,}22, {fi}22,) € H;. This H; is the local parameter
space used to apply the convolution theorem.

Note that the choice of a local parameter space is an important and delicate issue. The

convolution theorem itself does not specify what kind of local parameter space is used as long

15When the additive-effects model (which is a special case of our model and is described as ynt = fi + An +Wnt)
is considered, these assumptions are not necessary. This is because f; and \,, do not appear in the log-likelihood

ratio of the additive effects model.
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as it is a linear subspace of a Hilbert space with an inner product that corresponds to the
LAN result. Typically, using a “small” parameter space makes the derivation easy. However,
the efficiency bound associated with a “small” parameter space may not be attainable. For
example, the set {0} is a Hilbert space, and we can apply the convolution theorem with H = {0}.
However, the resulting efficiency bound is 0, which is a valid lower bound of the asymptotic
variance, but it is not attainable. Using a “large” parameter space ensures that the bound is
attainable, but handling a “large” space is often difficult. We thus need to find a local parameter
space that is sufficiently small so that we can handle it easily and sufficiently large so that the
resulting efficiency bound is attainable. It turns out that our choice of local parameter space,
“H”, makes the analysis tractable and the resulting efficiency bound attainable.

The sequence of statistical experiments that we consider is as follows. Recall that Dy is the
diagonal matrix whose [-th diagonal element is aﬁ(O). We localize the parameters around the

‘truth’ as follows:

; e i "
0+ {An‘i‘DT )\n}n:1 and {ft + \/N}tl.

If some elements of A\, and/or f; are known, then we set the corresponding elements of ;\n or
ft equal to zero. Furthermore, let w, = (wp1,wn2,- -+, wyr)’. Recall that Qp(0) = Eg[wpw),).
For simplicity of notation, we write 5 = Qr (9—&—5/%) and Qp := Qr(#). Further-
more, we denote by Pyt and Pnro the laws of observations {{ynt}thl}T]Ll under (6 +
0/VNT,{\y + D3N3 {fe + fi/VNY2,) and (0, {\, )22, {fi}$2,), respectively. Recall
that Fr = (f1,..., fr)'. Define Fp similarly. Lastly, define (AV) = Zﬁlzl(@QT(G))/(ﬁem).

4.5 Main results

In this subsection, we show the convolution theorem for factor models. The log-likelihood ratio
is:
dPnTp,

lo
& dPnT

N N 1
= 5 logdet Qo — - logdetQ + 5 D (U — Frin)' Q" (yn — Frin)

n=1

N / ~
1 Fr “15% 1 Fr ~15%
— w= | Fr+ =) (D7) ) 95! (= [ Fr+ == ) (D7) ).
The limit of the log-likelihood ratio process is given by the following lemma.

Lemma 4.1. Suppose that Assumptions 1, 2, 8 and 4 are satisfied. Then, for a statistical
experiment Pnrp, h € Hy, it holds that:

dPNTR o+

log = -
dPNT,O NT.h

1
§Hh‘|$ + OPNT,O(1)7
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where:

Al = = i{wmol(évgo)ﬂolwnu [le(évm)]}

N N
> NERQG w + >N, DR R (4.4)

n=1 n=1

and:

T—o00

bl = 0T+ > X, ( lim D 1FTQT(9)—1FTDT1> An
n=1

1 - -
+ lim NE N ErQr(0) " Pry,. (4.5)
n=1

Under PyT, as N — oo and T' — oo, A;rVTh converges weakly to ATh ~ N(0, HhH]%)

Note that Assumption 4 ensures the existence of limy_, D_lF’ QT(H)_lFTD;l (see, e.g.,
Anderson (1971, Theorem 10.2.8)). The existence of impy 700 Zn 1 /\;LF’ QT(G)’lﬁ’T/\n/N is
guaranteed by Lemma A.9 and Assumption 3.

The following lemma shows that H; is a Hilbert space equipped with the inner product that
corresponds to the norm || - ||+ that appears in the expression of the log-likelihood ratio process.
Because £} is a linear space, it is easy to see that H; is a linear space. It is technically involved

to show that the inner product in the lemma satisfies the conditions for an inner product and

that the space is complete.

Lemma 4.2. Suppose that Assumptions 1, 2, 3 and 4 are satisfied. Then, H; is a Hilbert space

with an inner product for hy, hy € Hy given by:

o
(has ho)t == G,T(0)0 + ZA;j (Tlggo D;lFMe)-lFTD;l) b
li N EL Q7 (0) ™ Fyp . 4.6
N Z ()" Firdn (4.6)
The convolution theorem can now be applied because Lemmas 4.1 and 4.2 show that the

sequence of statistical experiments { Py7p,h € Hi} is LAN.

Theorem 4.2. Suppose that Assumptions 1, 2, 3 and 4 hold. Consider the sequence of statistical
experiments { Py, h € Hi}. Suppose that the sequence of parameters knt(h) and that of
estimators TN are reqular with respect to vnp. Then, the limit distribution L of v np(TnT —
knT(0)) equals the sum G + W of independent, tight, Borel-measurable random elements in B

such that:
b*G ~ N(0, |&*b*||7), Vb* € B,

where the adjoint map &* and the norm || - ||+ are defined under the inner product given in (4.6).
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4.6 Applications

This section presents the findings summarized in Section 3 in a more mathematically rigorous
manner. All of the results presented in this section are applications of Theorem 4.2. We do not
repeat the discussions on the implications of these findings as they are already given in Section
3, so the discussion here is brief.

4.6.1 Efficiency bounds for factors and factor loadings

We first present the efficiency bound for a factor.

Theorem 4.3. Suppose that Assumptions 1, 2, 3 and 4 hold. Consider the sequence of statistical
experiments { PN, h € HT}- Fiz t € Z and take a factor f;. Let Jyr be a p X p (nonrandom)
matriz such that Jyp — J as N,T — oo, where J is invertible. The variance of the limit

distribution of VN (tnT — Jypfi) for any reqular estimator Tyt is not smaller than:
7(0)J'S34 .
Next, we give the efficiency bound for a factor loading.

Theorem 4.4. Suppose that Assumptions 1, 2, 8 and 4 hold. Consider the sequence of statistical
experiments {Pnrp,h € Hi}. Fixn € Z, and take a factor loading \,. Let Jyp be a p x p
(nonrandom) matriz such that Jy, — J* as N,T — oo, where J* is invertible. The variance

of the limit distribution of Dr(TnT — JXpAn) for any reqular estimator Tyt is not smaller than:
-1
J* < lim DTIF:’FQT(G)_lFTDTl) (J*).
T—o00
Lastly, we provide the efficiency bound for an interactive effect.

Theorem 4.5. Suppose that Assumptions 1, 2, 8 and 4 hold. Consider the sequence of statistical

experiments { Pyt p,h € Hi}. Fizt € Z and n € Z, and take an interactive effect fi\,. Let

ryr = min{v'N,/a11(0),..., Vapp(0)}. The variance of the limit distribution of rnr(TNT —

fi\n) for any regular estimator Ty is not smaller than:
-1
/| lm D! lim D' FpQr(0) ' PrD;? lim D;'
fi (N,THEOO e ) i, Pr e 0 FrDyt ) (fm Driew ) f
2
+< lim TNT) YOX, S5 A,
4.6.2 Efficiency bounds for common parameters

The next theorem provides the efficiency bound for any regular estimators of 3(6), where 3(-)

is a differentiable function from © to RM.
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Theorem 4.6. Suppose that Assumptions 1, 2, 8 and 4 hold. Consider the sequence of exper-
iments { Py, h € Hi}. Let 8 be a differentiable function from © into RM | and let TN, be
any regular estimator of 3(0) as N,T — co. Let 3(0) = d5(0)/80. The variance of the limit

distribution of vV NT (tnr — B(0)) for any regular estimator Tt is not smaller than:
BOIL() 156

We have discussed panel AR(1) models, panel MA(1) models and the estimation of auto-
covariances in Section 3. The efficiency bounds for panel AR(1) and panel MA(1) models can
be derived by directly calculating the bound in Theorem 4.6. On the other hand, calculating
the efficiency bound for the estimation of autocovariances requires some additional nontrivial
theoretical derivation.

As argued in Section 3.2.3, we can use the results of Kakizawa and Taniguchi (1994) directly

because the efficiency bound has the same form as that in the time-series context.

Theorem 4.7. Suppose that Assumptions 1, 2, 8 and 4 hold. Consider the sequence of experi-
ments { Pntn,h € Hi}.) Then, Okui’s (2010) autocovariance estimator v (0) is asymptotically
efficient if and only if there exists ¢ € RY such that:

g3 (s) cos(ks) + c’%gg(s) =0, Vs (4.7)

In particular, if {wni ez is a Gaussian stationary ARMA(p,q) process, then 4 (0) is asymp-
totically efficient if and only if:

p>q and 0<k<p-—gq. (4.8)

The proof is omitted because it is essentially same as the matrix algebra given in Kakizawa
and Taniguchi (1994). They comment that condition (4.7) is easy to check. They also show
in Example 1 that for the case of a Gaussian stationary ARMA(p, q) process, condition (4.7)
reduces to (4.8).

5 Discussion on local parameter spaces

In this section, we discuss subtle, yet important, issues concerning local parameter spaces for
the infinite-dimensional parameters. The convolution theorem requires that the local parameter
space be a linear subspace of a Hilbert space. However, it turns out that it is not a trivial task
to construct an appropriate local parameter space. We first discuss the result of Hahn and
Kuersteiner (2002), and then we discuss the difficulty arising when we apply their argument

to the current situation. We also discuss an alternative approach based on the literature on
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“functional models” in statistics. While this alternative approach is considered in statistics, it

is not possible to derive the efficiency bound for factors and factor loadings using this approach.

5.1 Models with individual effects

This subsection demonstrates the difficulty in constructing an appropriate local parameter space
in models with only individual effects. Hahn and Kuersteiner (2002) provide the efficiency bound
for panel AR(1) models, and their result is the seminal contribution to the literature on efficiency
in large panel data. However, they do not discuss how to specify the local parameter space.
We argue that specifying an appropriate local parameter space is far from trivial even in this
simple model. Our analysis indicates that it is very difficult, if not impossible, to derive the
efficiency bound for the estimation of individual effects (or factors and factor loadings in more
general models) under their approach.

Hahn and Kuersteiner (2002) consider panel AR(1) models with individual effects. For

expositional simplicity, we consider the following univariate model:
Ynt = Ap + Wnt,

where ), is a scalar individual effect.!® While w,; is assumed to follow an AR(1) process
in Hahn and Kuersteiner (2002), the specification of the dynamics is not important in the
following discussion, and we merely assume that the law of w,; satisfies Assumptions 1 and 2.
The parameter set of the model is (6, {\,}5 ;).

Following Hahn and Kuersteiner (2002), we perturb the parameter (6, {\,}52)) as follows:

1 - 1 -\
0+ —0, {)\ + —=A } > .
< VNT " VNT 1
The local parameter is b = (6, {\,}°%,)). Under this perturbation, the local log-likelihood ratio

can be shown to be expanded in the following way; under Py7 0, as N,T — 0o:

dPnTp, 1
log dPnTo = ET,h - EHhHi +0PNT,O<1)7
where:
1 N
AT = w! Q5 OV tw, — tr (Q7HOVQ
NT,h 2\/W7;{ n 40 ( 0) 0 ( 0 ( 0))}
1 N
+—— Y 1507wy, 5.1
\/ﬁnz::l T%0 ( )
and:

N
o 1 o - 1
=0T li 7§:2.1‘ —15.07 17
IRl =6 (9)0+NE>I<I>ONTL:1)\” Thee T 170 T

Hahn and Kuersteiner (2002) also consider multivariate models.
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Under Py, the sequence A}Tﬁ converges weakly to A ~ N(0, ||k[|%) as N, T — oo, provided
that limy_, o0 22;1 A2 /N exists and is finite (the limit of 15.Q5'17/T always exists and equals
> re oo V() under our assumptions on gy because the sequence (1,1, - - - ) satisfies Grenander’s
condition).!7

While one may think that we can straightforwardly apply the convolution theorem at first
glance, the situation is not that trivial. A key requirement of the convolution theorem is that
the local parameter space be a linear subspace of a Hilbert space. Thus, it must be a linear space
and must equip some appropriate inner product. We argue that it is not a trivial task to specify
an appropriate local parameter space. Note that Hahn and Kuersteiner’s (2002) argument is
incomplete in the sense that they do not specify the local parameter space concretely.

Here, we present a (failed) attempt to construct a local parameter space. Let E denote
the local parameter space for individual effects. Because Hahn and Kuersteiner (2002) assume
that the true sequence of individual effects satisfies 27]:/:1 A2 /N = O(1) (Condition 4), we may

consider the following restriction on Z:18

N

o1 2 .

lim N E 1 A2 exists and finite. (5.2)
n=

However, it turns out that = with this restriction does not yield an appropriate local parameter
space. The local parameter space given by the restriction (5.2) is not a linear subspace of a
Hilbert space.'® A sufficient condition for Z to be a linear space is that {:\n}zozl is strongly Ces

X ro convergent in the following sense (see Theorem 17 of Maddox (1970, p. 190)):

N—oo

N
1 -
lim N ngl()\n —¢)? =0 for some ¢ € R.

7Our expansion and Hahn and Kuersteiner’s do not coincide exactly, because of the difference of the parame-
terization for individual effects. More precisely, the formula in (5.1) does not reduce to that of Lemma 8 in Hahn
and Kuersteiner (2002). However, a one-to-one reparametrization turns our model into Hahn and Kuersteiner’s
and vice versa, so the difference of the parameterization does not change the information contained in the models.
In our case, we separate the parameter for the mean (A, ) and the parameters for the variance (6). On the other
hand, Hahn and Kuersteiner’s (2002) specification is yn: = An/(1 — @) + wne and wps = Qwn,t—1 + Unt, SO the
parameter « appears not only in the variance of y,: but also in the mean. Because of this, their formula is more
complicated than ours. Because the difference is not essential and our expansion is much simpler and easier to

deal with, we make our arguments here using our expansion (5.1).

18We note that assuming 25:1 X2 /N = O(1) does not guarantee the existence of the limit of 25:1 X2 /N. In
fact, we can construct an example where 22]:1 X%/N is bounded but oscillates as N — oo (see, e.g., Davidson
(1994, p. 194)). Without assuming the existence of this limit, the first and second terms in the expansion of

(5.1) may not converge.
9For example, take a, = 1 for all ¢ and b, = (—l)k where k is determined by 2¥ < n < 28*!. Then

lim 25:1 a2/N =1lim >N b2 /N =1, but 22]:1 anbn /N oscillates and so does Zgzl(an +b,)%/N.

n=
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However, this condition is not sufficient either because Hilbert space requires an appropriate
inner product. The functional ({A1,}22;, {A2n }52,) = limy oo SN A1pA2n/N does not define
an inner product but only defines a semi-inner product; i.e., the functional is not positive
definite. A successful way to turn a semi-inner product into an inner product is to take a
quotient space. In our case, however, taking a quotient of the space of strongly Ces X ro
convergent sequences by {{\,}22, : limy_ o Zﬁ[:l A2 /N = 0} implies that it is equivalent to
imposing a nonperturbation to individual effects. This aspect is extremely unfavorable.

Thus, we need to specify the local parameter space in a totally different way for the convo-
lution theorem to be applied. When there exist only individual effects, the approach considered
in this paper corresponds to using the space {{an}fle Py S\?L < oo} and the perturbation
to the parameter, (8 4+ 0/v/NT,{\, + A/VT}2,). Note that this approach is not adding
more restrictions on = but considers a different perturbation because the rate of localization is
different.

On the other hand, there is an alternative approach based on the statistical literature on
“functional models.” We investigate this approach in more detail in the next subsection and
examine its advantages and its limitations. Under this approach, the rate of localization for
infinite-dimensional parameters is v/NT. More precisely, in the context of Hahn and Kuer-
steiner (2002), we set Z = {{\.}22,|\n = #(\n), where é(-) is continuous and bounded} and
the perturbation is (6 + 6/vVNT,{\, + ¢6(M\)/VNT}2 ). Z is a Hilbert space, and 6 is a
regular parameter under this alternative approach. Therefore, Hahn and Kuersteiner’s (2002)
argument becomes complete by specifying the local parameter space for individual effects using
the alternative approach. On the other hand, it turns out that an element of individual effects
is not a regular parameter, and the convolution theorem does not provide the efficiency bound.
Thus, if our objective is to derive the efficiency bound for the estimation of individual effects,

the approach taken by Hahn and Kuersteiner (2002) is not appropriate.?’

5.2 Alternative approach

In this section, we come back to the factor model and examine the approach originated in
the “functional model” in the statistics literature for specifying the local parameter space.
We examine how this traditional approach works and discuss why we do not use it in this
paper. The main point is that under this approach, factors and factor loadings are not regular

parameters, and thus, we are not able to derive the efficiency bound for their estimation using

20Hahn and Kuersteiner (2002) provide the efficiency bound for the estimation of the AR(1) parameter and do

not discuss the bound for an individual effect.
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the convolution theorem. On the other hand, they are regular parameters in our specification
of the local parameter space, which enables us to apply the convolution theorem.
We first impose some conditions on the “true” value of the parameters. Let Cy(RP) be the

space of continuous and bounded functions from R? to RP.

Assumption 5. 1. There exists a probability measure ® such that:

(i) limyoo(1/N) SN é(Ny) converges weakly to [ ¢(\)d®(N), Vo € Cy(RP);
(il) limpy_eo(1/N) Z 1 An@(An) converges weakly to [ Ap(N)dD(N), Vo € Cp(RP);

(iti) Tmy oo (1/N) SN XN, = [ANAB(A) > 0

2. There exists some continuous and bounded function g from [0,1] to R? such that f; =

%(t/T) and that limr_eo(1/T) 1, fo = [y ¥(a)da; [ ¥(a)p(a)ds > 0.

Assumption 5.1 requires that the sequence of A\, behave as if it were a realization of some
random vector whose law is ®. This assumption is similar to that considered by Strasser (1996,
1998). Assumption 5.2 implies that the dynamics of f; is smooth. This specification of f; is
similar to that considered in Robinson (1989) for the space of time-varying parameters. These
conditions are used to guarantee that the log-likelihood ratio process has a well-defined limit.

Next, we define the space of local parameters. Let Cy = (Cy(R))? such that ¢ € Cy can
be written as ¢p(\) = (¢V (A1), ..., P (),)). Each ¢(™ is a function of A, only and does not
depend on \; for I # m. Let (™) (s) be the m-th element of vector ¢ (s). Let C’ém)([O, 1]) be
the space of continuous and bounded functions from [0, 1] to R that are orthogonal to ¢(™). Let
cr=T1IF_,C )([0 1]). The space of local parameters is Hy = RY x C x C. The restrictions
in Cy and C), are needed to make the functional appearing in the limit of the local log-likelihood
ratio an inner product.

We give several remarks on the parameter space. The space of factors is different from that
of factor loadings. These choices are made for technical reasons. The space C), is not suitable for
time-varying parameters in models with serially correlated errors. The factors need to satisfy
“Grenander’s conditions” (see, e.g., Grenander and Rosenblatt (1957) and Anderson (1971)) to
show the convergence of the log-likelihood ratio. However, the restriction imposed by C) does
not necessarily guarantee Grenander’s conditions. On the other hand, the space Cy is useful
to show the convergence but implicitly requires that the parameters be naturally ordered. The
factors depend on t, so it is naturally ordered. However, the factor loadings depend on n, but
there is no natural ordering among cross-sectional units. Therefore, it would not be appropriate

to use a space similar to C'y for the parameter space of local factor loadings.
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We consider localizing the parameters around the ‘truth’ (6, {\,}°%, {ft};2;) with a disap-
pearing order of size O(1/vVNT):
0 A fi
0 + s A )\n + )
VNT VNT

forn=1,...,Nand t = 1,...,T, where § € RY, )\, = ¢(\,) with ¢ € Cy and f, = ¢ (t/T)

and f; + (5.3)

with @Z) € Cy. Note that under this approach, the orders of localization for factors and factor
loadings are different from those in the approach stated in Section 4.
We now examine the limit of the local log-likelihood ratio process. The local log-likelihood

ratio process is given by:

log dPnTp,
dPnT0
N N 1Y
—1
= 5 log det Qg — 5 log det Qg + 3 ;(yn - FT)\n)/QO (Yn — Frn)

fi B R Y /Q‘l B R Y
in:1yn Tﬁ nﬁ i Yn Tﬁ nﬁ

Under some regularity conditions, we can show that:

dPNT i 1, 9
1 A — A 1
0g dPyT. NT,h 2” 15 + 0Pz (1),
where:
1 N
Al = w, Q- OV Q) wy, — tr | QS (OVO
NT,h QW;{ n O( 0) 0 [0( 0)]}
1 XL -
N Z(FT)\n + FrAn)' Qg twn, (5.4)
NT “~—
and:
1 N
2 pl N . ad X V=17 1= N
|h]1F =0T (6)0 + N’lTlgoo ~T Z:l(FT)\n + Fra)' Qo (Fra, + Fr,).

The following lemma shows that H; is a linear subspace of a Hilbert space under the inner

product that is appropriate for our purpose.

Lemma 5.1. Suppose that Assumptions 1, 2 and 5 hold. Then, Hy is a linear subspace of a
Hilbert space with an inner product for hy, hy, € Hy given by:
. - 1 X - . -
(hiyhm)t = OT(0)0,, + lim N7 > (Firdn + Fram)' Q0 (FnrAn + Frimn) (5.5)

N, T—o

1
1
= AR+ [ [ G0N + X)) () + N @) dad D).
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We also show that {Py7p,h € Hy} is LAN.
Lemma 5.2. Suppose that Assumptions 1, 2 and 5 hold. Then, {Pntn, h € H;} is LAN in the
sense that:

o APNTh _ a3
dPNT,O NT,h

1
SIRIE + 0pyro (1),

where AfVTh is defined in (5.4) and converges weakly under Pnryg to Ai ~ N(0, HhH%) and
A;i is an iso-Gaussian process with a covariance function Eg[AilA}lQ] = (h1,h2)t and (-,-); is

defined in (5.5)

Because we have shown that Hjy is a linear subspace of a Hilbert space and {Pyr,n, h € Hy}

is LAN, the convolution theorem can be applied, and the efficiency bound is derived.

Theorem 5.1. Suppose that Assumptions 1, 2 and 5 hold. Consider the sequence of statistical
experiments { Py, h € Hi}. Suppose that the sequence of parameters knt(h) and estimators
TNT are regular with respect to ryp. Then, the limit distribution L of vy (7nT —knT(0)) equals

the sum G + W of independent, tight, Borel-measurable random elements in B such that:
b*G ~ N(0, |#*b*||7), Vb* € B,
where the adjoint map K* and the norm || -||; are defined under the inner product given in (5.5).

The efficiency bound for the estimation of € can thus be derived using Theorem 5.1. It is
not difficult to show that the common parameter 6 is a regular parameter. The efficiency bound
under this approach is the same as that presented in 4.6.

The problem of this approach is that factors and factor loadings are not regular parameters,

as shown in the next theorem.

Theorem 5.2. Suppose that Assumption 5 is satisfied.

Fizn € N. Let knp(h) = A+0(M)/VT for ¢ € Cy. Suppose that measure ® in Assumption
5 does not have a point mass on \,. Then, h — £(h) = imy 700 \/T(HNT(}I) — knr(0)) =
d(\n) is not continuous on Hy and, thus, knr(h) is not reqular.

Similarly, if we define kyr(h) = f; + 9 (f)/VN fizingt € N for ¢ € Cy, then h— i(h) =
limy 700 \/N(HNT(h) — kn7(0)) = @(ft) is not continuous on Hy, and thus xkyt(h) is not

regular.

This theorem implies that we cannot derive the efficiency bound for the estimation of factors
and factor loadings using this alternative approach. The convolution theorem requires that the

parameter be regular. Suppose that )\, is the parameter of interest. We then set kyp(h) =
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A+ (;;(/\n) / VT and ryp = VT. That knT(h) is regular means that & should exist and be a
continuous linear functional on H;. It is obvious that £(h) = imy 700 *nT(KNT () — KNT(0))
exists and is given by ¢(\,,). Although the functional h +— £(h) is linear, it turns out that it
is not continuous on Hj, in general.?! A similar argument holds for f;. Therefore, factors and
factor loadings are not regular parameters, and the convolution theorem cannot be applied. We
note that regularity depends on the choice of the local parameter space. These parameters are
regular under H;, as shown in Section 4.

The regularity of ky7(h) corresponds to a so-called ‘differentiable parameter’ assumption
(see, e.g., van der Vaart (1991)), which is known to play a fundamental role in a semiparametric
version of the convolution theorem. In fact, Theorem 2.1 in van der Vaart (1991) implies that
when the derivative of the functional of parameters exists, the continuity of the derivative on a
tangent set is necessary for the existence of regular estimators for the functional.?? Hirano and
Porter (2012) prove the same nonexistence result under slightly stronger assumptions, but in a
simpler way.?> Furthermore, Theorem 4.1 in van der Vaart (1991) implies that a differentiable
parameter assumption is necessary and sufficient for the efficiency bound in a convolution theo-
rem to be well defined. These results are derived under i.i.d. assumptions. Because we consider
panel data, we cannot apply these results directly. Nonetheless, we conjecture that there is no
regular estimator for A\, and f; and that the efficiency bounds for A, and f; are not well defined

under the localization (5.3) with local parameter space Hj.

6 Conclusion

In this paper, we investigate the asymptotic efficiency in general dynamic panel data models
with factor structure when both the cross-sectional sample size and the length of the time series
tend to infinity. By using the infinite-dimensional convolution theorem of van der Vaart and
Wellner (1996), the efficiency bounds for the estimation of factors, factor loadings and common
parameters are derived. It should be emphasized that the derivation is nontrivial and complex
because of the presence of factor structure. In particular, how to define the local parameter
space for the infinite- dimensional parameters is nontrivial.

We show that the efficiency bound of factors or factor loadings is not affected by the presence

210ur proof of Theorem 5.2 closely follows the argument in Example 3.1.1 in Bickel, et al. (1993).
22A ‘tangent set’ for semiparametric models with i.i.d. observations corresponds to a local parameter space

H in the infinite-dimensional convolution theorem. For more details, see Example 3.11.1 of van der Vaart and

Wellner (1996).
#3Hirano and Porter (2012) also show no existence results of locally asymptotically unbiased estimators for

nondifferentiable functionals, which is the main result of their paper.
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of other parameters. These efficiency bounds are attainable in the sense that there exists an
estimator whose asymptotic variance is equal to the bound. The efficiency results for the
common parameters obtained here are analogous to those observed in time-series contexts, and
this implies that the presence of interactive effects, which is an infinite-dimensional nuisance
parameter, does not affect the form of the efficiency bound.

The theoretical results of this paper can be extended in various ways. For example, we may
consider the efficiency bound for regression models with factor error structure. The estimation is
considered by, for example, Bai (2009a), Moon and Weidner (2010) and Sarafidis and Yamagata
(2010). It is also interesting to consider the case with heteroscedasticity and/or cross-sectional
dependence. Because there exist estimators for those cases, such as Breitung and Tenhofen
(2011), it would be important to investigate whether those estimators achieve the efficiency

bound in more general settings.

A Appendix

A.1 Preliminaries

In this subsection, we list some properties concerning covariance matrices for stationary pro-
cesses associated with spectral density gg. The following notation is used to state those proper-
ties. We denote the trace operator by tr[-]. For any matrix A, we define ||A||g := (tr(A’A))Y/?
(the Euclidean norm) and [|A||p := sup|,=1 [[Az|[g (the Banach norm) where x is a vector
conformable with A. Note that for any Euclidean vector a, these two norms coincide, and the

norm is denoted by |la||z. We repeatedly use the fact that for any conformable matrices A and

B, we have the relation ||AB|| g < ||AllB|| Bl &-

Lemma A.1. Suppose that Assumptions 1 and 2 are satisfied. Then, the following results hold.

(i)

1927(0)]15 < 2msupga(s) < D w(8)] < oo,

k=—0c0

and:

1970 +¢) — Qr(0)||B < 27 sup |gg+e(s) — go(s)] =+ 0, ase— 0.
(i)

_ 1 _
1271(0) |5 < 5 SUP g H(s) < o0,
™ s
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and:

1
sup [|Q71(0+¢€)|| < — sup sup\ge_je(s)\ < oo for some é > 0.

lell <6 T ellp<s s
(iii)
1) @ 2 N 2o 2
— =z 0)|| < @) = [ |=— d
Flanr0)], = X [gge] = [ |ggm)] a <o
and.:
1] 2 =] 8 o 2
— == Q7 (0 < (04 €) — —— (0
7 a0+ 0 - gg0n0)] | < B |- g
T %, 2
= /—w @ggﬁ(s)—@gg(s) ds — 0, ase—0.
(iv)

—0 asT — oo.
B

1 0
— |57 (0
= H 0. 7(0)
Proof. This lemma is a special case of Corollary 3.3 in Davies (1973), which shows this lemma

in the setting of a multivariate Gaussian stationary process.?* O

A.2 Proofs of the theoretical results in Section 4.3
A.2.1 Proof of Lemma 4.1

Under the perturbation induced by a local parameter in Hy, the local log-likelihood ratio process
is given by:

dPNTp,

lo
& dPnT

N N 1 N
_ - r0—1
= 3 log det Qg — 5 log det Qe + 5 g (yn — FT)\n) QO (yn — FT)\n)

n=1

59 Fr —17 / -1 Fr 1%
_2; b= | Fr+ (A +D7'20) ) 95" (o — Fr+ oo (M + D7)

N N 1 1
= 3 log det Qg — ) log det Q5 + 3 Z:l w;Qalwn -5 Z:l w;lewn
n—= n=

N 1 N
17 O—1 A’ O—1 A4
+d 1j A.05 w0 =53 1: A01A,,

24Note that there is a minor difference between Davies’ result and ours in the expression of the spectral density

go: Davies (1973) uses {exp(—2mims)}mez as a complete orthonormal set of L?*(0,1] (the set of all square-

integrable functions defined on (0, 1]), whereas we use {5 exp(—ims)} as a complete orthonormal set of

meEZ
L2(77r7 7]. However, this difference only affects the expressions, but there is no essential difference.
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where:

. 1 - s | S
A, = \/—NFT)\TL + PrD3 A\, + \/—NFTDTIAH.

Lemma A.2. Suppose that Assumptions 1 and 2 hold. Under Py, as N — 00 and T — oo:

N N 1 1
5 log det Qo — ) log det Q5 + 3 Z wh Q5 tw, — 3 Z w%Q;lw

n=1 n=1

Z {0l 051 (099025 M, — tr (25(0V)) }

2\/7

—ﬁtf (26 0V 2025 (O 90)) + 0p(1).

Proof. This proof is very similar to that of Theorem 4.4 in Davies (1973), and the only difference

is that we also need to consider the cross-sectional dimension. The proof is, thus, omitted.

O
Lemma A.3. Suppose that Assumption 2 holds. As T — oo:
St [le(évszo)ﬂgl(évao) = 0T(0)0 + o(1).
Proof. This lemma is a special case of Theorem 4.4 in Davies (1973). O

Lemma A.4. Suppose that Assumptions 1, 2, 3 and 4 hold. Under Py, as N — oo and

T — oco:

Mz

l\D \

N N
0? Z Q5 14, = Z <FT)\ + FrD:') ) Qg twy,

n=1
N /
—FA + FrD 1)\>Ql(

Proof. First observe that:

3
Il
—

Fri, + FTDT%) + 0p(1).

i §

l\D \

2

N
Z “lw,, — ZA’Q W,

n=1
N
- X4 (05" - A,
=1
N
< (2 )na 3195 13l 19 — 2l 5. (A1)
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Now, we have:

n=1
N 1
- Z(lﬁw + FrDp'A +1FTD_15\> <1 Frdn + FrDp'A +1FTD‘1f\>
LN T N T 5 N T
= NZZ(ﬂ)\n)Q‘FZZ(ft/D%l ﬁzz Anf{D
n=1 t=1 n=1t=1 n=1t=1

9 N T _ 9 N T ~
+ 2 2 DT A fidn NZZfz T A fiDE A
n:lt:l

by the Cauchy—Schwarz inequality, Assumption 3 and the definition of H;. The second term of
the right-hand side is:

T N T N T
Z S DI <Y Y CADIIDR N A =D NAn Y fDp' Dy i = 0(1),
n=1 t=1

n=1t=1 n=1t=1

by the Cauchy-Schwarz inequality and the definitions of Hy and Dp. For the third term, we

N T 1/2 LT 1/2
. ( zz<mn>2) (zzw;m)

=1t=1 n=1 t=1
!

have:

9 N T ~
=" FiaafiDFA
N n=1 t=1

=| -

~—

i

by the Cauchy—Schwarz inequality and the arguments that show the orders of the first and the
second terms. Similarly, we can show that the fourth to sixth terms are o(1). Therefore, we
show that ZnN:1 A! A, /(NT) = O(1) so that the extreme right-hand side of (A.1) is o(1) as
N,T — oo, by Lemma A.1 (i) and (ii). Thus, we have:

N ~ N ~
A0 w, =Y A0 w, + 0p(1).
n=1 n=1

We observe that

N N / N

. 1 - . 1
Y A w, =) j(FTAn +FTD1)\n) Qg tw, + —E (PrD3'N) Qg twy,.
n=1 ’ n=1 N ’ ’ n:l ’
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The mean of the second term of the right-hand side is zero and the variance is:

N 2 N
1 - -
Eg —Z (ErD7'\)'Q w, | = ZFTD M) Qo (FrDZMA,)
VN = o
1 N - -
< NHQEIHBZ(FTDElkn)’(FTDEIAn)
n=1

_ 1 b A —15 \2 _
= 195 s 30 D (DT A2 = o(1),

n=1t=1

by the definition of H; and Assumption 4. Thus, we have:

N /
Z A0 w, =) <\/1NFT)\,1 + FTDT1Xn> Qy twy, + 0p(1). (A.2)

n=1

Next, observe that:

N 3 N N

YAA =Y A4, < <Z A%An) 1971151125 121125 — Qoll 5 = o(1),
n=1 n=1 n=1

because we have already shown that 32 A’ A, = O(1). Hence, we have:

N ~ _ N
A0 A, =Y A0 A, +o(1),
n=1 n=1

as N, T — co. We now have:

Al Qg A,

M=

n=1

-\’ 1 - -
rAn + FTDTl)\n> Q! <WFTAn + FTDTlAn>

I
M=

£ (o

N
Z (PrD7* M) Qp  FrDot N,

N /
. |
Z( Fr), + FrDp' A ) leFTD;IAn+N

PN
\ﬁ

By the Cauchy—Schwarz inequality, we have:

/
Z( Fr\, + FrDp' A ) QO FrDAMN,

IN

1, . 1NT~,21/2 NT/—1~21/2
el ({5 20 ) (X 0D )

n=1t=1

by Assumption 3 and the definitions of H; and D;l. We also have:

N N T

1 N 1, P

N § (BrD7'\)Qy ' PrDyt A, < NHQO Y5 § § (fe D7 )% = o(1),
n=1 n=1t=1
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by Assumptions 2 and the definition of Hy. Thus, we have:

N N
1 - 1 i < -
~T 21 A0 A, = ~T Zl(FT)\n + FrXn)' Qo (Fra, + Fr,) + o(1), (A.3)
as N,T — oo.
Combining (A.2) and (A.3) yields the desired result. O

The next two lemmas provide the expression for the “norm part” in the expansion of the

local log-likelihood ratio.

Lemma A.5. Suppose that Assumptions 1, 2, 3 and 4 hold. For h € Hy, as N, T — oo:

N
Z FLERQ0) T ErA, = o(1).

Proof. First observe that:

IN

Z)\’ 2LERQ0) L FrA,

D7, 20 |

<

D7 Er| 1) | |||

Obviously, ‘DEIFTHE,HQ(G)* and HFTHE are O(1) as T — oo. Below we show that

e
(1/V/'N) 25:1 N |lz = o(1) as N — co. To show this, fix e > 0. Because {\, }nez is square
summable, there exists some Ni € Z such that for any s,t > N7, we have:

t S e
n—ZstH)\n’ <5

Now, take N9 € Z large enough to ensure that:

N1
1 -
—_— MllE < €/2. A4
7 ke </ (A4)
Such a number Ny exists because N is finite. Then, for any N > max{Ny, N2}, we have
1 - 1 & y- 1 XL
Sl = X 3
\/Nn: E \/anl E \/Nn:N1+1 B
N 1/2
€ N —N; ~ 12
< -+ > ’)\n
\/N n=N1+1 B
< €

where the second inequality follows from (A.4) and the Cauchy—Schwarz inequality. This com-

pletes the proof. O

34



Lemma A.6. Suppose that Assumptions 1 and 2 hold. For {ft}fil € (b, the matriz sequence

{ELQr(0) " Frs_, converges as T — oc.

Proof. If f; = 0 for all t € N, then the result trivially holds. Thus, we assume that {f;}3°, is
not the zero vector in E’Z'.

Because the matrix FQp(0) ™' Fr is symmetric, the convergence of F5.Q7(0)~'Fr is equiv-
alent to the convergence of z’ F}QT(G)AFTQ; for any « € RP. Thus, we may, without loss of
generality, assume that f; is one dimensional (i.e., p=1), so that Fr is a vector, rather than a
matrix.

Our plan is to show that the sequence in question is a Cauchy sequence. That is, we show

that for any € > 0, we can choose a sufficiently large Ty € N such that:

FIIEQTQ(Q)leTQ — Fé’lgﬂ (9)71FT1 <e V11,15 > Tp.

We now fix € > 0 and take a positive number § such that:

5 < min €m infs go(s)
’ 2

3(521 77) (sups g5 ()

The reason for this choice of § will become clear below.

The main difficulty of the proof is that the sequence involves the inverse matrix Qr(0)~!,
whose form is unclear in general and whose order grows to infinity as 7' — oco. We overcome
technical difficulties caused by the matrix Q7(8)~! by approximating it by the covariance matrix
of some autoregressive process. Let a(z) :=1—ayz — azz® — -+ — a;2™ (2 € C and m € N),
and assume that a(z) has no roots inside the unit circle and A(\) := (K/2m)|a(e™*)|~2? where
K > 0. The function A(\) is the spectral density of an autoregressive process {X;}¢2_ . of
order m whose autoregressive coefficients are aj,aq, - ,a, and whose innovation variance is
K. From Corollary 4.4.2. of Brockwell and Davis (1990), we can choose the polynomial a(z)
and the positive number K such that:

l96(\) — A(N)| < & VA € [m, 7). (A.5)

For each T' € N, let Hy be the covariance matrix of X, Xo, -+, X7.

To prove (A.5), we observe that for any T7,7T» € N:
FI/“QQTz (0)71FT2 - Fil“l QT1 (9)71FT1
S |F'}QQT2 (9)_1FT2 - F%2H7:21FT2| + |F7/—'2H1_“21F~1T2 - F‘%1Hi1FTI‘

+ |F}1H7_‘11FT1 - Fé‘lﬂﬂ (9)_1FT1 ‘
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We show that each absolute value on the right-hand side of the inequality is bounded by €/3.
We first show the following result:

\EpQp(0) " Fr — FpH7 Fr| < % VT € N. (A.6)

To show this, notice that the (j, k)-th component of Hy can be written as [™ U=k A(N)d.

Then, for any T € N and any x = (21,2, -+ ,27) € RT with ||z||g = 1, we have:
T T _
£ (0) o' Hral = |30 S ww, [ N g(3) - AN
t=1 s=1 -
= | [ e (g0 - Ay ax
T lt=1
< 9 Z x| d\ = 270.
=1

Consequently, we have ||Q(0)—Hr||p < 276 for all T. We also note that || Hy'||p < (1/27) sup, A7 (s) <

(1/7) sup, g, *(5).2> Therefore, it holds that for any 7"

[Py U0) Pr — PypHE Fr| = |FpHz! (Hr —Q00)2(0) " Fr]
< NBrIEIHT BIO) Bl Hr — 20)]5
0o _ 2
6 (521 77) (sups g5 '(9))
<
7T
< £
37

where the last inequality follows from our choice of §. This completes the proof of (A.6).
It remains to prove that for any sufficiently large 17 and 15, we have:

€

|y Hi) P, — g H oy <

To show this result, we write the matrix H 1in a tractable form. As in Brockwell and Davis

(1991, p. 381), we can use the Gram—Schmidt orthogonalization procedure to produce a white-

ZHere is the proof of this inequality. We show that infs go(s)/2 < infs A(s), which implies the desired result.
Because |go(s) — A(s)| < d, we have gg(s) < A(s) + 6. Thus, inf, go(s) — § < infs A(s). Because § < inf go(s)/2,
it follows that infs gg(s)/2 < infs A(s).
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noise process {W;};2, with variance K, as follows:

W1 = b11X1

Wa i= b1 X1 + b2 X9

Wi = b1 Xq + - + by X

Wing1 = —am X1 — - — a1 X + Xong1

Now, we define a T' x T lower triangular matrix Rr by:

b1
ba1 ba2
b b b
RT — ml m2 mm
—Qm —Om_1 ... —01 1
—Qpy ... —G2 —aq 1
—Qm ... —ao —ap 1
Then:
Wy X3
= Ry
W Xr

From this, it can be easily seen that Q7(0)™! = (1/K)R};Rr. Now, we define a := 1. Because
Yo ff < 00, we can pick a natural number 7j such that:

. Ke
Z ft2< 55 V11,15 > Ty — m.

3m?2 maxg< i<y a2
t=T1+1 0<j<m 97
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Thus, for any 77,75 € N with 15 > T7 > Tj:

~ o~ ~ o~ 1 = ~ ~ ~
|F'1,—'2HT21FT2 - Fj/ﬂlHTllFT1| = ?‘F%QR{FQRI—bFTQ - Fjl—’lR'lTlRTlFT1|
T 2

1 ULN
= 7 2 |2l
t=T1+1 \j=0
2

T:
maxogjgma? 2 ULR
< ——=2% > | fi-il
K ,
t=T1+1 7=0
T 2
maxogjgma§ n 2 ~ 9
< — > | fi-l
K ;
7=0 t=T1+1
< €
3"

where the last two inequalities follow from the Minkowski inequality and from our choice of

To. O
The next lemma gives the asymptotic distribution of AR,T b

Lemma A.7. Suppose that Assumptions 1, 2, 8 and 4 hold. Let A}r\,T’h be defined as in (4.4).

Under Pnt, as N — 0o and T" — oo:
d
Alvry, = N (0, [1113)
where ||h||$ is defined in (4.5).

Proof. Note that Lemmas A.5 and A.6 are used to give the expression of ||h||$
We use Theorem 2 in Phillips and Moon (1999), which is a Lindberg-Levy-type central limit

theorem for double-indexed stochastic processes. We define:

1 _ _ - -
Qur = s {wgﬂgl(evao)gglwn ~tr [le(ewzo)} } + (Frdn + VNFrDZ A, Qg Yw,

and:

N
_1
ONT = ZEH[ arl and &Nt = onEQur
n=1
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First, observe that:

1

N”N

= Z

=1

2T

N
1 - - ~
NI § Eolw,, Q5 (0VQ0)Q  wa(FrAn + VNFrDZ'A,) Qg wn]
NVT

N

1 1, 1,5 1 ~ 1% 1, = 1=
= gptr [QO LOVQ0)Q 1(9v90)} + > (Frin + VNPrDp' M) Q  (Fra, + VNFrDp' M),

n=1
where the last equality follows from the fact that w, is Gaussian so that its third moment is

zero. By Lemmas A.3, A.5 and A.6, it follows that as N,T — oo:

N
1 ~ ~ . 1 ~ 1% 1= 1=
NONT 2 OTO0+ lm Z;(FTAn + VNFrDE A (B + VNFrDpA,) = ||l
Hence, if:
al d
Z gn,NT — N(()? 1)a (A7)
n=1

as N,T — oo, then the desired convergence (A.10) is proved.
To establish the convergence (A.7), it is sufficient to show the Lindberg condition in Theorem

2 in Phillips and Moon; i.e., we show that, for each ¢ > 0, the term:

N N
ZEB ['Sr%,NTl{f?L,NT > e}] = UﬁlTZEa [QiTlﬂaRﬂT ol > e}, (A.8)

n=1 n=1

converges to 0 as N,T — oo, where 1{-} denotes an indicator function. Let:

Quur = {wgggl(émo)ﬂglwn ~tr [le(évno)} } :

1
2T
and:

Q2nT = (FT)\n + \/NFTD;lj\n)/Qalw”

Then, we have Q,7 = QinT + Q2n7 and QnT < 2@ T T 2Q§nT. It can be seen by the Cauchy—
Schwarz inequality that:

Eo [(2Q1.7 + 2Q5.7) oy Qor| > €}]

2 (Eg[Qbr] + Eo[Qar]) " (Bo[1{|on s Q2] > €}])

B [Qrrl{|onyQir| > €}]

IN

1/2

IN
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{w Q51 (V0 Mo, — tr [le(éVQo)} } + (Fran + VNFrDZ )5 b,

N
1 - - - -
_ tr [QEI(HVQO)Q (6VQ0) } Z (FrAn + VNFrD7' A Q5 Y(FrA, + VNFrDZA,)
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We have:

Eo[{loyrQnr| > €}] = Pr(oyr@ur > ¢)
< Pr(2Qiur +2Q3.r > conr)

< Pr(2Q%nT > eonr/2) + Pr(QanT > eonT/2).

By the Chebyshev inequality, it holds that:

16E,[Q4
Pr(2Q3%,7 > eonr/2) < %_
EINT

Let a(a) := Pr(|Z| > a), where Z is the standard Gaussian random variable. Because Qa7 is

Gaussian with mean zero, we have:

Pr(2Q3,r > eont/2) = a ( ZME'E(U]\ZTJ> )

Thus, it holds that:

N
UK/ITZEe Q2 1{|onrQip| > €}]

< E 2 (Eg[Q1nr] + EolQ3 ])1/2<16E9[ lnT}_F < EONT ))1/2
< oy 0 T ) T T UEIndl __UNT
NTn 1 " o e2o%r 4E(Q3, 1)
16E[Q1,.7] V2,
0L 1nT EONT 4 4 1/2
< Ssup ——5—5——— + sup « —_— - 2 (E +E
<1<n£N EQU?VT 1§n£N < 4E( 2nT)>> UNT; ( 0[Q1n7] O[QQnT])
16N2 1 1/2
EONT
< | S5y sup Eg[Q,r] + sup a< >
(&;?VT e, Supy Bol@inr] + sup AE(Q2, )

onT \ N

n=1

oN (1 & v
X —— ( Z(EG[Q%nT] +E9[Q§nT])> :

We note that Q1,7 is i.i.d. across n so that:

J<ngN Eo|Qinr] = ZEG Qlur] = Eo[Qinr)-
Now, we have:
Bt = o g () (o)

Let By .= Qal (éVQO) le and observe that:

LEQ }w’ BT’U)n — tr [BTQ(]] ‘4
— TQ{EQ |w), Brw,|" — 4tr [BrQo) Eg |w), Brw,|® + 6 (tr [BrQo))? Eg [w), Bruw,|*

—4 (tr (BrQ))* By |w), Braw,| + (tr (BrQp))* }
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Applying the formulas for the third and fourth moments of quadratic forms in Gaussian random

vectors (see, e.g., Theorem 10.21 in Schott (2006)), we see that:

,-Z}QEQ ‘w BTQOQ wy, — tr (BTQO)‘ = %22 <tr {(BTQO)2}>2 + %tr {(BTQ0)4}

60 15 4014
< o eves| 1ot
The extreme right-hand side is O(1) as N,T — oo by Lemma 1 (ii) and (iii). Therefore,

Eo[Q1,7] = O(1). Next, we consider:

4

*ZEGQ%T ZEG‘FT/\ + VNFErDZ' ) Q5 twy,
Because w,, is Gau551an, it holds that:

~ ~ 4 - ~ - ~ 2
o | (Fran + VNFPrDZ ) Q5 w,| =3 ((FT)\n + VNFr D7) Q5 (Fra, + \/NFTD;l)\n)>

We also observe that:

(Fran + VNFrDZIN) Q5 (FrA, + VNFrDLA,)

IN

29 15N, Ff Fra, + N3, Dy FpFr D' A,)

T T
= 2|9 |5 (Z(ﬁ’AnF +NZ<f£D;1Xn>2> :
t=1

t=1
Thus, we have:

| X N T 2
IR IR WL DS NTT) SULNY
n=1 n=1

t=1

2

24 a g )
< WZ 1925 Y1)? (Z ) <NZ<ft’DT1An>2>
n=1 t=1 t=1
| X - 2 N T
< 24(1M18)* | 5 Do) (Zféﬁ) +N Y (AA)? (th’D;th>
n=1 t=1 n=1 t=1

by Assumption 5 and the definitions of D, L and H;. Furthermore, we note that:

sup a( “’NT) . \/ €EONT — o(N72)
1<n<N 4E(Q%nT) 4 SUP1<n<N E(Q%nT) ’

by Assumption 5 and the fact that the tail of the Gaussian distribution decreases at an expo-

nential rate. Because oy /N converges, it holds that:

N
onr > Eo [Q2r1{loniQirl > €] = o(1).

Therefore, the Lindberg condition is satisfied, and the proof is complete.

Lemma 4.1 follows from Lemmas A.2, A.3, A.4 and A.7. O
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A.2.2 Proof of Lemma 4.2

To prove Lemma 4.2, we first show several technical lemmas.

Lemma A.8. Suppose that Assumptions 1, 2 and 3 are satisfied. For any two elements, F, =
{fat}fil and F), = {fbt}%ﬁl in 05, the following results hold.

(i) The sequence F'.Qr(0) ' EFyr converges as T — oo.

(ii) The limit imy 700 Zflvzl A%F;TQT(H)_lﬁbT)\n/N exists. Furthermore, it is given by:

NT—o0o N N—oo N

lim Zx EL Q) Eyp, = tr ( lim —Z)\ Ay Jim F;TQT(Q)—lﬁbT>.

Proof. To show the first result, it suffices to prove that for any x,y € RP, the sequence
2’ F!Qr(0) "' Fyry converges as T — oo. Note that we can write:
w’FéTQT(Q)*lﬁ},Ty _Z (1‘ F! o T y’FéT) QT(H)fl (FaTa: + FbTy)
1 1T 1 -1 (5 n

— - (¢'Flir =y Bi) 90(0) ™" (Fara — Firy) (A.9)
Because {'f,:}5°, and {y/f, )32, are both in £}, so are the sum {a'fu; + 3/ fp}2°, and the
difference {2’ fat—y fbt}é’il. Thus, we can apply Lemma A.6 to show that each of the two terms
in the right-hand side of (A.9) converges. Hence, the left-hand side also converges. This proves

the first result.

To show the second result, we write:
_ 1 X 3 3
~ Z N ELQp(0)  Fyph, = tr (N > AnA;F}aQT(e)_lFbT) :
n=1

Because Assumption 3 ensures the existence of limy_o0 Zﬁ[:l An AL, /N, the desired result im-

mediately follows from the first result. O

Lemma A.9. Suppose that Assumptions 1, 2 and 3 are satisfied. There exist two positive

numbers ¢ and C such that:

N o0
1 ~ - ~
Z”ft < dim LY N0 < CY Il
n=1 t=1

for all F = {fi}32, € £5 (note that the two numbers ¢ and C' do not depend on F ).

Proof. For any square matrix A, we denote the maximum and minimum eigenvalues of A by
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Amax(A) and A\pin(A), respectively. Observe that for each fixed T' and N:

N N
1 ~ )\max(QT(e) 1) nAn
Nz ﬁmVlﬁMgN;&}hM
1 N
= — N FrLFr,
Amm(aT(enN; e
1 N
< —— NN PP,
m@mmNgg T

where the last inequality follows from the fact that the infg gg(s) < Apin (Q7(0)) for any T' (see,
for example, Proposition 4.5.3 in Brockwell and Davis (1991)). Letting N, T — oo yields:

N
. 1 ! T —1 7

N, T—00
n=1

N
1 1
—_ lim F.F lim — A\,
infs go(s ) (Tl—{%o T (Ngnoo an::l ”))
)\max (Z)\/\) (
inf, 99( )

IN

IN

lim P

Amax (Xax)
= . ENME

mfg pt

Similar arguments show that:
N 0o
. 1 ~ 1z Amin (Zan) 7
lm = N FpQp(0) P, > S0 |l
N,%goo N n:1 n+ T T( ) TAn Z sup, 96(5) HftHE

By positive definiteness of ¥y, the eigenvalues Apin (Xax) and Amax (X2) are strictly positive.

Hence, setting:

>\min by
c:= 7( M) >0
sup; go (s)
and:
_ >\'max (E)\)\> > 0’
infs go(s)
we obtain the desired result. O

Corollary A.1. Suppose that Assumptions 1, 2 and 3 are satisfied. Let F = {ft}fil be an
element in 5. Then, imy 700 ¥ ZN AL F! QT(O)_lﬁ'TAn =0 if and only if F = 0.

Proof. The sufficiency part is obvious. To prove the necessity part, assume that:

N
. 1 ! —1 7 _
lim N E AN, FrQr(0) FrAy, = 0.

N, T—o0
n=1
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By the preceding lemma, there exists a positive number ¢ > 0 such that:
o0 1 N
£ 12 . ! T —17 _
D IRl < SN Ff0r(0) Fed =0
This implies that S°7°, || f:||% = 0. Hence, F must be zero. O

Using the above results, we can prove that (hq,hp); is well defined and forms an inner
product on Hy. We can also show that H; itself is a Hilbert space.

It is easy to see that Hj is a linear space. Furthermore, for any h,, hy, € Hj, the quantity
(ha,hp)t is well defined because the second and third terms in (4.6) converge by Assumption
4 and Lemma A.8, respectively. We show that (-,-); satisfies the requirements of an inner
product. Note that there are five requirements: for any hq, hy, he € H (i) (ha, he)t = (has he)+;
(i) (ha + by, he)y = (hashe)t + (hps he)ts (i) (aha, hy)t = a(ha, hp)t, where o is a scalar; (iv)
(ha,ha)t > 0; (V) (ha, ha)+ = 0if and only if h, = 0. It is again easy to see that the requirements
(i) to (iv) are satisfied. We verify that the requirement (v) is also satisfied. If h, = 0, then it is
trivial that (hg, ha); = 0. To show the converse implication, assume that (hs, hq); = 0. Then,

because all the three terms in (hq, he)+ are nonnegative, it follows that:
0'T(0)0, = 0

SN <T1Lngo DTlme)—lFTDTl) Soj = 0

N
. 1 Z = 1 f
n—=

Because the matrices I'(d) and limp_, D;lF}Q(G)_lFTD;l are positive definite, 0, and F,
must be zero vectors in R” and 5, respectively. Furthermore, Corollary A.1 implies that F, =0.
Thus, the requirement (v) is also satisfied.

Next, we turn to the proof of completeness of (Hj, | - ||+). The proof of this part consists of
two parts. We first find another norm on H; under which H; is complete. Second, we show that
that norm is equivalent to || - ||+, which, by the usual arguments in functional analysis, implies
the completeness of H; under || - ||;.

Define a norm || - [[; on H; by:

RE = 161% + D INIE + Y Il Vh=(6,A,F) € Hy.
n=1 t=1

It is a well-known fact from functional analysis that the product space of complete normed
spaces is again complete. Because R and (5 are complete, it can be easily seen that H; is also

complete under the norm || - 5.
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Our next goal is to prove that [ - ||+ and || - [|; are equivalent norms. First notice that:

and that:

o0

(6)0

1 -1 -
(jll_{réoD FrQ(0)” " FrDz

< Amax (D(9)) 1161,

' Q(6) Py Dy )Z 151

1) %

< Amax( lim D7 FpQ(0) ' FrDz") Y A1

Let ¢ and C be as in Lemma A.9. Set:
m := min {c, Amin (I'(€)) , Amin

and:

lim D;lFfQ(Q)lFTD?)}

<T~>oo

M := max {C, Amax (T'(0)) ; Amax (Tlim D;lF}Q(G)lFTDF) } :
— 00

Notice that m is strictly positive and that M is finite. It is easy to see that for every h € Hj,

we have:

mllh|F < [IR]F < MIA]3.

This shows the equivalence of || - ||+ and || - [|; as norms, and hence, the proof is complete.

Proof of Theorem 4.2

. : iani T
We first show the iso-Gaussianity of A NT.h-

Lemma A.10. Suppose that Assumptions 1, 2, 3 and 4 hold. For hi,ha,...

is finite, (AR,TJ“, A;rVT,hy e

T T
(ANT,hl’ A]\/vT,hQ’ e

under PnTo, as N — oo and T — oo.

T
’ ANT,hd)/

AjVT,hd) satisfies:

d

yhq € Hy where d

5 N(0, ((hey hin)t))s

Proof. To prove this lemma, we apply the argument in McNeney and Wellner (2000, p. 3).

It can be easily seen that A}LVTh is linear in h; i.e.,

(a1,a2, -+ ,aq) € Rd, we have:

_'.
ANT >

1 amhm

e
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Lemma A.12 implies that under Pyr,, as N,T — oc:

d
>
m=1

Noting that (-,-); defines an inner product, we see that:

d 2
E U m
=1

d d
= <Z amhm, Zalhl> = a'((hi, hin))1a.
t =1 f
Because a € R? is arbitrary, the desired result follows from an application of the Cramér—Wold

d 2

d
Z amA}L\mhm — N |0,

m=1

T

m=1

device. 0

The theorem is an application of Theorem 4.1 and follows from Lemmas 4.1, 4.2 and A.10.

O]

A.3 Proofs of the theoretical results in Section 4.4
A.3.1 Proof of Theorem 4.3

For simplicity of notation, we consider the case where s = 1. That is, we derive the efficiency
bound for the factor fi. The proof for fs (s # 1) is similar.

This theorem is an application of Theorem 4.2. In the situation of this theorem, ky7(h) =
I fi+ J}VTfl/\/N, ryr = VN and i&(h) = J'fi. The space of the parameter of interest is
B = RP, so the adjoint space is B* = RP. We now derive the adjoint map £*. Note that £* is a

map from B* = RP to H; and satisfies:
(b By = b o
for any b* € R? and h € Hy. Let A*b* = (A]b*, k5b*, k5b%) € Hy, where £7b* € RE and k5b* € lg
and /5b* € 12, Set /}b* = 0, #3b* = 0 and:
5D = (v(0) S5y Jb*, (1) S5y Jb*, v(2) S5y Jb*, -+ ) .
Notice that the first 7" components of £3b* can be written as:
(VOIS (T = DEIE) = T30 (07,0,+,0) Qr(6).
By Lemma A.8, we have:
(VL) = [ZM Jim ST (000, (T = 1)) QTw)-lFT]
= tr [JTlg%O (b*,0,---,0) QT(H)QT(G)*FT}
= alg il ="
This shows that #* is the appropriate adjoint map. Computing Hlﬂ*b*H? gives the efficiency

bound, and the proof is complete. O
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A.3.2 Proof of Theorem 4.4

This theorem is an application of Theorem 4.2. In the situation of this theorem, kyr(h) =
JxpAn + D;IJ]"{,TS\n, ryr = Dr and A(h) = J*X,. The space of the parameter of interest is
B = RP, so the adjoint space is B* = RP. We now derive the adjoint map £*. Note that £* is a

map from B* = RP to H, where H is a completion of H; and satisfies:

("0, hyy = b7 T\,
for any b* € R? and h € Hy. Let &*b* = (i&7b%, k3b*, i5b%), where #5b* € RY and i#3b* € 2 and
k3b* € lg. It is easy to see that setting £7b* = 0, k50" = (0,...,0,43,b%,0...), where:
-1
fiy bt = <1im D;lFZ’FQT(H)_lFTDF) (J*)v*,
T—o00

and £3b* = 0 gives the appropriate adjoint map. Computing Hlﬂi*b*H]% gives the bound, and the
proof is complete. O
A.3.3 Proof of Theorem 4.5

The proof merely combines the arguments in the proofs of Theorems 4.3 and 4.4, and thus is
omitted. O
A.3.4 Proof of Theorem 4.6

This theorem is an application of Theorem 4.2. In the situation of this theorem, kyr(h) =
B0 + 5/\/NT), ryr = VNT and k(h) = B(0)0. The space of the parameter of interest is
B = RM 5o the adjoint space is B* = RM. We now derive the adjoint map A#*. Note that &*

is a map from B* = RM to H, where H is a completion of H; and satisfies:

(i*b*, h)y = b B(6)6,

for any b* € RM and h € Hy. Let #*b* = (#3b*, k3b*), where /#5b* € RL and #5b* is in the space
for (X, f). It is easy to see that setting £1b* = I'(§) "' 5(6)'b* and i4b* = 0 gives the appropriate

adjoint map because:
(F*b*, h); = (£*6%)'T(0)0 = b B(O)T(0)"'T(0)0 = b*' 3(6)0.
Therefore, it holds that G in the current setting satisfies:
DG ~ N(0,[|&*b*[|F) = N(0,6™B(6)T(8) " 5(8)'").
Thus, the proof is complete. O
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A.4 Proofs of the theoretical results in Section 5.2
A.4.1 Proof of Lemma 5.1

We first show the second equality in (5.5). We observe that:

N
R o .
lim ﬁ ZI(F‘ZT)\n + FT)\ln)/Q() 1(FmT)\n + FT)\mn)

N
1 - -
= lim T§ N El Qs Err Ay + hm T§ N Qo Prv,

NT—)OO T—oo N
1 3 /! —1 3
We have:
/ 17 _ . / 17
NAT, NTZA FipQy Fnrdn = Mmoo NT Ztr (/\ FirQy Enr A )

— 3 /
= NS NT NT Ztr (A o FirSy FmT)
1Y 1. N
= tr ( lim NE A, Jim TF[TQOlFmT>.
Similarly, we have:

. / 1 _
N NT NT ZA FirQy " Frim, =

NT—>ooNTZ)\ nFr Fnrhn = tr

n=1
and:
1y 4 . 1
Jhm 5 ZA o VP A = tr (JVlgnoo men T FrQy FT) :
Assumption 5 gives limy oo S0 | AN, /N = [ANAB(N), im0 S0 A X, /N = ngN)m MNdD(N),
By oo SN AN /N = [ Agi(A)d®(N) and Bmy oo SN ANy, /N = [ (V) dr(A) dB(N).

Let Fr = (Fr, Fyp, Fyr) and 4™ be such that (™) (¢ /T) is the (¢, m)-th element of F'r. We now
show that F;/an LEr /T converges using Theorem 10.2.7 of Anderson (1971). For the moment,
we assume that 9™ # 0 for all m. Note that ¢*(t/T") corresponds to z;; in Anderson (1971). As-
sumption 10.2.1 of Anderson (1971) is satisfied because .7, @ (t/T)?/T — fo ¥ (a)?da > 0,
which implies that Zthl P (t/T)* — oo. Assumption 10.2.2 of Anderson (1971) is satisfied
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because 1Y (1)? is bounded. Assumption 10.2.3 of Anderson (1971) is also satisfied because:

SLAO@TO (¢ +h)/T) SR 0@/ T)O (4 h)/T)/T
VEL $O@TR S dnwre (S, W <t/T>2/T><zt LD (t/T)2T)
. Ji 99 (@)™ (a)da

VULG0(@)2ds) (i 600(a)2ds)

by Assumption 5 and g € Cy. Lastly, Assumption 2 guarantees that Assumptions 10.2.5 and
10.2.6 of Anderson (1971) are satisfied. Thus, Theorem 10.2.7 of Anderson (1971) implies that:

1~ - 1 Lo
lim —E Q7 Er = / m(a)d
Toioo T 250 r 2mge(0) Jo Yu(@)¥m(a) da,

1~ 1 L
1' —F’ O R :/ 'd
- 1 1 -
li —FQlFm = m(a)'da,
Jim ZF05 Frr = 5o [ @)l da

and:

1 1 ,
SR /0 W(a)p(a)'da.

We note that it is easy to see that even if ©)(™ = 0 for some m, the above convergences hold.

1
lim —F Q- Fr /T =
A, gt Fr/

Thus, we obtain:
1 N 1 1
. I =1 F _ / 7, 7, /
N,lTHBoo NT 3:1 M ErQy For Ay tr </ AN dD(N) 3790(0) /0 Ui(a)Ym(a) da>

_ %gle Wt ( / /0 1 M'z;l(a)zzm(a)'dadé(»)

1 ! /7 n /
- / /O Nu(@)dm (@) \dad®(N).

Similarly, it follows that:

N}TngooNlT iA;Fz’TQalmmn - nge / / Nu(@)1(a) SN dad (M),

NﬁlTirgoo ZA Qy  Fordn = %ge / / e Um () Ndad®(N),
and:

Jim NT Z)\ Qy P = 57200) // e (@) G (N)dadd(N).

Summing up, we have:

N
(FITA + Fram) Qo H(Fnrdn + Frmn)

.
NI 5o NT NT

- 27'('99 // le )+ om(N) w(a)) (Xlﬁm(a) + ém()\)’@b(&)) dad®(N).
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Thus, the second equality in (5.5) holds.

Now, we show that H; is a linear subspace of a Hilbert space. It is easy to see that Hj
is a linear space. Therefore, we only show that (-,-); satisfies the requirements of an inner
product. Note that there are five requirements: for any hy, hy,, hy, € H (i) (hy, hp) = (b, hy);
(i) (hy + humy b)) = (hiy b)) + (B, By ); (101) (@hy, hey) = a{hy, hy), where « is a scalar; (iv)
(hy, hi) > 0; (v) (hy, hy) = 0 if and only if h; = 0. It is, again, easy to see that requirements (i)
to (iv) are satisfied. We verify that requirement (v) is also satisfied.

Because I'(6) is positive definite, 0'T(0)6 = 0 if and only if § = 0. It is easy to see that
if ) = 0 and ¢ = 0, then [ [} (W(a) +¢~$(A)’w(a))2dad<1>()\) = 0. On the other hand, if
i fol (X@(a) + <]3(A)’¢(a)>2 dadl'(\) = 0, then we must have:

XNp(a) + ¢(N)¢(a) =0,

almost surely. Because [ ANd®(A\) > 0 and fol ¥(a)y(a)da > 0, we have:

b =-(f M’d@w)_l ([ 2é0aee ) vea)
s=-([ w<a>w<a>’da)l ([ vitario)

Let A = (fol w(s)¢(s)’ds)_l (fol w(a)@(a)’da) so that ¢(\) = —AX. Then, we also have

Y(a) = A'Y(a). Because ¢ € Cy, A must be diagonal. On the other hand, the diagonal

and:

elements of A must be zero because zﬁ € Cy. Therefore, A = 0, which implies that <Z~> =0 and

¥ =0.

Thus, (-,-); satisfies the requirements of an inner product, and the proof is complete. O
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A.4.2 Proof of Lemma 5.2

The local log-likelihood ratio process of our panel data model with interactive effects is given

by:
log dPNTp,
dPnT
N N 1Y
= 5 log det 2y — E log det Qé + 5 Z(yn — FT)\n)’Qal(yn - FT)\n)
n=1
1 P o)) P
—= w— | Fr+ —— | [ 20+ 22 Oy — | Fr+ — | [ A+
i3 (o (e ) (o g ) o0t (o (e o
N N
= ?logdeth—ElogdetQé
1 1Y
52 n = Pran)' Q5 (g = Frin) = 5 D (yn = Fron)' Q5" (yn = Frin)
n=1 n=1
N 1 XN
o <=
where:

Fri,

B, = Fran + Fr, +\/]W

Noting that y, — A}, f = w,, under Py, we write the log-likelihood ratio under Pyt as follows:

dPNT p,
dPnT,0

log

n=1 n=1

N

1 -
—— S B o tw B'Q
+\/NT; ntg n 2NTZ

Note that Lemmas A.2 and A.3 provide the expansion for the first four terms in the log-

likelihood ratio.

N N 1 1
5 logdet @y — = logdet 25 + o > w, Qg w, — 5 > w5 w,

An

VNT

)

Lemma A.11. Suppose that Assumptions 1, 2 and 5 hold. Under Pnto, as N — oo and

T — oco:

N 1 N
— B tw, - —) B!
ﬁZ ~aNT 2

N

N
- _ 1 ~ - - -
- Z (Frhn + PrX,) Qg tw, — SNT > (Frin + Prag)Q (Frin + Prig) + op(1).

n=1

Proof. The proof is very similar to that of Lemma A.4 and thus is omitted.

O]

Lemma A.12. Suppose that Assumptions 1, 2 and 5 hold. Let ANTh be defined as in (5.4).

Under PnTg, as N — oo and T — oo:

N, T—0c0

N
- - 1 - - - -
ANz 4N (0, 0'T(0)0 + lim ~T > (Frdn + Fran)'Q (Frin + FT)\n)> . (A.10)

n=1

o1



Proof. The proof is very similar to that of Lemma A.7 and thus is omitted. O

Lemma 5.2 follows from Lemmas A.2, A.3, A.11 and A.12. O

A.4.3 Proof of Theorem 5.1

This theorem is an application of Theorem 4.1 and follows from Lemmas 5.1 and 5.2. Note that
iso-Gaussianity of A%T,h can be shown by exactly the same argument of the proof of Lemma
A.10.

O

A.4.4 Proof of Theorem 5.2

In this proof, we only consider a simpler model in which y,; = A, + wpe. The proof for the
general case is similar but requires much more complicated notation.

It is a well-known fact from basic functional analysis that a linear functional on a normed
linear space is continuous if and only if it is bounded on the closed unit ball of the space. Thus,
to prove the discontinuity of &, it is sufficient to show that & is unbounded on the closed unit
ball of H;.

It is an easy task to construct a sequence of functions ¢ps € Cyp(R) such that (i) ¢ar(An) =1
for every M € N; and (i) [ ¢ar(2)?d®(z) — 0 as M — oo with every integral being positive.?®
Using ¢, we now define a sequence {h}aen in Hy = RY x C(R) by setting has := (0, dar).
Noting that the LAN norm for the model yn: = Ay, + Wy is:

o -1
1R]1* = 11(8,9) 1> = 6'T(6)8 + < > %(9)) /R¢2(1‘)d‘1>(1‘), (A.11)

k=—oc0

it follows that:

(han)l o)l Dk oo 1k(0)
1Pl lhaell o #3,(2)d®(z)

as N — oo. This implies that the functional £ cannot be bounded on the closed unit ball of

— 00, (A.12)

Hy, so we conclude that # is not continuous.

%6 Assume, for simplicity, that 33> ~x(0) = 1. For example, set:

dm(x) = {M(x —Xn) + 11 an)+1/0m2), 0) (& = M) F{=M(x = Xn) + 1} o, 1/00)—1/m2)) (T — An)
1
o Lmeo, —/an+ /ML)~ (1/0M2), 00) (T = An)-

Then it can be easily checked that the sequence {¢n }nen, thus constructed, satisfies the conditions (i) and (ii).
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B The asymptotic distribution of the PCA estimator

Bai (2003) derived the asymptotic distribution of v/N(f; — jJ/DCA,NTft% where f; is the PCA
estimator of f; and J pcA,NT is some invertible p x p matrix. However, J pcA,NT in the formula
of Bai (2003) is data dependent, and we cannot apply the convolution theorem to examine
whether ft is efficient.

In this Appendix, we show that there exists a nonrandom matrix Jpca nyr (that depends on
N and T) such that \/N(ft - JA;DCA’NTft) = \/N(ft — J;CA,NTft) +0,(1). Because Jpca Nt fi is
deterministic, we can apply the convolution theorem to see whether ft is an efficient estimator
of Jpcanrfi-

We use the following notation. Let Ay be the N x p matrix whose n-th row is \,. Let
VNt be the p x p diagonal matrix whose r-th diagonal element is the r-th largest eigenvalue of
(M AN /N)Y2(ELFr/T)(NyAn/N)Y2. We assume that all the eigenvalues in Viyr are different.
Let Ty be the eigenvalue matrix that corresponds to V. By the definitions of V7 and Yy,

we have:
YnrVnr Thr = (ANAn/N)Y2(ERFr/T) (A Ay /N2,

We show that by setting:

A'NAN> 1/2 1y

JPCA,NT:< N TnrVyg ™S

we have:
VN(Jpcant — Jpcant) = op(1).

Our argument is similar to that of Bai and Ng (2013, proof of (2)). Let Sy = min(v/N,V/T).

We first observe that:

ELFr  (Fr — Pripcant + Fripcant)Fr  JpcantFrPr
T T N T

+ Op((s]?[?r),
because Lemma B.3 of Bai (2003) shows that (FT — FijCANT)’FT/T = Op((sx,?r), where
ONT = min{\/ﬁ, \/T} We also have:

ELFrpcant  Fr(FJpcant — Fr+ Fr)
T N T

=1 + OP((E]?[%“)v

by using Lemma B.3 of Bai (2003) to show that Fp(FJpcant — Fr)/T = Op(657). Thus, we

have:

JpcanrFrErdpcant

. 140,033,
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By the definitions of T y7 and Vi, we have:

F:’FTFT _ <A§§\/[\N>—1/2 o Var T (A%N>_l/2, -
Letting:
B =V Ty <A/’§\/;N>_l/2,
we write:
FLF
?T:HB

Let H* = BjPCA’NT. Then, we have:
(H*)H* = I+ 0,(532).

We now show that H* = I + O,(6y5). Because (H*)'H* = I + O,(65~), the eigenvalues of H*
are either 1 or —1. Next, we show that the nondiagonal elements of H* are Op(éjfT). By Bai

(2003), we have:

. L FLPr AGA
(H*) = JpoanrB = Vyp—L LNl

B/
rr N 7

where Vyr is the p X p diagonal matrix whose r-th diagonal element is the r-th largest eigenvalue
of YY'/(NT). By Bai (2003, Lemma B.3), F}.Pr/T = Jpoy ypFpFr/T + Op(0y%). Using
(B.1), we have:

(H")

N AyAn 2 AyAn) 2 (A A
_Yr—1 73 NN / NN ANAN
—VNTJPCA,NT< I ) TNTVNTTNT< N > ( i >

NyAy\ V2
x < f\]fv N) YNr VAl + Op(032)

=Vir(H") Vivr + Op(037)-
Thus, we have:
VT H* = H*Vnr + Op(S53).

It follows that H* is the eigenvalue matrix of Vi up to a negligible term. Because Vyr is
diagonal and all the eigenvalues are assumed to be different, H* is also a diagonal matrix (up
to the order of 6;,2T) We assume, without loss of generality, that the eigenvalues of H* are all

1. Therefore, it holds that H* = I + O,(Jy7)-

o4



Therefore, we have:

AyAy
N

1/2
Jpcant =B 'H* = B~ + Oy(6y7) = ( > TNTVJ\;}/Q + Op(Sx7)-

Setting JpcanT = B™! = (A’NAN/N)1/2TNTV]\7%/2 and assuming that \/N/T — 0, we have:

VN(Jpcant — Jpcant) = op(1).
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