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Abstract

This study investigates optimal minimax rates of specification testing
for linear and non-linear instrumental variable regression models. The rate
implies that the uniform power of tests reduces when the dimension of instru-
ments is large. The test constructed by non-parametric kernel techniques
can be rate optimal when bandwidths satisfy two order conditions that de-
pend on the dimensions of instruments and the smoothness of alternatives.
Since bandwidths are often chosen in a data-dependent way in empirical
studies, the rate optimality of the test with data-driven bandwidths are in-
vestigated. Bandwidths selected by the least squares cross-validation can

satisfy conditions for the rate optimality.
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1 Introduction

In the context of specification tests for the functional form of regression models,
the minimax approach can be used to investigate uniform power against a set of
alternatives (Ingster, T993). In this approach, a set of alternatives can be defined
to approach the null model at a specific rate. The maximum rate at which a test
can uniformly detect any alternatives in this set is called the optimal minimax rate.
Although the investigation of uniform power provides a deeper understanding of

specification testing, research in this area is limited.



The optimal minimax rates for regression models have been investigated by
Guerre and Lavergnd (2002). Recently, a test based on the commonly used non-
parametric K-nearest neighbors technique was shown to be rate optimal (H. Li, Li,
& Liu, POI6). Hitomi, Iwasawa, and Nishiyama (2020) showed that a test based
on the distance between non-parametric and parametric variance estimators is
rate optimal against a set of non-smooth alternatives. However, optimal minimax
rates of specification testing for other models, such as instrumental variable (IV)
regression models, and rate optimality of other types of tests, such as kernel-type
tests, have not been investigated.®

This study investigates the optimal minimax rates of specification testing for
IV regression models. We find that the optimal minimax rate is n~2(stk)/ll=+4(s+k)]
where n is the sample size, s + k represents the smoothness of alternatives, as
explained later in detail, and [, is the dimension of instrument z, when the set of
alternatives is smooth such that s + k > [, /4. The rate implies that the uniform
power of tests reduces when the dimension of instruments is large.

We adapt the kernel-type test proposed by Zheng (1996) for IV regression mod-
els. This test is based on the non-parametric kernel estimator for the conditional
mean of the error term given instruments. The proposed test weakly converges
to the standard normal distribution under the null hypothesis and is rate opti-
mal when bandwidth & for the kernel satisfies hmin{ashte:}/2p mritrm = O(1) and
Bl G = O(1), where the density of instruments is g.-times continuously
differentiable and the gith-order kernel is used.

In practice, bandwidths are often chosen by using data-driven methods such

'In the adaptive framework, in which the smoothness of the classes of alternatives is unknown,
Horowitz and Spokoiny| (2001) showed that their test based on non-parametric kernel techniques
is rate optimal. This point will be discussed later in detail.



as the least squares cross-validation. In the non-parametric kernel estimator for
the regression function, when the original bandwidth is replaced with one selected
by a data-driven method, asymptotic normality still holds if some additional as-
sumptions are made (see Racine & 1., 2004). However, it is not clear whether the
rate optimality of the kernel-type test remains the same when data-driven band-
widths are used. Thus, we investigate the rate optimality of the kernel-type test
when data-driven bandwidths % are used instead of h. We find that some addi-
tional assumptions regarding the kernel lead to parallel conditions on bandwidths
that, in turn, ensure that the test is rate optimal. Furthermore, we show that
the conditions are satisfied by bandwidths selected by the cross-validation when
4(s+k) <1,+8 and min{qy, k + q.}[l. +4(s+ k)] > 2(l. +4)(s+ k). This implies
that bandwidths selected by the least squares cross-validation method can ensure
that the test is rate optimal, although the procedure is designed for estimation
rather than testing. In this sense, this study complements the results from Gad
and Gijbels (2008), in which a bandwidth selection method that maximizes the
power against a Pitman-type local alternative is proposed.

Specification tests for IV regression models were first developed by Donald,
[mbens, and Newey (2003) and [ITipathi and Kitamura (2003).® [Iripathi and
Kitamura (2003) proposed a smoothed empirical likelihood ratio-based test. Fol-
lowing Hardle_and Mammen (1993) and [Ait-Sahalia, Bickel, and Stoker (200T),
Holzmannl (200R) proposed a test for IV regression models using the squared dis-
tance between the parametric model and its non-parametric kernel estimates. The

test proposed by Horowitz (2006) takes a form resembling the ICM test. Gorgens

°For a recent review of the development of specification testing, see Gonzalez-Manteiga and
Crujeiras (2013).



and Wiirtz (2012) proposed another type of test based on a sequence of Lagrange
multiplier (LM) statistics. However, optimal minimax rates for IV regression mod-
els in a framework comparable with Guerre and Lavergne (2002) have not been
investigated to date.

Specification tests that use a non-parametric kernel estimator are considered
by Hardle and Mammen (T993), Zheng (T996), and Horowitz and Spokoiny (200T),
among others. Horowitz and Spokoiny (200T) proposed a test that is adaptive to
the unknown smoothness of the set of alternatives and showed the rate optimality
of the test in the adaptive framework. The authors consider a family of test statis-
tics, say, {T,,(h),h € H,}, where H, represents finite sets of bandwidth values,
and the test statistic is defined by T' = maxpcp, T,,(h). The adaptiveness and the
rate optimality of their test result from its use of the set of bandwidths. The choice
of the set is important also for empirical studies, since the larger the set is, more
intensive the computation become. However, the bandwidth selection approaches
commonly used in applied research, such as the least squares cross-validation, find
a single bandwidth.® Thus, from the practical point of view, characteristics of
the kernel-type test with a single bandwidth is of great interest. Nonetheless,
the rate optimality of these tests is yet to be formally validated in the literature.
To the best of our knowledge, this is the first study that considers the optimal
minimax rate of the kernel-type test with data-driven bandwidths. It is notable
that the rate optimality of tests with data-driven bandwidths is not trivial, even
if the optimality of tests with a deterministic sequence of bandwidths has been

investigated. The core contribution of this paper is to show that the test can be

3To the best of our knowledge, how to select an appropriate set of bandwidth values H,, is
an open question.



rate optimal when it is evaluated with bandwidths selected using the least squares
cross-validation method.

The remainder of this paper is organized as follows. Section B introduces the
model and testing framework. Section B shows the optimal minimax rate for the
IV regression model. Section B proposes a kernel smoothing test and exemplifies
its rate optimality under deterministic and data-driven bandwidths. Section B
reports simulation results that demonstrate the test’s encouraging finite sample
performance. Following Horowitz (2006), the size and power properties of the
proposed test are compared with those of various existing tests. Section B concludes

the paper and discusses future research avenues.

2 Framework

Let (Y, X, 7) € Rx Rl xR be random variables. We consider parametric models

Y = g(X,0) +u, (1)

where g(X, 0) is a known function defined up to parameters 6 € ©, O is a compact

subset of R% with Iy < [, and u is an error term. The hypotheses to be tested are

Hy : E(u|Z) = 0.

The null hypothesis is equivalent to saying that there exists 6§, € © that satisfies
E(Y|Z) = E[g(X, 6)|Z] almost surely (a.s.). The null hypothesis considers regres-
sion models when Z = X, and instrumental regression models when Z includes a

subset of X, along with some other exogenous variables.



We examine the asymptotic power properties of testing by employing the min-
imax approach of [ngster (T993), in which the alternative hypothesis is a set of
functions belonging to a smoothness class. Let My, be a class of functions

defined on a compact set €2, such that:

k
DB — DB
Mpor=4m: Z sup sup || D?m(x)|| + sup sup [ D7m(z) Sm(y)H <Ly,
= 181=j 7€ 1Bl=k a.y€Q [l = yll
This applies for some smoothness index s € (0, 1], a non-negative integer k, and
a positive constant L, where || - || denotes the Euclidean norm. DPm(z) indicates
|f|-times partial derivatives of m(-). Then, the alternative hypothesis is defined

as follows:
Hyq1: M(p,) = {m() € Mpop: ;g};E {[m(Z) — Elg(X,0)|2])*} > Pi} ;

where m(Z) = E(Y|Z). The minimax approach finds the fastest rate at which p,
approaches 0, while assuring the uniform detection of alternatives in M(p,,). The
alternatives considered in this study are parallel to those in (Guerre and Lavergné
(2002).

The following notations are used throughout the paper. The true parameter
0y of the parametric model is defined such that m(Z) = E[g(X, 6y)|Z]. We denote
30 (Z)=m(Z)—E[g(X,0)|Z] and w =Y —m(Z), where E(w|Z) = 0 by definition.
The variance of u is denoted by ¢%(z) = E(u?|Z = z). For any y/n-consistent

estimator 6 of 6, residuals of the parametric model are denoted by @& = Y —g(X, 6).



3 Optimal Minimax Rate

We list the assumptions to establish the optimal minimax rate for IV regression

models.

Assumption 1. {Y;, X;, Z;}*_, are a random sample on (Y, X, Z) € Rx Rl x Rl
where I, and I, are finite. E(w?|Z = z) is continuously differentiable and bounded
away from zero. A positive constant M < oo exists such that E (|w|*Z) < M

almost surely.

Assumption 2. The density of Z, denoted by f(-) : R — R, has compact
support (without loss of generality [0,1]"), satisfies 0 < f < fz) < f < oo for

any z € [0, 1), and is q.-times continuously differentiable on (0, 1), where ¢, > 1.

Assumption 3. For each x, g(x,0) is twice continuously differentiable with respect

to 0.

Assumption 4. For each 6 € O, E[g(X,0)] is bounded from above.
Assumption 5. E [supyee || 29(X,0)|?] is bounded from above.
Assumption 6. E [supyee || 5259(X, 0)||*] is bounded from above.
Assumption 7. For each 6 € ©, E[g(X,0)?|Z] < 0o a.s.

Assumption 8. For each § € ©, E[g(X,0)|Z = 2] € My, sk for some s, k, and

Lu<L.

Assumption 9. For each € ©, Gy = ZE[g(X,0)|Z = 2] is Lipschitz continuous

with respect to z with support on Z and E(G¢Gy) is non-singular.



Assumption 10. Under the null hypothesis, we have a /n-consistent estimator

6., of .

Assumption 11. (i) For each m(-) € My, s, there exists a unique pseudo-true

value 0%, with respect to 0.
(it) /(0 — 0%,) = O,(1) uniformly with respect to m(-) € My op

(iii) For each m(-) € My s and a bounded function h(-,-), a positive constant c

exists such that ||0%, — 0ol| < ¢ [ |E[h(-, 2)dg, (-)]| f(2)dz.

Assumptions [ to B are standard in the literature (Guerre & Lavergne, 2002).
Exceptions are dominance conditions, that is, assumptions B and B, which guar-
antee uniform convergence of £ Y% H%g(Xi,Q)HQ and =3°7" H%g(xi,e)\f
together with Assumption B. The dominance conditions do not exclude the pos-
sibility that g(-,0) is linear, while linear models with unbounded regressors (e.g.,
normally distributed regressors) are excluded in Guerre and Lavergne (2002). The
dominance condition for the first derivative is a standard assumption required for
the asymptotic normality of commonly used estimators, such as the generalized
method of moments (GMM). Assumption 0 is a key assumption for the existence
of a parameter that satisfies infgce F [05(Z)?].

Assumption [ requires a y/n-consistent parametric estimator 6, of #y under
the null hypothesis. Assumption [ restricts the behavior of the estimator under
the alternative hypothesis. We illustrate these assumptions with two examples.
For notational simplicity, subscripts are omitted. That is, 0, = 6 and 0, = 0% in

all equations where no confusion will arise from this simplification.

Example 1. (GMM estimators) Note that the null model is defined in terms of



conditional moment restrictions, while the objective function of the GMM estimator
is based on a finite number of unconditional moment restrictions. If g(-) is linear
i parameters and the dimensions of the parameter vector are equal to the dimen-
sions of the instrument, the GMM (two-stage least squares) estimator based on a
finite number of unconditional moment restrictions satisfies Assumption 0 under
reqularity conditions (Hansen, 1982). When g(-) is non-linear, however, the GMM
estimator based on a finite number of unconditional moment restrictions may be
inconsistent (Dominqguez € Lobato, 12004). The existence of the unique pseudo-
true value in Assumption I (i) implicitly demands the identification condition
that, for each m(-) € Mp sk, Qm(0)) < Qm(8) for all 8 € O\, where Q.,(0)
is the GMM objective function in the population. The uniformity in Assumption
3 (ii) is essential for rate optimality, and a similar condition is assumed in pre-
vious studies of rate optimal testing ((Guerre & Lavergné, 2002, \Horowitz, 2006).

Further, the asymptotic behaviors of the GMM estimator in misspecified models

a fived weighting matriz or a sequence of weighting matrices with \/n-asymptotic
normality is required for the \/n asymptotic normality of the GMM estimator.
To investigate Assumption U1 (iii), let us consider the first-order condition of the
minimization problem for the GMM estimator, which is Hy W E(Zu*) = 0, where
Hy = E[Z59(X.0)], W is a I, x I, weighting matriz, and u* =Y — g(X, 6},).

Applying the mean value theorem to the first-order condition yields
O, — b0 = (Hy, WHz) ™ Hy, WE [Z64,(7). (2)
where 0 is a segment between 67, and 0y. Thus, given the existence of the inverse

10



of Hy. WH;z, we obtain [|0;, — 6|l < c|E[h(Z,-)de,(Z)]|, where h(Z,-) = Z and

¢ = ||(Hg, W Ha)~" ||| Heg, [[[ W] < oc.

Example 2. Estimators using a continuum of unconditional moment restrictions
such as those defined in |(Carrasco_and Florens (12000) and [Dominquez and Lobatd
(2004) are known to be +/n-consistent under the null hypothesis. Let us con-
sider the estimator described by [Dominguez and Lobatd (2004). The pseudo-true
value 0%, of the estimator is defined as the minimizer § € © of [E|m(Z) —
g(X,0)1{Z < z}2f(2)dx. The first-order condition of the minimization problem

is [ E{[m(Z) — g(X,0:))1{Z < z}} Hy: (2) f(2)dx = 0, where we define Ho(z) =

E[Z9(X,0)1{Z < z}]. Applying the mean value theorem yields m(Z)—g(X, 0;,)
m(Z) —g(X,6y) — %Q(X, 0)(0%, — 0y), where 0 is the segment between 0*, and 6y,

which implies

00 = | [ o ) S| [ B2 < 2)Hi ()
(3)
Thus, given the existence of the inverse of E[Hg. (Z)Hyz(Z)'], we obtain, for some

constant ¢ > 0, |0, — 6ol < ¢ [ |E[6oy(Z)W(Z, 2)]| f(2)dz, where h(Z,2) = 1{Z <

2}, since Hyps (2) is bounded by Assumption B.

The following Theorem shows the optimal minimax rate of specification testing

for IV regression models.

Theorem 1. (Optimal Minimax Rate) Suppose Assumptions from 0 to 2 hold.

If s+ k > 1./4, the optimal minimazx rate against H,  is n~2sHR)/l+a(s+R)],

To prove the optimal minimax rate, we first show that no test has more

11



than trivial uniform power against M(p,,) for any p, that approaches zero faster
than n~—2(+k)/[+4(6+R)] - This is called the lower bound. Then, we modify the
test proposed by Guerre and Lavergne (2002) for IV regression models and show
that the modified test has non-trivial uniform power against M(p,,), where p, =
n~AstR)/l=+4(+R)] - The proof is given in Appendix A.

2(s+k)/l=+4(5+8)] depends

Theorem O shows that the optimal minimax rate n~
on the dimension of instruments and the smoothness of the set of alternatives.
The rate implies that the uniform power of tests reduces when the dimension of
instruments is large.

Theorem [ considers the case of smooth alternatives (s +k > [./4). When s +
k < 1,/4, the lower bound is n~'/*, as shown in Appendix A. However, the optimal
minimax rate is unknown because no specification test is shown to have non-trivial
uniform power against such irregular non-smooth alternatives when evaluated with
n~Y/4. Guerre and Lavergnd (2002) argued that, against such irregular alternatives,

1

the optimal minimax rate may differ from n~'/4 and may depend on the smoothness

of alternative classes. Hitomi et all (2020) showed the set of non-smooth functions

1/4 " Their non-smooth alternative

against which the optimal minimax rate is n~
consists of bounded functions, and no smoothness restrictions are imposed on those

derivatives.

12



4 Smoothing-type Test

We adapt the test proposed by Zheng (T996) for IV regression models. The test
is based on the sample analogue of F[uE(u|Z)f(Z)]. We define

Zi—Zi\ . .
e DI sy P

=1 j#i

where K (-) is a product kernel function (e.g., a Gaussian kernel) that satisfies the

assumption below and h is the smoothing parameter (bandwidth).

Assumption 12. We have a qith-order symmetric kernel k(-) with q, > 2 that
satisfies [ k(u)du = 1, [|k(u)ldu < oo, sup, |k(u)| < oo, and |uk(u)] — 0 if
u — oo. The product kernel is denoted by K(-) = k(-)k(-) -+ k().

The asymptotic normality of the test statistic nh'/?T,, under H, is shown
in Theorem 1 of Zheng (I996) under the regression set up. This result can be
extended to the IV regression set up by making minor modifications to the proof.

We restate the asymptotic normality results under the current set up as follows:

Proposition 1. (Asymptotic Normality) Suppose Assumptions 0, B, @, @, @, ID0,
and I3, hold. If h — 0 and nh* — oo, under the null hypothesis, nh'=/*T, con-
verges weakly to N(0,X), where ¥ = 2 [ K(u)*du [[0*(2)])?f(2)*dz. The asymp-

totic variance Y can be consistently estimated by

Zi— Z\? .
- Ay sk (AR

=1 j#i

The test is one-sided. The null hypothesis is rejected when S22 pl2T, > 2,

where z, is the 1 — a quantile of the standard normal distribution.

13



The null hypothesis will be rejected if there is misspecification when instru-
ments are valid. To see this, decompose the test using u; = [Y; — g(X;,0%)] +
[9(X;,6%) — g(X;,0)]. The term that includes [Y; — g(X;, 0%)][Y; — (X, 6*)] con-
verges to the normal distribution under the null and diverges under the alternative.
The remaining terms include g(X;,0*) — g(X;, é), which is asymptotically negli-
gible under Assumption I or [ with differentiability of g(X;,-). The existence
of valid instruments is implicitly assumed. As long as instruments are valid, the
source of power comes from the L-distance between m(Z;) and E[g(X;,60*)|Z;] in
the first term. When instruments are invalid, however, biased parameter estimates
contaminate the source of power. In this case, the rejection of the null hypothesis
may be caused by invalid instruments, misspecification, or both.

The following theorem shows that the test is rate optimal when s+ k > [, /4.

Theorem 2. (Rate Optimality) Suppose Assumptions @, B, @3, @, [1, 8, I, and
12 hold. Let p, = n=26+R/AAHR] s 1k > 1, /4, and the bandwidth h satisfies
nhl= — oo, pmin{ankta:} /2 TG = O(1), and h-ipTriers = O(1). For any

prescribed bound € (0,1 — «), a constant k exists such that

sup  P(nh%=/?S7V2T, < 2,) < B+ O(1).
mGM(an)

Theorem B shows the orders of bandwidths that ensure the rate optimality of
the proposed test. Unfortunately, however, they do not disclose the value of h, and
thus, in practice, the choice of the bandwidth may rely on data-driven methods.
Note that data-driven bandwidths are random variables. It is not trivial whether

Theorem P holds analogously for the test with a data-driven bandwidth h.

14



Let Tn(ﬁ) be a version of T},, in which h is replaced by h: that is,

A 1 1 Zi— 7\ . .
i) = oy D2k () v .

In the same manner, let 3(%) be a version of ¥, in which A is replaced by h.
The following proposition shows that the results of Theorem B hold analo-
gously, even when A is replaced with a data-driven bandwidth h. In the following

proposition, the s-th derivative of the kernel k is denoted by k().

Theorem 3. Suppose the Assumptions in Theorem O, Propositiond, and Theorem

B hold. Let the kernel k be m-times differentiable. We assume that K® (#) =

hsaa};[( (—Z];Zi> satisfies f |[E’(5)(u)|du < 00, sup,, |I~((5) (u)|] < 00, and ]uf((s)(uﬂ —

0 ifu— 00 foralls=1,....m. In addition, suppose that h = ho + op(ho) for
some deterministic sequence hg that converges to zero and h™"(h/ho—1)"™ = 0,(1).
Then, the test with a data-driven bandwidth S(h)~Y?nh!=/>T,(h) is rate optimal

i s+k —
when hy satisfies hg“n{q’“’HqZ}/Qnlz+4J<rS+k> =0O(1) and h51n1z+4(§+k> = O(1).

We show that the bandwidths selected by the least squares cross-validation can
satisfy the conditions in Theorem B. This method is one of the most widely used

selection methods, in which one selects A that minimizes

OV (h) =D _[V; — in_i(Z)*w(Z), (5)

where m_;(Z;) = >, K <@> Yi/ > i K (Z];Z’) is the leave-one-out kernel
estimator of m(Z;), and 0 < w(-) < 1 is a weight function. Let h., denote the
value of h selected by cross-validation. It is well known that a unique, positive,

and finite sequence hg exists such that he, = ho + 0, (ho), where hg = O(n=/(=+49)

15



(see Theorem 2.3 of Q. Li & Racine, 2007) and he, /hg— 1 = O, (n~ min{l=/22}/(4+1))

(see Theorem 2.2 of Racine & Li, 2004). Then, the following corollary holds.

Corollary 1. For a sufficiently smooth kernel such that I, < mmin{l,/2,2} and
k > 2, the bandwidth chosen by cross-validation satisfies h_*(he,/ho — 1)™ =
0p(1). Moreover, the test statistic evaluated with the bandwidth chosen by the cross-
validation method 3 (he,) Y2nh=/>T,,(he) is rate optimal when 4(s + k) < I. + 8

and min{qg, k + ¢}, + 4(s + k)] > 2(l. +4)(s + k).

Corollary 0 shows that the test evaluated with h., has rate optimal uniform
power under these two conditions. Let us consider a higher-order kernel such that
min{qx, k +q.} = k+ .. Then, the second condition holds when the density of Z;
is sufficiently smooth, such that ¢, > 3—k for [, = {1,2}, ¢. > 4—k for [, = {3,4},
and so on. When the first condition is satisfied, the second condition is satisfied for
any [, when ¢, > 10 (see Appendix for the derivation of the sufficient condition).
The first condition 4(s + k) < [, + 8 implies that rate optimality is achieved only
against the set of alternatives that are not too smooth. Intuitively, this condition
arises because the optimal minimax rates depend on the smoothness of alternatives
(whereby the rate is faster for smoother alternatives), while the convergence rate
of hey = ho + 0,(n~Y/=F4) does not depend on this smoothness. This condition
substantially restricts the cases in which T),(h.,) is rate optimal. In practice,
however, bandwidths selected by the cross-validation method can perform well in

terms of size and power, as shown in the simulation study below.

16



5 Simulation

The simulation aims to investigate and compare the size and power of several
tests. We adapt the simulation set up of Horowitz (2006) so that the results are
comparable with existing specification tests for instrumental variable regression
models, including ICM-type tests (Bierens, T982 and Bierens & Ploberger, 1997)
and Horowitz (2006) and the exponential tilting test of Donald et all (2003).

We test the null hypotheses that

g(z) = Bo + P, (6)

and

g(x) = o + Pz + Baz?. (7)

The true models are () if (B) is Hy and

g(z) = Bo + iz + Box® + B, (8)

if (B) or () is H,.

Data are generated by

X =0 (pvi + (1 — p»)20),
Z = CI)(U1>,

u=0.2% (nvs + (1 — 772)1/21}3) ,

where ®(-) is the standard normal distribution function. vy, vo, and v are drawn

17



randomly from N(0,1).

Outcomes are generated by y = g(z) + u. In all experiments, 5y = 0 and
1 = 0.5. When (@) is the correct model, S = —0.5. When (B) is the correct
model, By = —1, B3 = 1 if (B) is Hy, and f3 = 2 if () is H,.

There are two parameters, p and 7, for which the values vary among experi-
ments. The parameter p balances the strengths of endogeneity and instrumental
relevance. 1 modulates the exogenous component in u;. We consider three sets of
data generating processes (DGPs), called DGP 1, DGP 2, and DGP 3: DGP 1:
p=08and n=0.1; DGP 2: p=0.8 and n =0.5; DGP 3: p=0.7 and n = 0.1.

In this experiment, X is endogenous and is instrumented by Z. The instru-
ments to estimate (B) and (@) are (1, 7) and (1, Z, Z?), respectively.

The kernel is Gaussian k(v) = (27)"Y/2exp(—v?/2). Bandwidths are selected
by the least squares cross-validation, denoted by h.,. We also report results ob-
tained using the optimal bandwidth, denoted by h,p:, that minimizes the leading
term of the cross-validation objective function.® Note that using the optimal band-
width is infeasible in practice.

Critical values are obtained based on either the standard normal distribution
or using the empirical distribution from B = 1000 simulation runs, where the test
statistic in each simulation is computed using bootstrap observations, as per Gad
and Gijbel§ (2008).5 The sample size is n = 500 and the nominal level is 0.05.

Size and power are obtained by M = 1000 simulation runs in each experiment.

4Although we know the DGP, the explicit form of the true IV regression function is not
straightforward. Thus, optimal bandwidths are calculated using a random sample of size 150000.
5A bootstrap sample is {X;, Z;, Y}, where Y} is generated by Y = Y; 4+ 2, in which
Y; are predicted values, &, is the residual standard error from the IV estimator under the null
hypothesis, and {e}!, is a sequence of random samples drawn from the standard normal

distribution.
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[Table I near here.]

Table @ shows the simulation results. When Hj is true, the test tends to under-
reject the null hypothesis when critical values are obtained from the standard
normal distribution. The under-rejections are severe for all set-ups, which may
come from the well-known results that asymptotic approximations of IV estimators
for linear models can be poor. In contrast, the test with h., tends to over-reject
the null hypothesis when critical values are obtained by bootstrapping. The size
distortions reduce when the sample size is increased to n = 1000, as shown in
the supplemental material. The size is around the nominal level when optimal
bandwidths are employed.

The power of T}, with h,, is close to 1 when the null is (6). The power of testing
() against (B) is remarkably low when DGP 3 is applied. Table 1 of Horowitz
(2006) shows that the power of existing tests is low when DGP 3 is employed for
all cases. Since the powers of T}, is close to 1, even under DGP 3, when the null is

(B), the kernel-type test can be considered to complement other existing tests.

6 Conclusion

This study shows that the optimal minimax rate for linear and non-linear IV re-
gression models is n~2(+F)/ =40 when 54k > [, /4, implying that rate optimal
results in Guerre and Lavergnd (2002) hold for more general IV regression frame-
works, including linear models. The test nh!=/22~Y/2T,, based on non-parametric
kernel techniques is rate optimal when a deterministic sequence of bandwidths
. . s+k —2 .
satisfy hmirdaeh+a:}/2peraerm = O(1) and h~'n=+6tH = O(1). Moreover, if

the test is evaluated with a data-driven bandwidth & that can be described by
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h = ho + 0,(ho) for some deterministic sequence hy, it is also rate optimal when hy
satisfies the conditions above. Commonly applied bandwidth selection procedures
such as the least squares cross-validation method can satisfy these conditions. A
simulation study further validates that the proposed test can complement existing
tests.

A possible future research direction is to consider the optimal minimax rate for
specification testing against non-smooth alternatives (s +k < 1,/4). Against such
alternatives, Guerre and Lavergne (2002) showed that the optimal minimax rate
is n~/* if the structure of the error variance conditional on regressors is known.
Without this additional structure, however, it is unknown if any test exists that has
non-trivial uniform power against non-smooth alternatives. Using a different set
of non-smooth alternatives, Hitomi et al (2020) showed that the optimal minimax

rate is n~1/4

, and a test based on the difference between the non-parametric and
parametric variance estimators is rate optimal, even when the structure of the
error variance is unknown. However, research in this area is limited.
Additionally, the task of developing bandwidth selection procedures that max-
imize the uniform power of specification testing is left for future research. The
power-maximizing selection procedure of Gao and Gijbels (2008) is based on a
sequence of local alternatives that approach the null model as the sample size in-

creases. A selection procedure based on maximizing the uniform power of testing

is unknown.
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APPENDIX A: Proofs

A-1 Proof of Theorem I

To prove Theorem [, three propositions that complete the proof are given be-
low. Proposition A1l shows the lower bound. We modify the test proposed by
Guerre and Lavergnd (2002) for IV regression models, denoted by T¢L. Asymp-
totic normality of TSL under Hy is given in Proposition [A2. Finally, Proposition
shows that T%F has non-trivial uniform power against H, ; evaluated with
n~2(sHR)/Il4+4(s+R)] - Proofs of the propositions are given in the supplemental mate-

rial.

Proposition Al. (Lower Bound) Suppose Assumptions [, B, B, B, B, and @ hold.
Let p, = n 260/ AR §f s 4 | > 1, /4, p, = n~ V4 if s+ k < I, /4. If each w; is

N(0, 1) conditionally upon Z;, for any test ¢, with sup,,cp, P(tn > 24) < a+o(1),

sup P(t, <z,) >1—a+o(l), whenever p,=o0(py).
meM(pn)

Let I}, = Hé;l[kjhn, (k; + 1)h,,) be dyadic cubes that partition the support of
instruments Z; into Kf; cubes, where K, is an integer, h,, = 1/K,, is the bandwidth
that determines the number of cubes, and the index k = (ki,...,k.) € K C N&
satisfies 0 < k; < K,, —1for j =1,...,L.

Following Guerre and Lavergne (2002), a test statistic is based on the average

of the estimated parametric residuals ; in each cube:

n § § 19y
ﬁ](rltzﬂ kek

Ny .
{Zi,Z;} Iy i#5
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where Ny = Y"1 | 1{Z; € I;;} is the number of observations of instruments in 7.

The estimator of the variance of T is

R 1 1{N, > 1} D n
2 22
Un T KL ) 2 >,

" kek k {Z:,Z; Yl i#]

where the second summation is taken over ¢ and j # ¢ that satisfies {Z;, Z;} € I,

that iS, ZZiEIk X, = Z?:l ]l{ZZ S Ik:}Xz

Proposition A2. (Asymptotic Normality) Suppose Assumptions 0, B, B, B, B, and
[, hold, K,, — oo, and n/(K!log K!*) — co. Under the null hypothesis, the test

TEE /b, converges to N (0, 1) weakly.

Proposition A3. (Rate Optimality of T.¢L) Suppose Assumptions I, B, B, @, B,
B, @, 8, and [0 hold. Let p,, = n 26FR/IA46HR] s 1 k> [ /4 and K, = h;! =

(Ao "™ =1 for some constant A > 0. For any prescribed bound 8 € (0,1 — ), a

constant s exists such that

sup  P(0,'T7" < z) < B+ 0(1).
meM (kpn)

A-2 Proof of Proposition [T
Proof of Proposition 0. Using 4; = Y; — g(X;,0) = g(X;,0) — g(X;, 0) + u;, the test

statistic can be decomposed as follows:

nh'=/ T,

Rz & Zj— 7,
_ nn_l Zzhlz ( )uiuj

i=1 j#i
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nl/2 " .
r 2 S Y e () a6 - )

i=1 j#i

nhl/2 ' ) )
:_ 1 ZZ Al ( Zl) [g(Xi"gO) —g(Xz-,@)][ (Xjaeo) _g(Xjae)]

zlj;éz

ET1+T2+T3.

Under the null hypothesis, 77 converges to the normal distribution, 75 = 0,(1),
and T3 = 0,(1), as shown in Lemmas 0, B, and B, respectively. The proof for
the asymptotic normality of 77 is consistent with that for Lemma 3.3a of Zheng
(1996). T, and T3 include both covariates and instruments, which make the proof
different from that for the regression set-up in Zheng (I996). Proofs are given in

the supplemental material.

Lemma 1. Under Assumptions 1, B, and 12, Ty % N (0, 2KC(0)E{[c2(2)]2f(2)}),

where KC(0) denotes the convolution product.
Lemma 2. Under Assumptions 0, B, B, @, 10, and 12, we have Ty = 0,(1).
Lemma 3. Under Assumptions O, B, B, B, 10, and I3, we have T = 0,(1).

Lemma B shows that ¥ is a consistent estimator for ¥ under the null hypothesis.

A proof of Lemma @ is given in the supplemental material.

Lemma 4. Under Assumptions 0, B, @, B, I, and I3, we have ¥ = ¥ + op(1).
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A-3 Proof of Theorem 2

Proof of Theorem B. Proofs of all lemmas used in this proof are given in the sup-

plemental material. Under H, ;, we have

nh="?T,

)2 .
DD (Z’ ) o013 o)

n_l i=1 j#i

2nh? &

TP
i=1 j#i

hl /2 n

Yy w2
i=1 j#i

EAl +A2+A3. (Al)

2 - 0, 8Y[0(X,0) — 9(X,0)]

/\
QN

hN

ZZ’) 90X, 6%) — (X, B)][g(X;.6%) — g(X;.6)]

The convergence of (6 —6*) = O,(n~"/2) in Assumption [T and other assumptions

leads to Az = 0,(1). The following lemma holds for As.

Lemma 5. Suppose Assumptions @, 3, d, 8, T2, and 12 hold. Then, Ay + A3z =
Op(Vnh=){ B[63.(Z:)]}'/ + Oy (1).

The probability limit of S under H, 1 can be shown as follows.

Lemma 6. Suppose Assumptions O, B, @, @, [1, I, and T2 hold. Let 03.(Z;) =
E(u?|Z;), where uf = Y; — g(X;,0%). Then, under H, 1, we obtain 3 = ¥+ 0,(1),
where © =2 [ K(u)?duE{[03.(Z:))2f(Z;)} is uniformly bounded in m € M(kpy).

These results imply, for arbitrary small €, a constant C' > 0 and z/, exist such
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that

sup P(nhlzmiflan < 24)

mEM(I{pn)
= sup P(A, <7, - Ay — Ay)
meM (kpn)
< sup P(A; < 2+ Vnhi={E[62.(Z)]}'/*C) + €
mGM(/«cpn)

When E(A;) — 2/, — Vnh={E[§2.(Z;)]}'/2C > 0, Chebyshev’s inequality yields

o /bl 2 (7 \11/2 var(A;)
P(A1 <z, + h! {E[(se*(zzﬂ} C) < [E(Al) — - W{E[(;g*(zi)]pMC]Q'

(A.2)

Thus, it suffices to show that the following inequalities hold uniformly in m €

M(kpy).

E(Ay) — 2., — Vnhi={E[02.(Z)]}/*C > 0, (A.3)
var(Ay) <5 (A4)

[E(A1) = 2, — Vnht={ E[65.(Z;)]}'/2CT?

First, we show (IA_3). To this end, we decompose A; as follows:

)2 ™
= S S i (B ) (2 - (X 0m(2) - (07
i=1 j#i
nhl=/2 "
:_1 Zzhzz (Z Z)[m(Zz‘)—g(Xm@*)]%
i=1 j#i
nhl=/2
:_1 ZZ Rl (Z Z) (m(Z;) — 9(X;,0)|w;
i=1 ji
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nhl=/2 & Z;— 7,
PSS ek (B Y

=1 j#i

=A+ Ao+ Az + A

Obviously, we have E(A;5) = E(A13) = E(A14) =0. Let ¢ = min{qx, k + ¢.}. A

change of variables under Assumptions B, B, and 2 yields®

Zi — Z;

E(Ay,) =nh™2E [K ( ) 8o+ ( i)(s@*(zj)]

= nh'*2E[0g-(Z:)* f(Z:)] + O(nh!=/* ) E[64.(Z;)]. (A.5)

Then, using the fact that E[03.(Z;)] > infgee E[03(Z;)] > p?, we obtain

E(A) — 2, — Vnh'{E[§3.(Z)]}'/*C
nhlz/QE[ég*( )2]
MR LEE [ (Z)F)f + O(nh-259) Elby- ()] — 2 — V= (E[83.(Z0)]}°C
= W2 E [0 (Z:)7]
> f- %0 (hqn%) Lo (nt/2nrsitemm ) — o(1),

R

—4(s+k)

(s+k)
where p2 = n=++ . When we chose h that satisfies both h?/2p=+6+5 = O(1)
and h-lnErGT = = O(1), the lower bound is increasing in x and positive when s
and n are large enough, which implies equation (IA_3).

Next, we show equation (A-4). A; is a second-order U-statistic:

RS ZZK(Z %) 15 = 90X 00 - 906,,0°)

n_
’Llj<l

znh—w ZZH (W;, W),

11]<Z

SFor the derivation, see Lemma ?? in the supplemental material.
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where W; = {Y;, X;, Z;}. Let us define g(W;) = Q(W;) — Q, where Q(W;) =
EH,(W;, W;)|W;] and Q = E[H,,(W;, W;)] and n(W;, W;) = H,(W,;, W;)—g(W,)—
9(W;)—Q, where E[g(Wi)] = 0, Eln(Wi, W;)] = 0, and Eln(W;, W;)n(Wi, Wy)] = 0
for j # k. Then, the Hoeffding decomposition of second-order U-statistics and

some calculations yield

var(A;) = n*h =var (% Zg(W})) +n*h var (n(nQ— 0 ZZn(Wi, W])>

= O(nh™")Elg(W;)*] + O(h™") (E[H,(W;, W;)*] — Q* — E[Q(W;)?]) .
(A.6)

Equation (A_5) implies for any i # j, = O(h!*)E[dg-(Z;)?] + O(ht=T9)E[6p-(Z;)].
Since Q(W:) = E[H, (Wi, W))[Wi] = [Yi—g(X;, 67)] E{K (P37 [Y;—g(X;, 07)]|Wi} =

h
[¥; = 9(X:, 0 E{K (Z52)39- (Z;)| Wi}, we have

= W% B (07.(Z:) {60 (Z:) f(Z:) + O(h")}’)

= O(h*E[0g(2:)°]) + O(W*721) + O(h** 1) E[9+(Z:)),

where 03.(Z;) is bounded almost surely by Assumptions @ and @ under H,,; Then,

Elg(W;)?] = E[Q(W;)? = 2Q(W,)Q + Q%] = E[Q(W;)?] — @
< O(h*=E[6g-(Z;)?]) + O(h*=+21) 1 O(h*=T9) E[6-(Z;)]).
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A change of variables under Assumptions [, B, [, and 2 yields

2
2o — 2
E[H, (W, Wa)?| = /K< 2 h 1) 5 (21)07(22) f(21) f (22)d21dzo = O(R").
These results together with equation (IA_6) yield

var(A;) < O(nh'*)E[64-(Z;)?] + O(nh=121) 4 O(nh!=T9) E[64-(Z;)] + O(1)

+O(h"*) B0+ (Z:)** + O(W'=29) B [0+ (Z:)]?,

which implies

var(A;) 1 “latdsth) 1 TR
< —0 < Lz+4(s+k) ], q) —0 ( =+4(s+k) h z) .
n2hi=E[og- (2,2 = w4 n + A\

The upper bound is a decreasing function of x, when h is chosen such that

—lz/4+(s+k)

nereh ha/2 = O(1) and nEreTR Al = O(1).
Therefore, equations (A_3) and (IA-4) hold if the bandwidth value satisfies the

following conditions:

pTEFIGT /2 = O(1) (A.7)

nEF h~l = O(1). (A.8)

The source of power, represented by the first term of the right hand side of
equation (IA_8), requires that nh'=/2E[8g(Z;)?] ~ nhl=/?p2 = nl=/l=F4+RIpl/2 does
not shrink, which constrains the bandwidth to converge to zero at a rate slower
than n~2/l=+4(s+R)]  This requirement is reflected by condition (A_8). Thus, for

example, we can choose the bandwidth that is h = en~2/[=+46+R)] for some constant
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¢ > 0, which satisfies condition (A-8). This choice of bandwidth also satisfies

L. (s+k)—q (s+k)—min{qy,k+qz} .
condition (A7) when nGFG+ = np= =FGH = O(1), which holds when

s+ k) < min{q, k + ¢.}, which is equivalent to (s + k) < ¢ since s < ¢,.
(

A-4 Proof of Theorem 3

Proof. Proofs of all lemmas used in this proof are given in the supplemental mate-
rial. Theorem B shows the rate optimality of nh’=/25 Y27, in which h is treated
as a deterministic sequence. Since data driven bandwidths are random variables,
it is not trivial whether Theorem 2 holds analogously. Thus, we first show the rate
optimality of testing in which A is replaced by a data-driven bandwidth h. To this

end, we decompose the test statistic as follows.

Lemma 7. Suppose Assumptions @, @, |1, I1, and 12 hold. Let h be data-driven
bandwidth such that h = ho + op(ho) for some deterministic sequence hgy that con-

verges to zero and h™*(h/hg — 1)™ = 0,(1). We assume that the kernel k be m-

times differentiable and K (%) =K (ZJ;ZZ) satisfies [ |K® (u)|du <
00, sup, | K@ (u)| < oo, and |uK® (u)] = 0 if u — oo for all s =1,...,m. Then,

the test statistic can be decomposed as follows.

ho

h) T (ho) + 03 (T (o)) (A.9)

T,(h) = <
Lemma [ and equation (Al) imply that

~ A ~ A~ lZ ~
nh=2T(h) = A, + <h0 /h) (Ay + Ay) + A4, (A.10)
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~ A lZ ~
where A; = (ho/h) Ar + 0p(1)A; and A = 0,(As + Ay).
The following lemma shows asymptotic behavior of the variance of test statistic.

Lemma 8. Suppose Assumptions 0, B, B, @, |1, 1, and T2 hold let h be data-

driven bandwidth such that h = ho+o0p(ho) for some deterministic sequence hy that

converges to zero and h™"=(h/hg—1)™ = 0,(1). We assume that the kernel k be m-

times differentiable and K (%) =n' 2K (ZJ;ZZ) satisfies [ |K® (u)|du <
00, sup, | K@ (u)| < oo, and |uK® (u)] — 0 if u — oo for all s =1,...,m. Then,

we have

These results and (ho/h)= (A 4+ As) = O,(y/nhs){E[62.(Z:)]}/? by Lemma B

imply that, for arbitrary small €, a constant C' > 0 and 2/, exist such that

sup  P(nh="2[S(h)] V2T, (h) < z4)

meM (kpn)
. . N s _
— sup  P(A, < [S(0)] Y2z — <h0/h> (A + A3) — A)
meM(kpn)
< sup  P(A; <2+ Vnhl={E[62.(Z)]}/2C) +e.
meM (kpn)

Since Ay = [(ho/h)" + 0,(1)]A; = [1 + 0,(1)] Ay, for arbitrary small €, a constant

¢ > 1 exists such that

P(A, < 2, + \[nl (B8 (Z))}V?C) < P(Ay < clz, + /nhls { B33 (Z)}C)) + e,

when n is large enough. The right hand side of the above equation is equivalent
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to the left hand side of equation (A=) up to the constant ¢. Thus, the optimal
minimax rate of the test with stochastic bandwidth & can be derived analogously
to that given in Theorem B, which implies that the test is rate optimal when hyg

satisfies nhf — oo and the following conditions:

hglin{qk,k+Qz}/2n% — O(l) (All)
hglnErie = O(1). (A.12)
]

A-5 Proof of Corollary I

Proof. 1t is well known that a unique, positive, and finite sequence hy exists such
that he, = ho + 0,(hg), where hy = O(n~/(=+4)) (see Theorem 2.3 of Q. Li &
Racing, 2007) and he,/hg — 1 = O, (n~mi{l/22}/(4+1)) (see Theorem 2.2 of Racine
& Li, 2004). Thus, h'* (hey/ho—1)™ = O, (n%» which converges zero
in probability when [, < mmin{l,/2,2}.

Recall that hg = O <nﬁ> Then, first,

) —lz4+4(s+k—2)
hlpractn = n =4GR0 +4) Al
0 )
which is O(1), if 4(s + k) <[, 4+ 8. Second,
min{qy,k+qz} stk — min{qy,k+qz}[lz+4(s+k)]/2+(1z+4) (s+k)
hy 2 n=+tGtE = 0O [ n [z +4(s MU= +4) , (A.14)

which is O(1), if min{qg, k + ¢.}[l, + 4(s + k)] > 2(l. + 4)(s + k).
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Suppose that we use a higher-order kernel such that min{qy, &k + ¢.} = k + ¢..
Then, (A14) is O(1) if (k+ q.)[l. +4(s + k)] > 2(I. +4)(s + k), which holds if the
density of Z; is smooth enough (g, is large enough).

For example, if ¢, > 10, (A14) is O(1) for any [, such that [, < 4(s+k) < [, +8.
To see this, we replace 4(s + k) in the left hand side of (k + ¢,)[l. + 4(s + k)] >
2(l, +4)(s + k) with [,. This yields a sufficient condition, which is (k + ¢.)l, >
(I,+4)(s+k). Simple calculation and using 4(s+k) < [, +8 yields ¢, > 8/l,+s+1,

which holds as long as g, > 8/, + 2. Substituting [, = 1 yields ¢, > 10.
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Table [

Table 1: Size and power of T,, with n = 500.

Bootstrap Normal
H, 0 H 1 1Y n hcv hopt h'cv hopt
Hj is true
(B) DGP1 0.8 0.1 0.059 0.046 0.020 0.029

DGP 2 0.8 0.5 0.062 0.042 0.025 0.029
DGP 3 0.7 0.1 0.058 0.050 0.018 0.028
(@) DGP 1 0.8 0.1 0.067 0.050 0.016 0.018
DGP 2 0.8 0.5 0.058 0.040 0.015 0.023
DGP 3 0.7 0.1 0.076 0.044 0.018 0.019
H, is false
(B) (@) DGP1 0.8 0.1 1.000 0.934 1.000 0.902
DGP 2 0.8 0.5 1.000 0.905 0.999 0.861
DGP 3 0.7 0.1 0.990 0.498 0.949 0.370
(B) () DGP1 0.8 0.1 0.999 0.842 0.999 0.781
DGP 2 0.8 0.5 0.999 0.797 0.998 0.726
DGP 3 0.7 0.1 0.972 0.192 0.944 0.147
(@) () DGP1 0.8 0.1 0.903 0.609 0.741 0.527
DGP 2 0.8 0.5 0.88 0.506 0.717 0.437
DGP 3 0.7 0.1 0.434 0.204 0.177 0.144

Note: Critical values are obtained from bootstrapping (columns labeled by
Bootstrap) and the normal distribution (columns labeled by Normal).
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Supplemental material for the paper entitled
”Optimal Minimax Rates of Specification Testing with Data-driven
Bandwidth ”

Supplemental Material: Proof of Propositions

S-1 Proof of Proposition A1l

The proof of Proposition Al goes along with that of Theorem 1 of Guerre and Lavergne
(2002).

Proof of Proposition Al. Let ¢(-) be a map from R!* to R with support [0,p]"* for
p > 0 that is infinitely differentiable, ¢(2) < oo for any z € [0,p]", [ ¢(2)dz = 0, and
o) € M(L-L,0)/2,5,k- Guerre and Lavergne (2002) give an example that satisfies these
conditions.

We define the dyadic cubes that partition [0,1]* into K, (p)* = [1/(phy)]** non-
overlapping cubes, where intersections of any two cubes are empty and 1/(phy,) is as-
sumed to be an integer.” To define the cubes, let KC,(p) denotes a collection of all
possible distinct values for k = (k1,...,#;,)" such that K,(p) = {k € Z!* : 0 < k; <
1/(phy) —1,5 =1,2,...,1.}, which indicates that K, (p) contains K, (p)" elements. For
k € K, (p), we define I, , = Hézzl[p/ijhn,p(lij + Dhn). Then, U,exc, ) Lrp = [0, 1] and
I.p NIy =0 for all k,j € Ky(p) when k # j. The number of partitions are determined
by h,, and we define that h, = ()\pn)l/(”k) for some constant A > 0.

For k € Kn(p), let ¢, (-) : R — R be a function such that ¢ (z) = hﬁlz/zqﬁ (%) .

Then, ¢.(z) takes non-zero value only when z € I, ,. Thus, the functions ¢,(-)’s are

orthogonal with disjoint supports I, ,, namely, ¢, (2)dw(2) = 0 as long as k # «/. For

"When 1/(ph.,) is not an integer, define K, (p) to be the maximum integer smaller than 1/(ph,).



any sequence {By}.cx, (p) With [Bs| =1, we define

mn() = E[Q(Xv HO)H + 571(')7 5n() = )‘pnhlrf/Z Z Bﬁﬁbm(')
KEKR (p)

Let 0, satisfies infgco E[09(Z;)?] = E[d4 (Z;)?]. We show that a positive constant
C and a bounded function h(-) exist such that ||0,,, — 6o|| < C|E[h(Z:)0,(Z;)]|, so that
0., satisfies Assumption 11 (iii) for any n. Under Assumption 3, the definition of 6,,,

yields

0=E{Gj, 10, (Z)1} = B (G, {mn(Zi) = Elg(Xi,0,)|Z]})

= E Gy, 10u(Z0) + Elg(Xi,00)| ] — Elg(Xi, 0,)|Z1})
where G5 = %E[g(Xi, 0)|Zillg—g,, - Taylor expansion yields

AEI9(X:,00,)12i] - Elg(Xi,00)|Z1]})
= £(G;,,G5,) O, — 0)

for some 60,, € ©. Since émn — 0y as n — oo, the dominated convergence theorem under

Assumptions 2, 3, and 9 yields lim, o E(Gj Gé ) = E(Gy,Gp,). We obtain

(O, — 00) = [E (GoyGl,) +o(1)] " E [Gé 5,1(2)} .

mn

Since E(Gy,GYy,) is invertible by Assumption 9, a constant C' exists such that 10, —

Ooll < C\E[Gémn 0n(Z;)]|, where Gy, is bounded for any n by Assumptions 2 and 9.

Lemma S.9. Under Assumptions 1, 2, 3, 5, 8, and 9, Elm,(Z;)*] is bounded and

mp(Z;) is in M(pp) when X\ and n are large enough.

Proof. it suffices to show that (i) m,(Z;) € My sk and (ii) infgeo E[do(Z;)?] > p2.



(i) Since E[g(X;,00)|Z;) € ML,, sk by Assumption 8, it suffices to show that 6, (Z;)

isin Mr_r,, sk Forany z € I ,, we have

i

~ — pkh B 2z —pK'h
D*6,,(2)| = A\pnh=* BuoW [ ZZPEIn | pk (Bt (2P
PAie) <ot | 3 et (257 )
K nP

where ¢(*)(Z;) is k-times derivative of ¢(Z;). If » and y are in a same bin I,

B (2—5*"~hn> _Bg® (y—;lmhﬂ

n

w (2=PE )\ gy (Y= pEhn
o) < I 0] I

rL—Lm||z—y SZL—LM
2 hnp, 2

|Dk5n<z) - Dk(sn(y)’ = )‘pnh;k

< Apnh;k

Iz = yll,

< Apnhy,

because ¢ € M(_r,,,)/2,x and hy, = Apn)/CHR)Tf 2 € 1., and y € I, p for

Rz 7é Ry,

BNZQS(k) <Z _Zﬁzhn> . B/iyd)(k) <y _Z’{’yhn>

< Aph=E | B o®) (ZZ PR g ) (Y= PRz
n z hn . hn
. Z — Phiylin Y — phyhn

< (L= L) llz =yl

where we use the fact that ¢.,(z) = 0 when z € I, ;. Therefore, 6,(Z;) €

M1 sk for any n and .

(i) We have infpce E[60(Z;)%] = E[6; (Z:)?]. Then, Minkowski’s inequality yields

G,

(B, (Z’'IV? = [E({6,(Zi) + Elg(X,60)| 2] — Elg(Xs,0,)| Zi] 1)

O,

> {B[0n(Z:)"}'/* = [E({Elg(Xi,00)|Z:] — Elg(Xi,0m,)|Z:]})]M?
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where Assumption 3 guarantees the mean value theorem for g(Xj, -) for an interior
point @ between 6y and émn, and the last equality holds by Assumption 5. The first
term in the right hand side of equation (S.1) is E[6,(Z:)%] = A2p2p~L £(0) [ ¢(u)?du+
o(1) = X2p2p~t=C? + 0(1), for some positive constant C, where the density f is
bounded by Assumption 2 and [ #(u)?du is bounded by its definition. From As-
sumption 11 (iii), a positive constant C” exists such that ||6,,, —6o|| = C'|E[h(Z:)6,(Z:)]|,

where

Eh(Z:)6u(Z0))] = Ao E:-&E[M@W<%jpmmﬂ

hn,
KEK ()

/ﬁ@w(”jf“>ﬂ@w

Wﬂmmm/wwm+dw>

< )‘ann(p)lZ

= )‘ann (p)lz

= Aonp o(1). (S.2)
The last equality holds because [ ¢(z)dz = 0. Thus, (S.1) and (S.2) implies that
{BOu(Z)* )2 = C'N180 = O, || = Aoap™=/?[C = p~/?0(1)),

which is bounded from below by p, when A\ and n are large enough.

O]

In what follows we construct a Bayesian a priori measure by using the result of Lemma



S.9 and show even the optimal Bayesian test that has the smallest errors of testing does
not have non-trivial power. Replacing the minimax problem by a Bayesian problem is
standard arguments to show the lower bound of testing power (see, for example, Ingster,
1993; Spokoiny, 1996; Lepski & Spokoiny, 1999; Lepski & Tsybakov, 2000; Guerre &
Lavergne, 2002; Abramovich, Feis, Italia, & Theofanis, 2009; Ingster & Sapatinas, 2009).

To prove Proposition A1, it suffices to show that

sup  P(t, < zo)+ sup P(t, > zo) > 14 o(1). (S.3)
mEM(ﬁn) meHg

To give a lower bound of the left hand side of equation (S.3), we consider a Bayesian
a priori measure over Hy and H, ; by regarding m(-) as a random variable defined on
HyUH, 1.

First, let Iy be the priori distribution defined on Hy that has Dirac mass:
Ho{m(-) = Elg(X, 00)|']} = 1.

Second, let By be an i.i.d. Rademacher random variable independent of the observations
with P(B, = 1) = P(B, = —1) = 1/2. For a sequence {b,; € {—1,1}}.ck,(p), let 1

be the priori distribution defined on H, 1:

Hn,l m() = E[g(X7 90)’] + )‘pnh%m Z bl‘i(ﬁﬁ(') = H P(Bn = bl‘i)a
KEKR (p) KEKR (p)

where Lemma S.9 guarantees 1I,,; to be an a priori measure over H,, ;. Then, II,, =
IIp + II,, 1 is an a priori Bayesian measure over Ho U H,, 1.

This gives the lower bound

sup  P(t, < zo)+ sup P(ty, > z4) > /P(tn < za)dHn,l—i-/ P(ty, > zq4)dIIy. (S.4)
meM(pn) m&EHy



The right hand side of the above equation is the Bayes error of the test t, that is the
sum of type I and type II errors of testing. It is known that the optimal Bayesian test
based on the likelihood ratio has the smallest error, which we now introduce.

Let YV and Z be the set of observations Y and Z, respectively, where the joint distri-
bution of Y and Z (specifically, the conditional mean of Y given Z) is described by m(-),
which suggests that the relation between Y and Z depends on m(-). Then, we denote
by pm (Y, Z) the joint density of } and Z. Average densities under the null and al-
ternative hypotheses are po(Y, Z) = [ pm(V, 2)dlly and p,1 (Y, Z) = [ pm(V, Z)dI1, 1,

respectively. Let L,, denotes the likelihood ratio of the optimal Bayesian test, which is

;P 2) [ paI2)dl _ paa(VIZ)
Yo, 2) [pn(VIZ2)d T po(YI2)

By using the The Bayesian error of the optimal Bayes test (see, Theorem 13.3.1 of
Lehmann & Romano, 2005, p.528), Guerre and Lavergne (2002) show that (S.3) holds if

/ L2po(V|Z)dY = Bo(L2)2) B 1, (5.5)

where Ej is the expectation under pg.
By assumption, each w; is standard normal conditionally upon Z;, where w; =
Y; — m(Z;). Under Iy, the conditional density of ) given Z is normal with mean

E[g(Xi,00)|Z;i]. Since we have n observations,

1< 1 <
po(Y|2) = (2m)~"/? /exp (2 ;ﬁ) dIly = (2m) "% exp (2 Z“ﬁo) ;

i=1

where w; 0 = Y; — E[g(X;,60)|Z;]. Since w; = Y; — m(Z;) = Y; — mp(Z;) almost surely

under Hy ,, we yield

pn1(V|2)
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i=1 =1 =1
n 1
= p0<y‘2) /exp <l:1 wj 05n<Zi) — 5 ; 5”(21)2> dll, 1(m)

2%05( )‘pnhl 2/2 Z szOB.‘id’n

iil H,e]cn(p) Z 1
and
n n 2 n

STon(Z) = N2 | YT Buon(Z)| = N02RE DT YT 6n(Z0)2

i=1 i=1 | kekn(p) i=1 kekn(p)
Thus,
Ly
_ pn,l(ya Z)

pﬂ(yv Z)

= / exp (Z Wi 00n(Z;) — ;Z(Sn(ZiV) dIL,, 1 (m)

/eXp (Zw,oé > exp <— Za ) dIL,, 1 (m)

:/eXp ()\pnhgzz/Z Z Zwi,OBH¢I€(Z’i>> exp( hlzz Z (ZSH % )dnn,l(m)

KEKR (p) 1=1 i=1 keKn(p)



I,
= exXp nh Z Z ¢/~c

i=1 kEKn(p)
1 1./2 - l./2 -
X H 3 [exp </\,0nhn Zwi,oﬁ%(zi)) + exp (—/\pnhn Zwi,oqﬁ,{(Zi)
KEK R (p) =1 i=1
Thus,
12

n

= exp —/\Qf)ihffi > 6u(Z:)?

i=1 ke (p)

1 n n
X H 1 [exp <2Apnh%/2 waqﬁ,ﬁ(Zi)) +2+4exp (—QApnhif/Q waqﬁn(Zi))

K€K (p) i=1 i=1

Conditionally on Z, {2\p,hs, i/ 2&)1,0@5&(21')}?:1 is independent centered Gaussian for

all kK € KC,(p) with conditional variance given by 4A2p2hlz¢,.(Z;)%. Since Elexp(u)] =

exp(c?/2) for any random variable u that follows centered gaussian with variance o2,

we get
Eo(L;|2)
= exp hlzz Z bn(Z
i= 1H€’Cn(p)
l( ENCT—

= exp hlzz > ouz)?] ]I ;[exp (%%%h%}njmzif)ﬂ
(») i=1

i=1 keKy (p) KEK (P
= H exp ( p2hl: Z ox(Zi) ) = |exp (2)\2pihl,f Z¢“(Zi)2> +1
KEKR (p) i=1
1 n
= 11 3 [exp (Azpihfg quﬁ(zi)?) + exp (—A%ﬁhﬁ; Zng(Zi)Q)
KEKR(P) i=1 i=1




= H cosh( hlZZqﬁ,.; i ),
(p)

KEKR(p

where cosh(-) is the hyperbolic cosine function. By using 1 < cosh(z) < exp(z?), we

)

obtain,?

1 < Fo(L2|2) < exp ( > [Azpihﬁf > 6u(Z)’
=1

KEKH (D)

Then, (S.5) holds if
2

5 [pzhﬁsimzf 2,
=1

KEKR (p)

We see this by considering the expectation of this positive random variable. We obtain

2 n 2
} — pnh2lz Z E{ Z¢H(Z 2 }
KEK () =1

:Pihm Z {Z Z¢H i) ¢H Ziy) }
=pph2s Y E{Z%(Zi)u > %(Zil)%n(Zm)?}

KEK R (P) i1=1142=1
KEK R (p) =1 i1,02=1 i1 #i2

KEK R (p)

E{ 5 [pihkznjmz 2

=pph2s Y {nE[$(2)") + n(n — 1)El¢n(2)°)} .
KER(p)
Since f < f by Assumption 2, we have E[¢,(Z)] = h,; %= [¢[(2 — p/@hn)/hn]4 f(z)dz <

Bl T [ ¢(w)idu = O(h,'%), and E[pw(2)2] = i [ ¢[(z = prha) /hal® f(2)dz < T [ ¢(u)?du =
O(1). Since Ku(p) = 1/(phn) = 1/(p(Apa) /) = 0o ) and hy = O(pr/ "),

E{ > [pih%fﬁm(z ?
=1

KEKR(p)

} < Z {nO(pnhlz) +n(n — 1)O(Pihilz)}

KEKR (p)

— O(pt=/(5+R) {nO( 4L/ (s4R)) 4 — 1)O(p p2le /(s+k))}

8cosh(x) = 27 [exp(x)+exp(—=)]. On the one hand Maclaurin expansion yields cosh(x) = 1422 /2! +
x*/414. ... On the other hand, Maclaurin expansion of exp(z?/2) yields exp(z?/2) = 1+a?/2!+22* /414
.. Therefore, we yield cosh(z) < exp(2?/2) < exp(z?).



= O(ple/(s+h)y {no(pg(s%)ﬂzl/(s%)) +n(n— 1)O(p£§1(5+k)+2lz]/(8+k))}

Pn
nO(ph) +n(n — 1)O(p A/ k) |

Then, we consider the following cases:

(i) s+ k > 1./4: since p, = o(p,) = o(n=2(sHR)/l=+4(sHR]) it holds that npt =

O(n[lz—4(s+k:)}/[lz+4(s+k)]) =o(1) and n20(p£f(s+k)+lz]/(s+k)) _ n20(n_2) = o(1).

(i) s+ k < I,/4: since p, = o(pp) = o(n~'/*), we have np: = no(n=Y) = o(1) and

n2O(p§(8+k)+1Z}/(s+k)) _ n20(n7[4(s+k)+lz]/4(s+k)) _ O(n[4(s+k)flz}/4(s+k)) = o(1).

S-2  Proof of Proposition A2

Proof of Proposition A2. We first show asymptotic behavior of ¥, under the null hy-

pothesis. We define v2 = 13 WM[E(wﬂZi € 1))~

K k
Lemma S.10. Under Assumptions 1, 2, 8, 5, 6, and 10, v2 is bounded from above,

stochastically bounded from below uniformly in m € My s, and satisfies 92 —v2 = 0,(1).

Proof. From Assumption 2, we have P(Z; € I}) = fZiEIk f(2)dz < fhl. In the same

way, we obtain P(Z; € Iy) > fhlz. Then, we obtain

vh < K2 [EW}|Zi € I <
ke
1
< 23" P(Zi € )EWZi € I) = [T E(w}),
— ke

> P(Zi € I)[E(w}|Zi € I)]?
kel

AN

where the right hand side is bounded by a constant by Assumption 1.
Note that (Ny — 1)I1{Np > 1}/N, = (1 — 1/Ng)I{Ny, > 2} > 1/2. It can be
shown that P(mingex 1{N, > 1} = 1) — 1 when n/(K%log K!*) — oo under As-

sumptions 1 and 2 (see, Lemma 4 in Guerre & Lavergne, 2002). Thus, it holds that

10



v > ﬁzkeK[E(wﬂZi € ? > %P(ZZ- € L) Y ek [EW?|Z; € I))? > %P(Zi €
Ii) ke P(Zi € L)Y EWHZ; € Iy))* = %P(Zi € Iy)[E(w})]?> > 0 with probability
one.

Now, 92 is decomposed as follows

>
SN

1 1{Nj > 1} 9.9
= Kk Z N Z Ui tj

" kek k {Z;,Z;} el i)

1 I{Ng>1 i )
=S MBS (06000 — (X, 0) el l0(X0) — 9(X,0) +
" kek & {Z:s,2;}eli ]

1 I{N, >1 ) )
K Z {]ﬁf?} Z {[Q(Xi790) — 9(X4,0)°[9(X5, 60) — 9(X;,0)]?
" Lek k {Z:,Z;}el} i)

+awilg(Xi, 00) — 9(Xs, 0)][9(X;, 00) — 9(X;,0)* + 207 [9(X;, 60) — 9(X;,0))?
+4wheoslg(X;,00) — 9(X;,0)] + Ao [9(Xi 6) — 9(Xi, 0)][9(X;, 80) — 9(X;, )] + wheo? |

1 H{Nk>1} 2 92
=KzzZT >, Wi

" kek k {Z;,Z;}elx i#]
4 ﬂ{Nk > 1} N
" ke k {Zi,Z;} el i#]

= 172 + Dn + er

where R,, represents smaller terms due to g(X;,6o) — g(X;,8) = O,(1/y/n) by Assump-
tions 3, 5, and 10 under the null hypothesis.

First, we show that D, = o0,(1). Decompose D, = v/n(fy — 6)' Dy, + /n(6y —
0)' Dy\/n(6y — ), where

5 4 Zﬂ{Nk>1} S W 99(X;,0)

n = 2 i
Ky \/ﬁ ke k {Z:i,Z; Y€l i#] o6
_ 1 1{N, > 1} 5 09(X;,0)
Du="a-3 =0 2wl e
n e k {Z:,Z; el i#]

11



for some 6 between 6y and 6. For some positive constant C,

E(|Dyl)
4 1{N; > 1 dg(X;,0)
e I D SR ]
Kii\/n N .
n kek | k {Z:,2; Y€y, i#j
4 1{N, > 1} dg(X;,0)
o v P ILIEE s D SR AT ] S
nV/n kek | k {Z:,Z; Y€l i#]
4 N > 1 (X
= — ZE{WNk(Nk—l)E(wE\Zie[k)E[\wj] ‘M Z; eIk]}
K”Z\/ﬁkelc N
4C dg(X;,0)
< — E(]l{Nk>1})E[|wj| ‘QJH‘Z eIk}
K”Z\/ﬁk:elc
4 (X;,0)
<0 ¢ =Y P(Zj€ )E [|wj ‘89” Z; eIk}
Kz\/ifhﬁ kex
4C dg(X;,0) H]
< —F ||w; J’ O(1/v/n),
7 |l 1/

where E(w?|Z; € Iy) = E(w?1{Z; € I}}) is bounded by Assumption 1 and E[jw;|||0g(X;,8)/06|]

is bounded by Assumptions 1 and 5. Furthermore,

E(|Dn))

“N’“>1} S

99(X;,0) 6
0000’

{Z;,Z;} el i#j

1/2
]].{Nk > 1} 4 ]].{Nk > 1} ‘
Klz kex ( WZ) [ Z { Z !

24 1/2
00(%,.) H} ] )
06000

Zi€ly, ziel, | 20,54
1/2 B 29y 1/2
1{N, > 1} 4 1{ Ny > 1} 99(X;,0)
< Z E| —— Z w; E Z Z |w; ]
= lz 2 i j ;
Kwn [ [ ( Ni Z; €y, )] { [ Z,€l), \Z;€ly,5#i 9600
~ 2
4 1{N, > 1}\]"/2 s 1/2 1{Nk > 1} 5 || 9g(X;,6)
=—> {E (7)} [E(wi|Zi € It)] S )
Kiin keK N Z; €l \Z €I}, j#i 9600
09(X;,0) || || dg(X. 2
) g Js g la
DY .M“wl" 2000’ H H 20067 H> }
Zj€ly,j#i Z1 €1y, l#]
~ 2
C N — D1{Np > 1 09(X;,0
<% Z{E{( u )Ni u }]E{w ? 98(9(9]9,)” Zjelk:|
" kex

12



1/2

9g(X;,0)
0000’

<))}

Zj [S Ik:|

+ !

< © {
Kwin ek

n ZE[ Ny — 1)(Ni — 2)1{ N}, >1}] [E(\wﬂ

Y
kex k

Ken { ZZZPZ € L)E
K "kelc

Nj, — 1)(Nk];k2)11{Nk > 1}} {E (ijl

5 {(Nk — DI{N; > 1}] =

2| 99(X,,0) |
Ni

0000’

1/2

ag(X] ) é)
0000’

<))}

2 ag(Xﬁé) ’
0000’

Zj S Ik:|

<))}

- 1/2
ag(X] ) 9)
0000’

e

+ 3" B[N L{Ni > 1] [E (\wg'|

ke

C 1
< Kn {fhsf {E('wj'4)E ;

0ce
S P(Z; € I)E (|wj|

kel

¢ {O(l) +nkE (|wj|2) E l:sup

ag(X] ’ 9)
0000’

+n

~ 2y 1/2
99(X;.0) Zjelk)]}
T Kyn | fhi; 0co

0000’
2:| }1/2
1 1 1/2
“0(a) o lam)) =0

where E(1{Ny, > 1}/Ny) < 1 and E(w}|Z; € It), E(|w;|*), and E[supyeg [09(X;,0)/0000'||4]

ag(XJ ’ 6)
0000’

are bounded by Assumptions 1 and 6. Further, we use the fact that, given 1{N; > 1} =
1, (Nk — 1)/Nk <1 and (Nk — 1)(Nk — 2)/Nk < Ng. Thus, D,, = Op(l).

2

Next, we show 92 — v2 = 0,(1). Since we have i.i.d. observation,

[EW}|Zi € In)]? = [B(wi1{Z; € Ir})]”

= BE(w}1{Z; € ,})E(w;1{Z; € I;})
1

=———— Y  EW{Z € L})EW{Z € L}).

13



1 I{Np >1
= F > 1{Ne > 1} > {wiw? - Ew}|Zi € I,)E(W}|Z; € I,)}

I 2
Kn kek k {Z:,2; Y€y i#]
2
1 1{N, > 1
< o Y E % > {wiw! - EW}|Zi € I)E(W?|Z; € 1)}
N kek k {Z:,Z;} €Iy i)
1 I{Nj > 1} 2 2 2 2
= K2lz ZE N4 Z Z Wi, Wy, Wi, Wi,
N kek k {Zi,,25,YeIx {Ziy, Zs, YEIL
171 i2#£J2
2 1{Ny > 1}
K D E{ T Y. wiwl Bl Zi, € IE(W},|Z), € Ii)
no kek k (Zi,.25,Yelk {Ziy, Zjy YDk
11771 1272

1 1{N;, > 1
+ = > E{{} > > EW|Z, € EW}1Z;, € Ir)

N}
{Zi1,Z,}€lx {Ziy,Zjy yEIk
11751 1272

E(w?2|Zi2 (S Ik)E(wJ2»2|Zj2 S Ik)}

1 I{Ny > 1} 2 2 2 2
= K2lz ZE N4 Z Z Wi, Wy, Wi, Wj,
N okek k {Zi,, 25, YTk {Ziy, Zs, YEI
171 i2#£J2

2 ]].{Nk > 1}
TR DB —mEWZ e )P Y, wihed,
tokek g {2i,,2;, YeIx

11771

1 1{N; > 1}
nkek k {Z:,7;}el,
11771

< O(K ")+ O(K, " )E{E(w}|Zi, € I)E(W3 |Z;, € I) } + O(K, %)

= O(h'=) = 0(1), (S.6)

where E(wi|Z; € I}) = E(w}l{Z; € I}) = E[E(w}|Z;))1{Z; € I}}] is bounded by

Assumption 1. This together with D,, = 0,(1) yields 92 — v2 = 0,(1). O

n

14



The test statistic can be decomposed as follows;

TGE

T{N > 1} I
le 2/2 Z Ny, Z Hitly
ke {Z:,Z;}el} i)

14N > 1 .
SN S o a) — (X 6) + el 9, 60) — 9(X5,0) +
\/>K1 2/2 Ny,
ke {Zi,Zj}EIk,i;éj

1./2 Z SUESY Z [9(X;, 00) — 9(X;,0)][9(X;,00) — 9(X;,0)]

f 2K: " ke N g st
T{N; > 1} A
\lezﬂ >N Y lo(Xi,00) — 9(Xi,0)]w;
kek {Z:,Z;}el}, i)

1{N, 1
\le/2Z { k2 } Z Wi

e M (g e

=78 4 TP 4 T

It is straightforward to show that 7L = 0,(1) by using g(X, o) — g(Xi, 0) = 0,(1//n)
that holds by Assumptions 3, 5, and 10 under the null hypothesis. T§% = op(1) can be
shown analogously to Lemma S.16 under Assumptions 1, 3, 5, 6, and 10.° We show the

asymptotic heavier of T3G L,
Lemma S.11. Under Assumptions 1, 2, 8, 5, and 10, TS" [0, LN N(0,1).

Proof. We follow and extend the proof of Theorem 2 in Guerre and Lavergne (2002)
into IV setup. Let Ji,...,J, be any rearrangement of the indices ¢ = 1, ..., n such that
Xy, € I if and only if (iff) >°,_, Ny < J; < Zzgk N;. Let Fop = {Y1,...,Yy,, N :
YN < Ji £ Zlgk Ni,k € K} be a increasing sequence, where Nx = {Ny : k €
K} and TaGnLk = WZI«@ HNNkiljl}E{Zi,Zj}elk/,i;«éj wiw;. Then, {Tﬁf’k,Fn,k,k =

IC,n > 1} is zero-mean square integrable martingale array. Note that TgG L 'k Tgf el =

9Note that we consider asymptotic behavior of 75’ under the null hypothesis, while Lemma S.16 is
under the alternative. Thus, A; term, that comes form misspecification, in the proof of Lemma S.16
does not appear here. Only to show is A2 with 7, replaced with w; to be o0p(1).

15



(2Kff)*1/2MNN7’fl} Z{Zi,Zj}eIk,i;éj wiw; = (2K%)72wy denotes the martingale differ-

ences. To prove TS /4, 4 N(0,1), it suffices to show that

0,2 " BI2KS) T wil{|(2K5) 7wy > et} Fupo1] 20 forall €>0, (S.7)
ke

and

0,2 BI2K);)  wi| Fop-a] & 1, (S.8)
ke

by Corollary 3.1 in P. Hall and Heyde (1980, p.58). Square of the left hand side of (S.7)

is bounded from above by

1

003 B[RS Pl Fu] = o
n n

kel

Z E [wﬂfn,k—l] = Op(Kr:lz)v
ke

9o P
because 92 = v2 from Lemma S.10 and for some constant C, we have

E [wi|F 1]

r 4
I{N, 1
— {k’7>}E Z wiwj) Fk1

N4
k {Zi.Z;} el i#]
B 2
I{Ng > 1
B {N4}E > wiw | | Fasa
k {Zi.Z;} el i#]
T{Ny > 1} 2.2 2 2
- T Z Z E [whwﬁwizwjz ‘ ]:”7’6—1]
k {Zil’Zjl}EIk’il#jl {Zigvzjg}e‘[kviQ?éjQ
T{Np > 1 1/2 172
k {Zil’Zjl}EIk’il#jl {Zigvzjg}e‘[kviQ?éjQ

x B (wh| Faeer)? B (wh| Fuser)?

<INy > 1} [E (| Fur1)]? < C,

where the second equality comes from the orthogonality between w; and Z;. Thus,

16



equation (S.7) holds. Equation (S.8) is implied by

_ 1 ﬂ{Nk > 1}
Z E[2K}) " wil Fup-1] = ol Z — N7 Z Elwiw;|N]

keKx " kek k {Z:,Z; )l i)
= Z [E(w;|Z; € I)]
K kek N
= UT21
and Lemma S.10. O

S-3 Proof of Proposition A3

Proof of Proposition A3. We first show asymptotic behavior of 9, under the alternative
hypothesis. We define v}? = K%fz;felc W[E(u;ﬂ& € Ii)]?, where uf =
Lemma S.12. Under Assumptions 1, 2, 3, 4, 5, 7, 8, and 11, v}? is bounded from above,

stochastically bounded from below uniformly inm € My, ,1., and satisfies 02— = op(1).

Proof. Since E(uf*) < E(Y*) + 2E(Y?9(X;,0%)?) + E[g(X;,0%)%] < oo by Assumptions
1 and 4, it can be show similar to Lemma S.10 that E(u}?|Z; € I) is bounded from
above uniformly in m € My s under the alternative by replacing w; in Lemma S.10
with u.

Similar to Lemma S.10, by applying Lemma 4 in Guerre and Lavergne (2002), we
can show that v}? is stochastically bounded from below uniformly in m € M Lsk-

Now, 92 can be decomposed as follows

>
SN

17



1 I{N, > 1} 9.9
= ol DN >,
= {2i.2;} €l it
1 :[]. N > 1 * A * * 3 *
SN S (X007 a(X08) 007 — 0(X.0) + )

=
K” ke k {Z:,Z; Y}, i#]

1 I{N. >1 * 7 * )
- 3 {kiz)} 3 {[g(x,-,e ) — 9(X:,0)*[9(X;,0%) — g(X;,0))?
" kek k {Zs,7; )l i#]

+4ufg( X, 0%) — 9(Xi, 0)][9(X;,6%) — 9(X;, 0)]” + 2u;*[g(X;,67) — 9(X;, )]

+Hufu?[g(X5, 0%) — 9(X5,0)] + dufuflg(Xi, 0%) — 9(Xi, 0)][g(X;, 0%) — 9(X;, 0)] + u*2u}k2}
where g(X;, 6*) —g(Xi,0) = O,(1/y/n) by Assumptions 3, 5, and 11. Similar to the proof

: S A, S l{Nk>1} 2, %2
of Lemma S.10, the dominated term in 07 is 0)* = K’Z Y okek Z{ZZ,Z Vel iz Ui U

The convergence of 72 is resulted by E(|v:? —v*2|?) = o(1), whose proof goes along with

equation (S.6) in Lemma S.10 and replacing w with u*. O

Under the alternative hypothesis,

T = \f DD N> 1) Y
2K

kek N (Z:,2; eI it

1{N, > 1 . ) ;
Y { } ST ¥i—g(X0,0%) + 9(X:,0%) — g(X;,0)]
\[K / Ni
kek {Z;,Z5}ely i#])

< [V — g(X;,0%) + g(X;,0%) — g(X;,0)]

Ly M= s g0 - 0(X,.6)

T VaKE e Mo e
I{N, > 1 * * )
2 S (0195, 0%) — (X, + B
\f 2K ke ™M e
= TnGL* + A+ B,

where A = O(v/nhi;){E[63.(Z;)]}"/? by Lemma S.16 in the supplemental material for

lemmas and B denotes smaller terms that is O,(1), which is shown by using |g(X;, 6*) —

18



9(X:,0)| = O,(n~1/?) by Assumptions 3, 5, and 11. Then, we obtain
P(TSY < 240,) = P(TS < zov2) + 0(1) < P(TSE* < € + C\/nhl {E[62.(Z)]}?) + 0(1)
for some positive positive constants C' and C. Further,

P (% — BIE) 2 BEF) - = OVl (B3 (2012 + o)

< var (TGL*)

_[ (TGL*) — C — Cv/n hlz{E(;Q* }1/2]

if B(TGL*) — ¢ — C\/nhi{E[02.(Z;)]}'/? > 0. Then, it is sufficient to show that % can

be chosen so that

E(TE™) — C — C\/nh: {E[62.(Z)]}? > 0 (S.9)
var (177) <8, (5.10

[B(TGT) — C — CN/nbk {E[62.(Z:)]} /22

uniformly in m € M(kp,). Now,

" I{N, >1 . .
pr = L S N Sz (X007 wlim(Z) — 9(X,.6) + o]
fK heK B (z7 e it

H{Nk > 1} *
[m(Z:) = 9(Xi, 0)][m(Z;) — 9(X;,67)]
f Kl =/2 ,;C Ny {zi,zge:u,i#j j

T{N > 1} .
\sz /2 Z N, Z wilm(Z;) — g(X;,0%)]
ke {Zi, 25}l i]

I{N, >1
1/22 fl } Z Wil

"k e T A

TGL* TGL* TGL*

19



It is obvious that E(T3*) = 0 and E(T,75*) = 0. Then,

. 1{N. >1
E(T7Y) = Z/QZ 2D S a2
kek Ne (g2 etz
1
E[(Ny — 1)1{Ny > 1} E[6g-(Z:)|Z: € L]
I Z k k
\fK VaKE? ek
1./2
> S B(5 (2] - K

where the last inequality holds for large n and some constant C7 > 0 under Assumption

2 by using Proposition 7 in Guerre and Lavergne (2002). By using this, we yield

E(TS™) — C — C/nh {E63.(Z,)]}/?

nhyi!* B[63.(Z)
_ Ciln = Vhii (B[, (Z0)]'/2 = ht*)? — € — OV/nhii { B[, (Z0)} 2
- nhy > B[03.(Z;))

Ci(n—1) hsth) 2 C C
z— 1= T2 -
n Kpn nh?/ K2p2 Vnkpn

Cl(n—l) stk 2 C _—lz/2
:n{l pal Gy v B KU K

which is increasing in « and positive for x large enough.

Next, let puy = m Z{ZMZ verizglYi — 9(Xi, 07)][Y; — g(X;,0%)] Then, we can

write TG+ = lez/Q > rek Mk, where pup’s are uncorrelated given Nx = {Ny, k € K}.
Note that (N — 1)I{Ng > 1} = N — 1 4+ 1{N = 0}, since N — 1 = (N — 1)1{ Ny, >

1} + (Nk — l)ﬂ{Nk < 1} = (Nk — 1)]1{Nk > 1} — ]l{Nk = 0} We have

T{Ng > 1
Bl = TS gy (26 (28]
g {2i.2;} ely i#]

= (N, — 1)1{Ny > 1}{E [6-(Z;)| Z; € I}]}?
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and

2
BNy = HN > 1 g ({ Y- (XL oY g(Xj,H*)]}

2
N 7 el idi
{ s ]}e PRE]

N,C)

(N = 1)(Ng — 2)(Ni — 3) LNy, > L E [66+(Z:)|Z; € I }*

Ny,
g VO Z2) 3 vy > 1) (B - (2012 € LB [u?12 € 1)
k
T Mﬂ{m > 1ME (u*|Z; € I) )2,

N,

which implies

var (| Nic) = E(uz| Ni) — [E (k| Ni)]?

_ 2Ny — 1)(2N; - 3) L{Ny > 1M E [69-(Z:)|Z; € L]}

Ng,

4 A= DO =2 (> 08 020120 € LB [u212: € 1)
k

220 = Dy S 1y e (w212 € 1)

Ni

From the law of total variance, we obtain

1 1 1
var (T71) = ———-var Hr | = E | var k| N | | + var | E x| Nk
( n ) 2K7lf (%C 2K7lzz %C QK%Z lgc
1 1
= 2Klz ZE[UGT (lu’k’NICH + 2Klz var ZE(Mk“\]’C) .
" kek n kek

Note that, given 1{Nj > 1}, we have —(Ny — 1)(2Ny, — 3) /Ny, < N and 4(Ny, — 1)(Ny, — 2) /Ny, <
Ni. Since E(N1{Ny > 1}) = E(Ny) — E(N,1{Ny, < 1}) < E(Ng), we obtain

1
E [var (ug|Ni)]
2K7l12 gc HEIVKE
- 2;_711 ,;CE <_2(Nk; —]33:2Nk -3) 1{Ny, > 1H{E [0p+(Z:)|Z; € Ik]}4>
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Y5 ( "W =2y N S 1B 5 (2)|2 € TIYE [u)2i € Id)

Klz N

n keK

1 2(N, — 1) 2, 2
+ 2Kf; %E (MH{Nk > 1}E (uf®|Z; € Ii)] >
Kl > B(NeI{Ny, > 1){E [0+ (Z:)| Zi € L)Y E (00 (Z:)| Zi € T] Y

" kek

+ ﬁ > E(NeL{Ny, > 1Y{E[05-(Z:)|Zi € LIY’E [u}?|Zi € I]) + E (v}?)
n kek
lz ZP (Z; € I)E [04-(Z:)| Z; € I)) E [63.(Z:)| Zi € I
K" kelC

20(n
e Z P(Z; € It)E [65-(Z)| Z; € It] + E (vi?)
n kek

< 2N B [53.(2)) + O()nhk B [83.(2)] + B (u12)

+

Om){(E [63.(20)]? + O(nhs E [53.(20)] + E (u22)

where E [u;‘ 2Z; el k] is uniformly bounded by Assumptions 1 and 7 under the alterna-

tive hypothesis and v}? = Klz Y ohek w[ E(uf?|Z; € Iy))? is the limit of o,

under the alternative.

ZE(MkNlC)]

2K7l12 var Z
B 2[1(12 var (Z(Nk — DI{Ny > 1H{E [d¢-(Zi)| Z; € Ik]}2>
kel
QKZ SN {E00(2)12; € L)Y var (N — D) I{N, > 1})
n kek
Klz Z{E 59* |Z S Ik]} {E [59*( z)|Z’L € Ik/]}2COU ((Nk — 1)]1{Nk > 1}, (Nk/ — 1)]1{Nk/ > 1})
n k;ék:’
< > P(Zi € T 09 (2012 € I}
n kek
lZ > P(Z; € I)P(Z; € Iv){E [60-(Z:)| Zi € L)} {E [60-(Z:)| Z: € Iv]}?
n k‘?fk‘/
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< O(nhip /{E [83.(Z:)] } + O(nhi){ B [65-(Z:)]

where we use the results of Lemma 3 in Guerre and Lavergne (2002), that is, var((Ny —
DI{N; > 1}) < 2nP(Z; € Ix) and cov ((Ng — 1)1{Ny > 1}, (N — D)I{ Ny > 1}) <
2nP(Z; € Iy)P(Z; € Iy). The last inequality holds because 63.(Z;) = {m(Z;) —
E[g(X;,0)|Z:]}? is bounded by Assumptions 2 and 8 under the alternative hypothesis.

Thus, we obtain
var (TT?L*) < O(){E [65-(Z)]}* + O(nh:)E (65-(Z:)] + E (v3?),

which implies

var (TSL*) O(l) O(l) E (U:;Q) B 1 oy 1 E (,U;)ZQ)
thﬁE[ég*(Zi)]Z = nhﬁf n/iQp% th%znsz% =0 <> + O (nlz+4( +k)) _

The upper bound is bounded and decreasing in . ]
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Supplemental Material: Proof of Lemmas

S-1 Proof of Lemma 1

First, we introduce the following lemma.

Lemma S.13. Under Assumptions 2 and 12, we have

/K <x ; y) f(@)f (y)dedy = b /K (u) du/f(y)Qdy + O(hl=+h)

Proof.

/K <$ ; y) f(2)f(y)dxdy = N’ /K (w) f(y + uh) f(y)dudy
/ K (u) [f(y) + h' AD f(y) + Ry] f (y)dudy
= ht /K(U) dU/f(y)2dy+O(hlz+1)

Proof. Ty can be written as a second order U-statistic form multiplied by nh!=/2:

onhl=/2 & Z;— 7
_ Z_lzzhl ( >uuj n_lzZHWZ,W

i=1 j>1i =1 j>i

where Wy = {Z;,u;}, H(W;, W;) = h™:/2K (Z];Z

1) u;uj is symmetric by Assumption

12, centered, that is, E[H(W;, W;)] = 0, and degenerate, that is, E[H(W;, W;)|Z;, u;] =

E{EH(W;,W;)|Z;, Zju;)Z;,u;} = 0. The second moment of H(W;, W;) is bounded

because




:1/Kwﬁﬁw+um#@v@+uMﬂmey

=mm/w%m%@ﬂw+mm,

where the convolution product /C(0) is bounded by Assumption 12. The variance of the
error term o2(-) and the density of instrument f(-) are bounded by Assumptions 1 and
2, respectively. The last equality is shown in Lemma S.13.

Let G(W1, W) = E[H (W1, Ws)H(Wy, W3)|W1, Wa]. According to the central limit

theorem for degenerate U-statistic, i.e. Q. Li and Racine (2007),

Ty/\/2B[H (Wi, W;)?] % N(0.1),

if
E[G(W;, W;)?] + n~ E[H(W;, W;)4]
{E[H(W;, W;)?]}?

— 0, (S.1)

as n — oo. We show that equation (S.1) holds. First, note that

G(Wy,Wy) = E[H (W1, Ws3)H (Wy, W3)|W1, Wa)

71— 7 o — 7
:h_lZE[K< lh 3>K< 2h 3>U1U2U§

7y — 7 Zy— 7
= h FuuE [K< 1h 3>K< 2h 3>a2(23)

_ hlzu1u2/K <Z1h_ Z) K (Zzh_ Z) o2(2) f(2)dz

— ulm/K(u)K <22 ; 2 u) o2(Zy — uh) f(Zy — uh)du.

Zla ZQa uy, U2:|

AR 22,U1,U2}

Then,

E[G(Wy, Wa)?]
_ g {ugug [/ KK (Zg ; 2 u) o*(Zy — uh)f(Z1 — uh)du}z}
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[ / K (u ( 4 u) o (x — uh) f(z — uh)du] " F@) f ) dady

= hls / 2(x + vh) [/K (v+u)o ;v—uh)f(:x—uh)durf(x)f(:z:—l-vh)d:ndv

— s / 2(2)[02(x) + [ / K(u)K (v+ ) du+ O(h)]  H@)f (@) + O(h)]dedy
_h’/ 4dm/[/K (v+u du] dv + o(h'?)

= O(hk). (S.2)

Second, let us define 04(Z;) = E(w}|Z;), which is bounded by Assumption 1. Then,

BIHW,, W) = 5 E

Z; — Zi\*
121 K( Jh ) o' (Z:)o"(Z;)
M?2 -y\*
< [ (55) f@stdsdy

= J}‘L{Q [ / K (u)*du / fly)*dy + O(h)] = O(h™"). (S.3)

Third,
e l/w;y) oo

[ / K (u)2 f(y + uh) f(y)o2(y + uh)aQ(y)dudy] 2

2

2
- { [ K@)+ 00wl ) + 0<h>]02<y>dudy}

{/K 2du/f y)2dy + O(h )}2

! (S.4)
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Equation (S.2), (S.3), and (S.4) implies

B(G(Wi, W))*] + n” 'E[H (W, W))"] _ O(h=) + O(n"'h™")

TBIH (W, W22 -~ ow % ®
as n — oo. Thus, equation (S.1) holds, and we obtain
T1 % N(0,2K(0) E{ [ (W) £ (4)})-
]

S-2 Proof of Lemma 2

Proof. Applying Taylor expansion to g(Xj, é) around 6y under Assumption 3 yields

f= s S K (B g0 — 06,0

=1 j#i
2(6 — 6o) 0
= S S e (B o+ v,
=1 j#i
_2vn(0—0) & 2[9 0o)’
:\fn—l Bl= /QZZMW 1)hi- /QZZMZJ+Rm
=1 j<i =1 j>1i

where p1; ; = K (Z];Z’) ui%g(Xj, 6p) is a I, x 1 vector, R,, represents smaller terms un-
der Assumptions 1, 2, 6, and 12, and /n(f — 6) = O,(1) by Assumption 10. It is useful
that for j # i, E(u; ;) = E[E(wij|Z, X—;)] = 0, where 0 denotes [, x 1 zero vector. By us-
ing this, we obtain that Y31 37 E(pij) = 220y >0 EIE(Wigl 21, Zny X1,y oo, X)) =
0, and Y37, >, ; E(uij) = 0. Thus, to show T = 0,(1), it suffices that variance for
each elements of W Doie1 Djei My and W D1 2w Mg is o(1). To
simplify the notation, we show the case for I, = 1. Let G(z) = E[aeg(x,9)|z} and
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Ga(z)

= B[ & g(x,0)[?|z]. Then,

W(W )

n—l 2hlz ZZE M”]

i j<i

n—1) hl=/2 ZZ’“W

i=1 j<i

O(n™") + O(h"),

because for all i, j; < i, jo < ¢, and j1 # ja,

th (

n_mzzZZZ

DI I BTN

11=1 71 <1 i2=1 j2<i2

)

sz Nwz

1 71 <1 ]2<7,
J2#j1

E (13,5, 113,52 )

B [K <Zj1h_Zi) K <Zj2h_ Zi) 39(;(;1,9) 39(;(;2,9)02(%)}

- F [/K <Zﬂh_z> K (Zaz_z) gQ(z)f(z)dzag(gél’(g) 89(?;2’6)]

= g | 208 09145, ) [ xw < ] +u> o2(Z;, — uh) (2, —uh)du]
T (2 Zﬁ) )7 (gg,m 0],

=h=E _UZ(Zjl)f( le,é? /K2 ( .1> 89(;;’9) fz,x(22,$2)d22d962] + Ry
—thZE-[az(Zyl)f( %9 Xﬂ’e /K2 ”’ )f”( |+ uh, xg)dud;rg} + R,

— h2=E 3 0%(2;,)/(Z;,) 289 Xﬂ’e /K2 )duE [69(;; 9)]}+Rn

2 89(XJ1 ) 9)

= 0B |2 (2, )

|+,

= o),

where R, represents smaller terms, f, (-,-) is joint density of Z and X, E[%Q(X ,0)]
is bounded by Assumption 3, K?(u) is two times convolution product of kernel with

[ K?(u)du < oo by Assumption 12, 6%(Z) and f(Z) are bounded by Assumptions 1 and
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2, respectively, and for all ¢, j = j; = jo < 1,
Z; — Z;\* dg(X;,00)
E(u2)=E{K =L = 7P 20
(12;) { (257%) azr™

:E{ag(};ﬂé’eo)/K(Zj}L_Z)za(z)Qf(z)dz}

:hle{ag(Xf"%)/K(u)? )22 —uh)du}

_ hle{8g(X],00 /K 2du}

a0
= O(n%),

where these derivations holds under Assumptions 1, 2, 3, and 12. In the same way, we

obtain var (W D1 D /Jm-> = O(hk). O]

S-3 Proof of Lemma 3

Proof. From Assumption 3, we obtain

nhl /2 (Z Z) -, 09(X;,0) 99(X;,0) 5
_ (00_9)/ 9 79 (90_0)
= V(o — 0)' - hl /QZZTg (6o - 0)
i=1 j#i
; Zi—2Z;\ 0g(Xs,0) 99(X;,0)
where T3 = K < 7 )786 ‘0:51 50 Q:éZ'We have
z, -z ooxo Plosx.o 17117
E(|T) < E|K (=2 E || =5 =D
( 3|r>_{ (252) } %y H s
2 1/2 2
< |/ ( ) P0Gtz B [sup | 2000
1/2
[hl /K zl—i—uh)dzldu} O(1) = O(h=/?),
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where these derivations hold by Assumptions 1, 2, 5, and 12. Since \/n(6 — ) = O,(1)

by Assumption 10, we obtain T3 = O,(h'*/2) = 0,(1).

O
S-4 Proof of Lemma 4
First, we introduce the following lemma.
Lemma S.14. Let k; j and S; be any function such that sup; ; |k; ;| < oo and Y7} |Si| =
Op(n). Then,
Z Z k}iJSiSj = Op(TLQ).
i
Proof. Y71 375 ki jSiS; < sup, ; kil 20 [Sil Y7 [Si] = Op(n?). O

Lemma S.14 seems straightforward but is useful. The kernel function K(-) sat-

isfies the condition for k;; by Assumption 12. The condition for S; is satisfied by
2

90| o [ o) | and Fo(xi0)| _ui for any = {1,...,1.} and

any # between 6, and 6 by Assumptions 1, 3, 5, and 10, as well as uf by Assumption 1.

Proof. ¥ can be decomposed as follows:

i=1 ji
2 n 1 A AN )
- DY K () (90X, 00) — 9(XG, 0) + wil*lg(X5, 00) — 9(X;,0) + uy]
n(n —1) = Kl A
2 " 1 7. 7.\2
= K (2 i 2 2
n(n—1) ; o iz ( i > U; UG
2 n 1 Z.—7 2 A
K (= X;,00) — 9(X;,0)]uiu? + Ry,
+n(n_1);j¢i hl= ( B > [g( ) 0) g( s )]uuj—i—R ,
=25 + 39 + R,

where R,, represents smaller terms that converges to zero in probability, which can be
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shown by using Lemma S.14 under Assumptions 1, 3, 5, 10, and 12. First, we show that
3o = 0,(n~1?).

_— N 2 Z Z; 89(X176)
22—\/5(90—9)—f T ;;K( - ) 50

= Vn(f — )I n_lhlzZZS,J,

1=1 j#i

where S; ; is a [, x 1 vector. Since v/n(f — 6y) = O,(1) by Assumption 10, it suffices to

show that each element of n=>/2p=t= S | > j+iSij is op(1), which holds becuase

— Zi\? || 09(X;,0
B(lsul) < £ |k (252 ) | 25 ufowy
B dg(Xi,0) ' z— 7\
=F H@G . 5% /K( . ) o(2)%f(2)dz
= h:E H' %9 X“9 o(Z; + uh) f(ZZ-—l—uh)du}
_ pls 89(Xl79) )
=h"*E H'(%’ i (ZZ)/K(U)Qdu}
09(X,,0) 121"

< O(hlz)E sup g( 75 ) ] [O’(Zi)2}1/2 _ O(hlz),

9o 00

where the last equality holds under Assumptions 1, 2, 5, and 12. Thus, 39 = Op(nfl/ 2,
Next, we show that $; = % +0,(1). Note that 331 is a second-order U statistic, where

N2
H(W;, W;) = h =K (%) ?u? is symmetric by Assumption 12.

4
E[|H1(W“I/Vj)|2] — ﬁ /K (22 ; Zl> [02(Zl)]2[0'2(22)]2f(21)f(Zg)ledZQ
= e [ Ko P S+ uhdad
= ;;z/K(“)4du/[Uz(m)]‘*f(zl)del +O(h )

n

—O0(h =) =0 <W> = o(n), (S.6)
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where these derivations holds under Assumptions 1, 2, 5, and 12. Applying Lemma 3.1

of Zheng (1996) implies that £, = E(Hy(W;, W;)) 4+ Op(n~1), where

22 — 21

2
E[Hl(WZ,WJ)] = hllz/K< h ) 0—2(21)02(ZQ)f(Zl)f(22>dZ1dZQ

hl= h

= /K(u)2du/[02(z)]2f(z)2dz+O(h).

_ L /K <Z2 — 21)202(21)02(Zz)f(zl)f(zz)dzleZ

O
S-5 Proof of Lemma 5
Proof. From Assumption 3, there is 6 between 6* and 6 such that
2nhl 7 Z; — Z . i .
= oD SN K [Yi = 9(X:, 0))[9(X;,67) — 9(X;, )]
i=1 j#i
200 — 0*) & Z; — Z;\ ,09(X;,0)
- Y Yk (A )
i=1 j#i

= (0 —0%)' 4,
where (6 — 6*) = O,(n~'/?) by Assumption 11. Now, we have
var(Ay)
< E(A3)

~Zi 21— 2\ . «09(X;,0) 09(Xi,0)

- QWZZZZEK( )K(h)zkaa %

i=1 j#i k=1 l#k

- (n— zhl ZZZZE

i j#L k#i l#k
k#j l#£i
I#j




Zj = Zi Z =7\ . .09(X;,0) 09(Xi, 0)
2hl Z;;E K( h >K< h )““J o9 0

1#£1
[ (ZimZi\ o (2= 2k e, 990, 0) g(Xi, 6)
n—12hlzzl:;%;zE K( 3 >K< h )”’u’f a0 90
ki
i ~ 12
Zi = Zi\* ,2|09(X;,0)
thZZZE K< h ) i o0
e L
- ~ 72
Zj - Zi * 8g(Xj,9)
2hlzZZE K( h )ul o0
i jF L
_dn(n—2)(n—3) Z;— Z; Z — 7, ' dg9(X;,0) dg(Xy,0)
= o DR T ) BT ) e (B0 (2, op | T
(n—1)
(S.7)
where R,, represents small terms. Thus,
|B(A3)]
4TL(TL — 2)(n — 3) Zj — Zz Zl Zk
El|IK|—— )| |K «(Z;
d9(X,,0 d9(Xy, 6
|09+(Zy) | sup g(aej ) %9(%1,6) )H
fco ISC]
_4n(n —2)(n - 3) Zj — Z g( XJ,H
T (n—1)hk B K |09+ (Z \31618 . (S.8)

From Assumptions 2, 5, 8, and 12, we obtain

E[sup 29%:,%) H / \K( Z)'we*(zw(z)dz]

0O

—hE [sup ag Xﬂ’e H/|K 6o (Z; — uh)| f(Z; —uh)du}
0cO

— 1 [sup WH o ()11(2) [ 1K) + R,
0cO

1/2
.7 ag(Xﬁ 0) 1/2
<h f{E 21618 7@5 } { [59 }} + R,
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= O(h'=) {E [65-(2;)*]}/* . (S.9)

Thus, we obtain E(A3) = O(n?h")E[63.(Z:)]. Thus, Ay = Op(nh=/*){E[6}.(Z:)]}"/2,
which implies Ay = OP(W){ED%* (Zi)]}1/2-

Next, we show that A3 = 0,(A2). From Assumption 3, 0, and 6 exist such that

n—l

nhl=/2 R )
Y e () (607 - g6 g, 87) — (X,

i=1 j#i
9 0* " Z Z 69(X179~1) 8g(Xj,§2) A *
1=1 j#i
= (0 — 6% A3(6 — 6%). (S.10)

We have

|l As]| = nh™=/E

i Z; — Zi\ 99(Xi,01) 09(X;,02)
h 00 0o’

(5[] e |
O(nh~"/2) [/ ‘K <z1 22> ‘Zf(ZI)f(zQ)dzld@] -

=n [/ 1K (w))? f(22 + uh)f(zg)dudzg] v

< nh =2E
" a0

O(n), (S.11)

where E [supgee [|29(X,0)||] is bounded by Assumption 5 and the last equality holds
by Assumptions 2 and 12. Since (§ — *) = O,(n~"/2) by Assumption 11, we obtain
Az = Oy(1). Thus, we have Ay + Az = Op(Vnhi=){E[62.(Z;)]}/? + O,(1).
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S-6 Proof of Lemma 6

Proof. Tt is obvious that ¥ is bounded uniformly in m € M (kp,) by Assumptions 1, 2,
7,and 12. Let u] =Y; — g(X;,0%).

- - 1 Zi 2A2A2
T n(n—1) ZZMZK Ui Uy
i=1 j#i
" 1 Zi— Z;\* R
=D ZZhlzK( : ) 9(Xi, 01V — g(X;,0))
i=1 j#i
- 1 ZJ Z; 2 ) . . o
T DI D 9(X:,0%) — g(Xi,0) + u2[g(X;,0%) — 9(X;,0) +
i=1 j#i
& 1 ZJ Zi 2 i} ) . -
- n—l ZZ hlzK [9(Xi,607) — 9(X,0)]"[9(X;,0%) — 9(X;,0)]

1=1 j#i

+4uf[g(Xi,07) = 9(Xi, 0)][9(X;, 0%) — 9(X;, 0)]° + 2u[9(X;, 6%) — 9(X;,0))

+4u*u*f2[g<xj, 0°) — (X, 0)] + dusfu 92, 0°) — (X D)][9(X,07) — 9(X;, 0)] + i ?u3?}

Z Z * *
- n—l Zzhl ( ) ui2uj2

=1 j#i
- Z;\* .
T ZZh, ( ) wiulg(Xi, 0%) — g(Xi,0)] + R
=1 j#i

=37+ 35+ Ry,

+

where R,, represents smaller terms that is o,(1), which can be shown by using Lemma
S.14 under Assumptions 1, 3, 5, 11, and 12.
Now, we show that 22 = 0p(1). From Assumption 3, there is 0 between 0 and 6*

such that

- 8(6 — Zj— Z; . %9 Gg(XZ,Q)
E ( ZZ hlz ( > u’Luj 89 ’

i=1 j#i

where /n(0 — 8*) = O,(n~'/2) by Assumption 11. Since E(u'?|Z;) is bounded from
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Assumptions 1 and 7 and EH%Q(Xi,é)HQ < Elsupgee ||%g(XZ-,§)H2] is bounded by

Assumption 5, there is a constant C' such that

E

Z]_ZZ 2 * *2ag(Xl’§)
K< h ) i v

where

9 — Z 4
/K< - h 1) 02 (21)f(21) f(20)dz1dzy = A= /K(u)‘lag*(zl)f(zl)f(zl + uh)dzdu
= plb / K(u)*duE[o3. (1) f(21)] + o(1)

= 0(h"),

where the last equality holds from Assumptions 1, 2, 7, and 12. Thus, f]; = Op(nfl/ ),
Now, similar to the proof of Lemma 4, we can show that f){ is a second order U-statistic
= e i

N2
with E[H; (Wi, W;)?] = o(n), where H;(W;, Wj) LK (@) u*Qu;Q. Thus, we
apply Lemma 3.1 of Zheng (1996), implying that 3, = E[H*(W;, W;)] + op(1), where

B0V W) = o [ 8 (252 ) 0bGaoh (o) e e

_ / K ()20 (21)02% (21 + uh) (1) f (21 + uh)dzydu

= /K(u)Qdu/[Jg*(z1)]2f(21)2d21 +o(1).
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S-7 Proof of Lemma 7

Proof. First, consider the case with I, = 1. Taylor expansion of k((Z; — Z;)/h) at h = hg

yields

. (ZjAZZ-> _ (ijl-
h ho

ho
(S.12)
which can be described by
m—1 > S
i ZjTZi . Zj — Z; . 1 (h—ho 7(s) Zi — Z;
h ho = s! ho ho
- m } 7. _ Zl
n i' (h ~h0> k(m) < J ) 7 (813)
m! h h

where h is between h and ho and

. _ 7 s . _ 7 s 7\ ! . _ 7
0 (B2 o2 (BB S (BB w0 (B5) s
=1

for some constant ;.

A similar results hold for [, > 1, which is

YA YA
K(J> :K<”>+
h ho .

3

-1 N s
L(h=ho) p (Zi=%i
s! ho h()

1
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T <hth°> K (Z‘Z> , (8.15)
m! h h

where

Zj— Z; 0° Zi— Zi
(s) — s J ¢
(57 = (P57)

I Ik
Zyi — Zii Z Zyi
— 2: H o, (kﬂh’f) JAUY) (’whk> (S.16)

1<ty 4+, <s k=1

for some constant ¢;,. Since K®)(v) is an even function, K)(v) can be viewed as a

second-oder kernel function. Thus, the above expansion yields

T, = s ZZhl <ZAZ>M]-

11]#

hg 1 - 1 1 (b= - '
— 2o s — _ Ks 2=t
<o>+n<n_1>§zhlzwzsl( wt) & (457)

1 (h—ho\ 1 1 N .
— (= P Gl A
+m!< B ) TTENP I ( i >

i=1 j£i

. I 5 m
_ ZZTn(ho) 4 (hhoho) 0, (T (ho)) + illlzop ((h h0h0> ) (S.17)

because i = ho+0,(ho), h/ho—1 = 0,(1), and E||a:a;]|K™((Z;—Zi)/h)|] < E[E(|a]|Z:))? <

E[E(|u}||Z:)]? < oo under Assumptions 1, 5, 7, 11, and the assumption that sup,, | K™ (u)| <

o0, where uf is defined in Lemma 6. Since h~ (ﬁ/ho - 1)m = 0p(1) by Assumption

38



and T5,(hg) = Op(1), we obtain

METPE S oL < U S 7 b 7 DA s T (h S.18
0= S & T ) i = o) oDl (819
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S-8 Proof of Lemma 8

Proof. By the expansion of the kernel given in equation (S.13), we obtain

=1 j#i
m—1 ~ m 2
1 (h—hg Zi— 7, 1 (h=ho\ =~ (Zi—Zi
= KS J T _ Km J _
i s=1 S' ( h[) > < ho > ! m' ( h < h )
== —U:Us —
hl= 0 n(n — 1) Py hl= = s! ho ho

(S.19)

Under Assumptions 1, 5, 7, 11, and the assumption that sup, |K™(u)| < oo, we have
E[ﬁ?ﬁ?ffm((Zj — Z)h)?] < E[a2)? < E[E(u?|Z;)])? < co. Since K*(v) is a second-oder

kernel function, the above expansion yields

N 2 ~ 2m
N h — ho . 1 h — hg
S(h) = ﬁlzz(ho)+< = ) 0, (E(ho)) + 520, ( _ )

h
(=) o (s h = ho mo (ih)+1o hhg )"
o) 00 (500) + (5] 0 (S00) + 20, | |7
l.
_ ZZ S(ho) + 0y (2(%)) (S.20)
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because E%(iz/ho —1)™*+! = 0,(1) and X(hg) = £ 4 0,(1) by Lemma 6. Thus, we obtain
S(h) =% + 0, (1).
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Supplemental Material: Lemmas

S-1 Lemma S.15

Lemma S.15. Under Assumptions 2, 8, and 12, we obtain [ K (L;y) 8o+ (y) f(y)dy =
=6y« () f () + O(hl=tmin{ark+a:})

Proof. Note that f(-) and dg«(-) are ¢.- and k-times differentiable by Assumptions 2
and 8, respectively. For any functions g(-) : R' — R, let A@g(.) indicates a vector
(matrix, or cube) of ¢g-times partial derivatives.! We define I, dimensional vector u =

{ui,ug,...,u.}. Then,

/K <$ ; y) Sp-(y) f (y)dy = h'* /K(u)ég* (x — uh) f(x — uh)du
2
=t [ (@) [0 ) — 1 88 () 4l 8D
[f(x) — !/ AW f () + fu’A(2>f(x)u ¥ } du
= h'*8g+ (z) f () / K (u)du 4 O(hl=tminiaekta:}y

where [ K(u)du =1 by Assumption 12. The last equation holds by the feature of gth

oder kernel in Assumption 12. O

S-2 Lemma S.16

Lemma S.16. Under Assumptions 1, 2, 3, 4, 5, 6, 8, and 11, we have

A

2 1{N, > 1 . . .

- l 22 { : } 2 : [Y;_g(‘(ue )][g(‘(]ag >_g(XJ79>]
V2 =/ Ny oy

nokek {Zi,2;}elri#)

= O(Vnh'=){E[§5. (Z:)]}'/* + O(h"*/?).

For example, AW f(z) = {8f(2)/0z1,0f(2)/0za,...,0f(2)/8z.}, and AP f(2) is a I, by . matrix
whose (I, k) element is 0f(z)/02,0zk.
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Proof. Let 1; = FElg(X;,0)|Zi] — 9(X;,0%) + wi, where E(7;) = 0 and var(7;) =
Elg(X;,0%)%] + E(w?) — E{E[g9(X;,0")|Zi]*} — 2E[w;g(X;,0*)] < oo by Assumptions
1, 2, 4, and 8, which implies 77; = O,(1). Then,

I{N, >1 " * A
A= 2 ML Sz - (6% + g6, 6) — (X, 6)
\[K kel k {Zi,Z;} el i)

ﬂ{Nk>1} e a
sz /2k§c N, {Zi72§1k7i¢3[59< )+ 0ila(X;.07) — 9(X;.0)]

I{N; > 1 . .
le 2oy B S (20X, - 6(X,.0)
kek (Zi,Z;} €Ik i#j

T{N > 1} _ . .
wa > = > Wle(X5,07) — 9(X;.0)]
kek {Zi.Z;}el i)

= A1 + As.

By Assumptions 3 and 11, there is 6 between 6* and § such that |g(X;,0%) — g(X;,0)| =

‘%Q(Xj, 9)‘ O,(n~"/2). Thus, for some positive constant C' and C’, we have

E[A4]

o /QZ [“N’“>” ST 10 (29X, 6°) — g(X;.0)

kek N (2,7}l i
20 1{N, > 1 dg(X;,0)
N S D WA R
V2K n kek K {Z:,Z} el i#]

2C 1{N; > 1}
= —— Y By Y. Bl (Z)|Zi € L]
V2Kl i { N

{Z:,Z;} el i#]

99(X;,0
FE g(agj ) ZjEIk }+0(1)
20 9g(X:,0
:TWZEKM—M{NW1}1E[rae*<zi>uziefkw W50 7, ¢ 1] + o)

V2K kek
Cl 1/2 Z

1./2
\[K VoKL kek
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20"n1/2

< W{E[53*(Zi)]}l/2 +o(1) = O(Vnhl=){El65.(Z:)]}',

where E[|.29(X;, 0)||Z; € I1] is bounded by Assumption 5. Next,

4, 20— o) 3 1{N; > 1} 3 _ 99(X;,6)

n
1./2 v
\/§Kn / keK N {Z;,Z;}el} i) 2

(0 — ) 1{N, > 1} _09(X;,0) ..

i E E Mi—ar— (0" — 0)
1,/2 N v /
V2EE? ko (22 el i) 2096

= (0% — 0)' A + (0" — ) AL(0* — 0) (S.1)

Since E(7;|Z;) = 0, we have E(A}) = 0. For some constant C,

- 2
1{N > 1} _ 99(X;,0)
2 )
E(A7) K= Z { >, 39]
Kn jex | {Zi.Z;} Iy i#]
]1N>1 _509(X;,0) 0g(X;,0
ceypfwien] e et
" Lek | (2,25, 20} €D i g,i#
(N — 2)°1{N, 1
< Klz > B [ )N{ > ppizie 1
ek k
S — ZE [Nt 1{Ny > 1}] (T]?’ZZ S
Ko kek
2nC ) Ly (=2 I
< Z P(Z; € I,)E; | Zi € I) = 2nCh*=E(7;) = O(nh™), (5.2)
” kek

by the boundedness in Assumption 5 and boundedness of E(5?|Z;) as shown before. For

some constant C' > 0,

99(X;,0)

" ]l{Nk > 1}
E|A3) < le s> E . Wl

kek N (Zi. 2, Yl i

< > EN. > 1N = ] E(m12 < 1
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E(j7;]) = O(nh"/?), (S.3)

nC nhl=/2C
<——5 ) PZiely)E(n||Zi € Ix) =
V2K ,;C V2

where E[| 525 9(X;,0)|Z; € I);] is bounded by Assumption 6 and E(|7;||Z;) < E([7;]%|Z:)*/?
is bounded as shown before. From equations (S.1), (S.2), and (S.3), we obtain Ay =
O(hk=/?).

45



Supplemental Material: Simulation

Table S.1 shows the simulation results with the sample size of n = 1000. All simulation

settings but sample size are the same with those in Section 5 of the paper.

Table S.1: Size and power of T;, with n = 1000.

Bootstrap Normal
HU Hy P n hcv hopt hcv hopt
Hy is true
(6) DGP1 0.8 0.1 0.054 0.047 0.020 0.033

DGP2 0.8 0.5 0.0563 0.046 0.030 0.028
DGP 3 0.7 0.1 0.052 0.045 0.021 0.031
(7) DGP1 0.8 0.1 0.060 0.051 0.022 0.025
DGP2 0.8 0.5 0.063 0.051 0.017 0.026
DGP 3 0.7 0.1 0.061 0.048 0.021 0.027
Hy is false
(6) (7) DGP1 0.8 0.1 1.000 1.000 1.000 1.000
DGP2 0.8 0.5 1.000 1.000 1.000 1.000
DGP3 0.7 0.1 1.000 0.960 1.000 0.936
(6) (8 DGP1 0.8 0.1 1.000 1.000 1.000 1.000
DGP2 0.8 0.5 1.000 0.999 1.000 0.996
DGP3 0.7 0.1 1.000 0.779 1.000 0.717
(7) (8) DGP1 0.8 0.1 0.999 0.957 0.994 0.938
DGP2 08 0.5 0.999 0.899 0.987 0.868
DGP3 0.7 0.1 0.680 0.418 0.507 0.358

Note: Critical values are obtained from bootstrapping (columns labeled by boot-
strap) and the normal distribution (columns labeled by Normal).
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