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Abstract

This paper examines the relationship between productive government expenditure and
economic growth. An R&D-based model of endogenous growth is used in which agents have
heterogeneous entrepreneurial abilities. We show that if the entrepreneurial ability follows
a long- and fat-tailed distribution, then the relationship between government ex-penditure/
GDP and economic growth rate is depicted by an inverted U-shaped curve with a flat top.
The flat top indicates that government size change has a limited impact on growth. We
calibrate t he nodel t o US. data and empirically confirm t he above t heoretical prediction.
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1 Introduction

Does government expenditure size affect long-term growth? What is the optimal government
spending level that maximizes growth? Economists have long been discussing these questions
through substantial amount of accumulated research. Since the 2008 European sovereign debt
crisis, this topic has been the center of debate on fiscal policy.

Barro’s (1990) seminal work constructs an endogenous growth model in which government
spending is an input in final-good production and taxes are distortionary. Barro demonstrats
the possibility of an inverted U-shaped relationship between the size of government expenditure
and economic growth. Greater government expenditure means a larger input in the final-good
production that incentivizes private investment. However, larger government expenditure also
means a higher tax rate, which lowers the net return to private capital, thus reducing private
investment. When the size of government expenditure is initially small, the first positive effect
dominates the second negative effect. On contrary, when high, the second effect dominates
the first one. Barro’s (1990) endogenous growth model has been extended and examined, with
similar results (Barro and Sala-i-Martin, 1992; Futagami et al., 1992; Turnovsky, 1996; Glomm
and Ravikumar, 1997; Fisher and Turnovsky, 1998).

Numerous studies have empirically examined the relationship between government expen-
diture size and economic growth based on the above theoretical results. However, these em-
pirical studies have not reached a broad consensus. Some authors find a positive relationship
between government expenditure size and economic growth,! whereas others find a negative
relationship.? Interestingly, however, a fuzzy relationship is also reported in several studies.

For example, Cronovich (1998), Bairam (1990), and Fidrmuc (2003) find a lack of relationship

1Sattar (1993) and Bose et al. (2007), for example, find a positive relationship between the size of government
and the economic growth rate in developing countries. Using OECD data, Aschauer (1989), Evans and Karras
(1994), Kneller et al. (1999), Bleaney et al. (2001), and Colombier (2009) find the same results. Ram (1986)
and Easterly and Rebelo (1993) find a positive correlation using data from both developing and developed
countries.

2Landau (1983, 1986) and Devarajan et al. (1996) find a negative correlation between the size of government
expenditure and growth for developing countries. The same results are also found for OECD countries (Ahmed,
1986; Hsieh and Lai, 1994; Folster and Henrekson, 2001; Afonso and Furceri, 2010; Afonso and Alegre, 2011),
and both developing and developed countries (Grier and Tullock, 1989; Landau, 1983, Barro, 1990, 1991). These
disparate results comport with the theoretical prediction of either a positive or negative relationship between
government size and growth.



between the size of government expenditure and growth in developing countries. The same re-
sult is also found for developed countries (Saunders, 1995; Levine and Renelt, 1992; Andres et
al.1997; Ghali, 1999) and for both developed and developing nations (Kormendi and Meguire,
1985; Scully, 1989; Lee and Lin, 1994; Lin, 1994).3

Thus, the theoretical challenge is to construct a model that can explain the positive, nega-
tive, and fuzzy relationships between government size and economic growth in a single setting.
This paper aims to present such an analytical framework to eliminate discrepancies between
theoretical and empirical studies.

We construct this analytical framework based on Romer’s (1990) endogenous growth model.
In this model, R&D activities that increase various intermediate goods drive long-term growth.
The final good is produced using a continuum of intermediate goods and productive government
spending financed contemporaneously by a flat-rate capital income tax. Our analysis also builds
on Jaimovich and Rebelo (2017) and Arawatari et al.’s (2018) approaches. We assume that
agents have heterogeneous R&D ability, with an endogenously determined cutoff level. Agents
whose abilities are below the cutoff disregard innovation and become workers.

Similar to Barro’s (1990) model, a change in government spending has two opposing effects
on economic growth in our model. First, high government expenditure increases monopolistic
profits and thus stimulates entry of intermediate-good firms, indicating a positive effect on
long-term growth rate. Second, high government spending indicates a high tax rate, depressing
the net benefit of R&D and indicating a negative effect on long-term growth rate. Therefore,
our model generates an inverted U-shaped relationship between government expenditure/GDP
ratio (government size) and economic growth, similar to Barro (1990). Moreover, the inverted
U-shaped relationship holds regardless of the presence or absence of heterogeneity in ability.

Then, how do heterogeneous abilities affect the relationship between government size and
economic growth? Figure 1 illustrates the answer to this question.* The solid and dashed lines

illustrate the relationship between government expenditure/GDP ratio and economic growth

3Facchini and Melki (2013) provide a detailed literature review on empirical studies on the growth effect of
government expenditure.
4We will discuss this figure in Section 4.
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Figure 1: The relationship between government size and economic growth rate. The solid line
shows the graph of the heterogeneous-ability economy. The dashed line shows the graph of the
homogeneous-ability economy.
rate in the heterogeneous- and homogeneous-ability economies, respectively. Both graphs differ
numerically, though they show an inverted U-shaped relationship. This inverted U-shaped
curve has a flat top in the presence of heterogeneity. The flat top illustrates that a change in
government size has a limited impact on growth. This result suggests that heterogeneity may
be a source of a fuzzy relationship between government size and long-term economic growth.
We analytically derive the inverted U-shaped curve with a flat top (though Figure 1 shows our
calibration results). Thus, heterogeneity’s ability to generate a flat top or fuzzy relationship
can be easily explained.

If we assume that agents are homogeneous, then government expenditure’s positive or neg-

ative impact uniformly affects R&D incentives. As a result, government size and economic



growth have a normal inverted U-shaped relationship. If agents have heterogeneous R&D abil-
ity, then government expenditure size non-uniformly affects their occupational choice. When
government expenditure/GDP ratio is sufficiently low or high, R&D’s net benefit is small, with
only high-ability agents becoming entreprenecurs. Thus, cutoff level changes affect high-ability
agents’ occupational choice. Given that this impact is relatively large, a change in government
size significantly impacts economic growth. In contrast, when government expenditure/GDP
ratio is moderate, a change government size generates occupational changes for low-ability
agents. Hence, the impact on economic growth is small. Therefore, an inverted U-shaped curve
with a flat top depicts the relationship between government size and economic growth rate in
the case of heterogeneous-ability agents. This flat top explains the positive, negative, and fuzzy
relationships between government expenditure/GDP ratio and economic growth rate.

We calibrate the model to U.S. data and empirically confirm our analysis. Assuming that
entrepreneurial ability follows a truncated Pareto distribution, our simulation performs an
inverted U-shaped relationship with a flat top between government expenditure/GDP ratio
and economic growth rate under plausible parameter values. A fuzzy relationship exists if
government expenditure/GDP ratio is approximately between 2% and 20%. However, long-
term growth rate significantly increases or decreases when government expenditure/ GDP ratio
is outside this range. The U.S. average general government final consumption expenditure (%
of GDP) is approximately 15%. Thus, our numerical example suggests that the U.S. economy is
on the flat top of the inverted U-shaped curve (see Figure 1). Furthermore, a small government
size change is unimportant to the U.S. economy from the economic growth perspective.

Our theoretical and numerical results provide a new perspective of optimal government
size. Figure 1 shows that the correlation between government expenditure/GDP ratio and
economic growth rate in the heterogeneous-ability economy is not prominent when government
expenditure/GDP ratio is moderate. This finding implies that the debate about government
size is not significant to economic growth rate unless government size is extremely large or

small.



2 Model

Time is continuous and is denoted by ¢ > 0. We consider a Romer’s (1990) endogenous growth
model in which growth is driven by R&D activities that expand the variety of intermediate
goods. Our model differs from Romer (1990) in two ways. First, we assume that government
spending is an input of final-good production, as in Barro (1990). Second, following Jaimovich
and Rebelo (2017), we assume that agents have heterogeneous entrepreneurial ability. Agents
choose whether to become a worker or an entrepreneur, as in Lucas (1978). If an agent becomes

an entrepreneur, then he/she engages in R&D activities to increase her intermediate-good firms.

2.1 Final-good production

The production technology of the final good is given by the following:

Gt o a N l—o .
Vo= (=) - [ 2hedj, e (0,1), ae(0,1), (1)
0

where Y; is the final-good output, G, is the productive government spending, /NV; is the number
of intermediate goods, [; is labor input, and z;; is the quantity of intermediate input j € [0, Vy].
Following Barro’s (1990) model, total factor productivity depends on government expenditure
size, G. Since 6 € (0,1), an increase in the number of intermediate goods, Ny, under constant
government spending, G, lowers TFP. We can interpret this relationship as a congestion effect.
In this model, a larger N, is associated with a large economy size. Therefore, an increase in Ny
under constant G; lowers TFP due to the congestion associated with the public goods. € param-
eterizes the degree of congestion associated with productive government spending (Turnovsky,
1996).

Assume that the price of final good is normalized to unity. The final-good sector is com-

petitive, and final-good producers maximize after-tax profits as follows:

; Gt 0 Ny ) ' Nt '
7 =(1-—m7)- (E) 1y -/0 zjy odj _/0 Pjizied) — wily o, (2)



where 7, is the capital income tax rate, p;, is the price of the intermediate good j, and w; is

the wage rate expressed in terms of final-good units. The first-order conditions are as follows:

ol G\ L\ .
p— . — 1— — —
0 e (=) (N) () Vi, 3)

87th Gt o Ne lt ol ;
Ut = _= — dj. 4
o, 0 & w=u«o (Nt> /0 o j (4)

Equation (3) implies that larger government expenditure shifts the inverse demand curve for

intermediate goods upwards. Given that the final-good sector is competitive, the value of 71'{

is zero in equilibrium.

2.2 Households

Consider a representative “large” household composed of heterogeneous agents. This assump-
tion avoids the complexity involved in managing asset holding distribution. A unit continuum of
identical households exists. Thus, the representative “large” household consists of L infinitely
lived agents with identical preferences. Following Jaimovich and Rebelo (2017), we assume
that agents in the representative household’s agents have heterogeneous entrepreneurial ability,
h € [Mmin, Pmaz)- This variable follows a cumulative distribution F'(h) that is continuously

differentiable. The utility of the representative “large” household at time s is given as follows:

[e%¢) (Ct)l_a 1 (- )
f— ————— . S dt
Us = /s 1 e : (5)

where ¢; is the final-good consumption per agent at time ¢, p > 0 is the time preference rate,
and o > 0 is the inverse of inter-temporal substitution.

Each agent in this representative household owns intermediate-good firms. Let nj,; denote
the number of intermediate-good firms that an agent with ability A owns. Then, the aggre-
gate number of intermediate-good firms is given by N; = f,ﬁ:’i’: nptLAF (h). Assume that the
intermediate-good sector is monopolistically competitive.

In each period, each agent chooses whether to become a worker in the final-good sector and



receive the labor income w; or become an entrepreneur and receive the monopolistic profits
earned by intermediate-good firms. If an agent with ability A becomes an entrepreneur and
engages in R&D activities, then he/she can invent §K;hdt new intermediate goods at time
interval dt and obtain a permanent patent for each. The presence of K; represents the knowledge
spillover (Grossman and Helpman, 1993). The law of motion for ny,; is given by n, = 0Kh -
(1 —Ip4), where I,; = 0 holds if an agent with ability h becomes an entrepreneur and I, = 1
holds if he/she becomes a worker. Then, the dynamics of the number of intermediate goods is

as follows:

hmaz hmaz
Nt = / nh7tLdF<h) = (SKt * / h * (1 - Ih,t)LdF(h) (6)

hmin h'min

Each unit of the intermediate good is produced with 17 > 0 units of the final good as variable
costs and £ > 0 units of the final good as fixed costs. From Equation (3), the after-tax profit

of the intermediate good j is as follows:

Gt ’ 1—
i =(1—7)- {(1 — ) (E) 27" = mzjs — f} ) (7)

Each agent receives a monopolistic profit m;; from the intermediate-good firm that he/she
owns. The representative household as a whole receives fONt m;+dj. The household’s flow budget

constraint is as follows:

hma:l:
Lov+ by = riby + / w LI, dF () + / 70, (8)

hmin 0

where b; denotes the real bond holdings of the representative household and r; is the real interest
rate. To simplify, we assume that agents with identical ability own the same initial stock of
intermediate-good firms and that all agents have zero initial bond holdings.

Given by, np 0, and Ny, the representative household maximizes (5) subject to (6)-(8). Ap-



pendix A demonstrates that the usual Euler equation holds as follows:

s 1
ﬁ:g-(n—p) vt > 0. 9)

Ct

Appendix A also demonstrates that all intermediate-good firms produce the same quantity® as

follows:

SN

6

G\ @ 1—

zjg =W (ﬁt) =2z, U= #. (10)
t ’r]cx

Therefore, all intermediate-good firms have the same value, given by the following:
vy :/ mee Jerudugg, (11)
t

Threshold ability h; makes agents indifferent between being a worker and being an entrepreneur.
Agents with ability A < h; become workers in the final-good sector, whereas others become

entrepreneurs and engage in R&D activities. Thus, threshold ability h; satisfies the following:
Wy = VtéKth:. (12)

The left- and right-hand sides of Equation (12) are the opportunity cost and benefit of being an
entrepreneur, respectively. Equations (7) and (11) imply that a change in the capital income
tax rate, 7, affects m, and v; and hence influences the agents’ occupational choice based on the
size of tax burden and government expenditure, G,.

In equilibrium, the number of workers (the labor supply for final-good production) is given
by l; = {1 — F(h})} L, and the number of entrepreneurs is given by F'(h})L. Therefore, Equa-
tion (6) can be written as N, = 6K, L [ h;m‘”” hdF(h). The following discussion assumes that

K; = N; (Grossman and Helpman, 1993). Then, the growth rate of N, is given by the follow-

5Since all intermediate-good firms produce the same quantity, hereafter we omit the subscript i.



ing:

N, hmas o
N =L /h hdF(h) = ¢(hy). (13)

*
t

High h; indicates few entrepreneurs and less R&D activities. Thus, the growth rate is a

decreasing function of hj.

2.3 Government

Government spending is financed contemporaneously by a flat-rate capital income tax. Given
that the final-good sector is competitive, 7rtf = 0 in equilibrium. Hence, tax revenue is given by

7Ny /(1 — 74)%. The government’s flow budget constraint at time ¢ is as follows:

Tt
Gt -

—1—Tt

. Ntﬂ-t- (14)

We assume that the government controls the tax rate to maintain the ratio of government
spending to GDP constant over time. Let g, = G;/Y; denote the ratio of government spending
to GDP (hereafter referred to as government size), which is constant over time, that is, g, =

g €10,1] ¥t > 0. Then, Equation (14) is written as follows:

Tt Ny

t

gzl—Tt

2.4 Equilibrium dynamics of h;

The equilibrium conditions for the asset, final-good, and labor markets are respectively given

by the following:

b = 0. (16)

}/;f = LCt + Nmzt ‘I— th + Gt' (].7)

SNote that m; is the after-tax profit of an intermediate-good firm.

10



L = F(R)L+(1—F(h)L =1+ (1— F(h))L. (18)

We assume a closed economy. Thus, the net supply of real bonds is zero as in Equation (16).

Pertaining to the steady-state equilibrium, we make the following two assumptions:

Assumption 1. § < min{a, ca}.

a(l—a)

Assumption 2. £ < U a0 Q%Lﬁ H{a(l —a) — g}

Assumption 1 holds if government spending elasticity with respect to output, 8, is sufficiently
small. Assumption 2 holds if intermediate-good production’s fixed cost is sufficiently small.
Assumptions 1 and 2 ensure the existence of a steady state with positive growth and 7, € [0, 1].

Then, Appendix B demonstrates that the tax rate that satisfies the government budget

constraint is given by the following:

n o= J . (19)

Moreover, 73 € (0, 1] holds when A} € [A(§), hmas). Appendix B also gives the definitions of h(g)

and II(h;; g). In what follows, we concentrate on the case of h; > h(g) in which the government
budget is balanced. Appendix B also demonstrates that the equilibrium dynamics of threshold

ability h; is given by the following:

signh—i =sign{h; — RHS(h};9)}, (20)
t

where

p+ap(hi) |

RHS(hi;9) =

11



2.5 Steady-state equilibrium

To ensure the existence of a steady state with a positive growth rate, we propose the following

assumption:

a—=0
. 3 ~ ap _ 1 0¢ @
A La(l—a) {l———>— 4 g t = : :
ssumption 3. a(l — «) { (e 5 g > Toh. 9 =31 \a_9

Assumption 3 holds if the size of representative “large” household, L, is large and ensures
the existence of a steady state with a positive growth rate.
Define a steady-state equilibrium as an equilibrium where Ay is constant over time. Based

on Equation (20), the steady-state threshold ability, h**, is characterized by the following:

h** = RHS(h*;g). (22)
Given that h*® is a function of government size, we express it as h**(g) in the following propo-
sition:

Proposition 1. Suppose Assumptions 1-3 hold. A unique steady-state equilibrium with positive
economic growth exists, and T, € [0, 1] if and only if § € [Gmin, Gmaz|, WheTe Gmaz and Gmin satisfy

RHS(hmaxa gmzn) = RHS<hmam; gmax) = hmax-

For the proof, see Appendix C.
When government size is not extreme such that § € [Gmin, Gmaz], the threshold ability h**(g)

is smaller than h,,.,. Thus, certain agents become entrepreneurs and positive growth is possible.

3 Relationship between government size and economic
growth

The previous section indicates that a relationship exists between government size, g, and the
growth rate, ¢(h**(g)). This section examines the effects of a change in government size on

steady-state growth rate. Note that as F'(h) is continuously differentiable, h**(g) and ¢(h**(g))

12



are also continuously differentiable. Appendix D demonstrates the following:

dp(h*)
dg
SLI* F(h*) { e }
- ) = '
% [a(l—a) (1 (h*s {aa%—a (1-—a)+g- {(gF(h*s)> —1}]

(23)

Assumption 2 ensures ol — «) — g > 0. Thus, the denominator of the right-hand side of
Equation (23) is positive. Therefore, the sign of d¢(h**)/dg is the same as the sign of the

numerator of the right-hand side of Equation (23). Thus, Lemma 1 can be proved.

Lemma 1. Suppose that Assumptions 1-8 hold. A unique g™ € (Gumin, Gmaz) €Tists such that
g* = gthres F(h*s(gthres)). Then we obtain the following:

do(h™*(9))
dg

z 0& g ; gthres.
For the proof, see Appendix D.

Lemma 1 implies an inverted U-shaped relationship between government size and growth,
as in Barro’s (1990) model (see Figure 2). A change in the government size has two opposing
effects on economic growth. First, government expenditure shifts the inverse demand curve for
intermediate goods (see Equation (3)), thereby increasing the monopolistic profits earned by
intermediate goods and promoting R&D activities. This positive effect increases the long-term
growth rate. Second, larger government spending indicates higher tax rate, which depresses
the net benefit of R&D. This negative effect prevents R&D activities and decreases economic
growth rate. When government size, g, is initially small, the positive effect dominates the

negative effect because government spending’s marginal productivity is high, and vice versa.

13
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Figure 2: Inverted U-shaped relationship between g and ¢(h**(g)).

3.1 Homogeneous-ability economy

Equation (23) indicates that the magnitude of the relationship between government size and
economic growth rate depends on the distribution of ability, F'(h). We consider a homogeneous-
ability economy in which all agents have the same ability h>0to highlight the role of hetero-
geneity in entrepreneurial ability.

Hereafter, the variables with superscript H denote those variables for the homogeneous-
ability economy. Denote the fraction of workers in the homogeneous-ability economy by ¢, €
[0,1]. Then, the growth rate in the homogeneous-ability economy is given by ¢ = (ﬁL(l —qr).

Denote the steady-state fraction of workers by ¢*. Then, Appendix E demonstrates that

the tax rate that satisfies the government budget constraint is given by the following:

H = J :

Furthermore, 77 € (0,1] holds when ¢, € [¢(7), 1]. Appendix E also gives the definition of ¢(g).

In what follows, we concentrate on the case of ¢; > ¢(g) in which the government budget is

balanced. Appendix E also shows that the equilibrium fraction of workers in the homogeneous-

14



ability economy, ¢*, is characterized by the following:
h=RHS"(¢";9), (24)

where

p+ oo™ (q) |

Pertaining to the steady state, we propose the following assumption:

RHS"(q;9) =

(25)

Assumption 4. a(1 — «) - {1 - m} —g > 20

The definition of g* is given in Assumption 3, which corresponds to Assumption 4 in the
heterogeneous-ability economy. Assumption 4 holds if L is large enough and it ensures the
existence of a steady state with positive growth.

Given Assumptions 1, 2, and 4, Proposition 2 below can be proved.

Proposition 2. Suppose that Assumptions 1, 2, and 4 hold. A unique steady-state equilibrium
with positive economic growth exists, and 77 € [0,1] if and only if g € [gH,,, g2 ..], where gH ..

and glt,, satisfy RHS™(1;gt,) = RHS™(1;31,,) = h.

For the proof, see Appendix F.
This proposition corresponds to Proposition 1 in the heterogeneous-ability economy. Then,

Appendix G demonstrates the following:

51

q*

QI

do™ (q*)
dg

-

5L/f;q*-{ ’
ac+a(l—a)+g- {(;L)H —1}

Assumption 2 ensures a positive denominator of the right-hand side of Equation (26). Therefore,

the sign of d¢?(¢*)/dg is the same as that of the numerator of the right-hand side of Equation

(26). Then, Lemma 2 can be proved as follows:

15



thres,H c (

Lemma 2. Suppose that Assumptions 1, 2, and 4 hold. § gi. gH ) such that

~thres,H *(

g* =g q 7th7"es,H)

g . Then we have the following:

do™ (¢ (9))
dg

thres,H

AIV

0257
For the proof, see Appendix G.

3.2 Comparing the heterogeneous- and homogeneous-ability economies

We now compare the heterogeneous- and homogeneous-ability economies to highlight the role
of heterogeneity. A comparison of Equations (23) and (26) indicates three differences between
these economies: (i) the terms F'(h**) and ¢* of the two equations, (ii) the terms h* and
I in the numerator of the two equations, and (iii) the first term in the denominator on the
right-hand side of Equation (23). The first difference is not fundamental. Both F'(h**) and ¢*
are the steady-state values of the fraction of workers. The second difference shows that in the
heterogeneous-ability economy, the impact of government expenditure tends to increase with
threshold ability h**. Government expenditure affects economic growth through its impact on
agents’ occupational choices with the threshold ability. The second difference also suggests
that high-ability agents’ occupational choices have larger impacts on growth than those of low-
ability agents. The third difference is the most important. Using Equation (19), we rewrite the

first term in the denominator of Equation (23) as follows:

F () £ )g] - g o -

s [0 () 7

Therefore, when 7 € [0, 1], this term is positive. Equation (27) implies that the shape of the
distribution function of ability determines the impact of government expenditure on economic
growth in the heterogeneous-ability economy. Note that F'(h*®) is the density of agents with
threshold ability. Therefore, the third difference suggests that when the aggregate size of
threshold ability, h**F'(h**), is large, government expenditure tends to have a large effect on

economic growth.

16
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§mm gﬂh&n gthres gthres,H grliaac gma:c

Figure 3: The relationship between government size and economic growth rate.

These differences between the homogeneous- and heterogeneous-ability economies produce a

different relationship between productive government expenditure and economic growth. Hence,

the following proposition is obtained:

Proposition 3. Suppose that . > h and h is sufficiently large. Then, we obtain the follow-

mg:

. — _H _H —
(1) Gmin < Imin < Imaz < 9mazx-

(ii) max; ¢ (¢*(g)) > max; ¢(h**(g)).

For the proof, see Appendix H.

The condition that h,,.. is sufficiently large implies a long-tailed distribution of ability.

Therefore, Proposition 3 shows that when ability has a wide distribution, the graph of ¢(h**(g))

is wider (Proposition 3(i)) and lower (Proposition 3(ii)) than the graph of ¢ (¢*(g)) (see Figure

The following proposition also holds.

17



Proposition 4. Suppose that limy,, . 100 PmazE (Rmaz) # 0 and hpe, is sufficiently large.

Then, we have the following:

40(*(3)) 10 @) _ oo e g |
dg g=39maxz dg o Fomar

dp(h**(g)) do™ (¢*(9)) _ _(=H  =thres,H

s L =V >(0Vge gles ],
o N G720 Y9 € in, T

For the proof, see Appendix I.

Proposition 4 suggests that the impact of government expenditure on economic growth
in the heterogeneous-ability economy is larger than that in the homogeneous-ability economy
when government expenditure size is sufficiently small or large (see Figure 3).

The condition that h,,.. is sufficiently large indicates a long-tailed distribution of ability.
The condition limy,, . s1c0 PmazF' (Rmaez) 7 0 means that the number of high-ability agents is
non-negligible. This relationship implies a fat-tailed distribution of ability. A combination the
above two conditions leads to a long- and fat-tailed distribution of ability.

Propositions 3 and 4 imply that the heterogeneity of entrepreneurial ability plays a key role
in the effect of government expenditure on economic growth. In the presence of agents’ hetero-
geneous R&D ability, the linkage between eonomic growth rate and government size is depicted
by an inverted U-shaped curve that has a flat top for various government spending/GDP ratios.
On the one hand, when government expenditure size is sufficiently small or large, it tends to
have a large effect on growth (Proposition 4). On the other hand, when it is moderate, the
impact of government expenditure size on growth is small (Proposition 3).

The intuition of Propositions 3 and 4 is as follows. Note that when government expenditure
is small, the demand for intermediate goods is low (see Equation (3)). Furthermore, when
government expenditure is large, the tax rate is high. Therefore, sufficiently small or large
government expenditure size leads to a small net profit of an intermediate-good firm. Thus, only
high-ability agents become entrepreneurs. Entrepreneurial ability follows a long- and fat-tailed

distribution. Hence, high-ability agents’ occupational choices significantly impact economic
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growth. This condition results in a strong relationship between government expenditure size
and economic growth.

By contrast, when government expenditure is moderate, threshold ability h; is sufficiently
low. Note that under the long- and fat-tailed distribution of ability, low-ability agents’ size is
not sufficiently large. Therefore, low-ability agents’ occupational choices have less impact on

economic growth.

4 Quantitative analysis

Section 3 demonstrats that when the entrepreneurial ability follows long- and fat-tailed distri-
bution, the relationship between the size of government and the growth rate is depicted by
an inverted U-shaped curve with a flat top. This section shows that the flat inverted U-shaped

relationship is obtained under plausible parameter values.

4.1 Distribution function

We assume that the entrepreneurial ability follows a truncated Pareto distribution as follows:

1— (hmm/h)a

F(h) B I (hmm/hmax)a.

(28)

where a > 1 is a shape parameter and A, and hpae (Bmae > Rmin) are the lower and upper
bounds of ability, respectively. The truncated Pareto distribution is a typical example of a fat-
tailed distribution. Therefore, when h,,,, is sufficiently large, the above distribution function
implies a long- and fat-tailed distribution of ability. Thus, the condition in Proposition 4,

limy, . ioo Pmae F' (Bmaz) 7 0, is satisfied.

4.2 Calibration strategy

We now calibrate the model to perform the effects of changes in government size on the growth

rate of homogeneous- and heterogeneous-ability economies. Our calibration strategy is based
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on Jaimovich and Rebelo (2013) and Arawatari et al. (2018).

Heterogeneous-ability economy

First, consider the heterogeneous-ability economy whose model features structural parameters
{a,0,n,&,0,p, L, hypin, hnaz, a, 8} and the policy instrument g € [0, 1]. We set the labor share
in the final-good production to 60% (o = 0.6). We assume that ¢ = 2 and p = 0.01, which
are conventional values. The size of the representative “large” household is normalized to 1
(L = 1). We normalize the marginal cost of intermediate-good production to unity, (n = 1),
and its fixed cost is not extremely large (£ = 0.0001). Without loss of generality, we set the
lower bound of ability to 1, h,.;,, = 1. Finally, we assume that 6 = 0.3.

Three conditions are needed to pin down the values of the remaining three parameters: the
upper bound of ability (Ama:), the shape parameter of the truncated Pareto distribution (a),
and the strength of knowledge spillover, 6. We calibrate the values of these parameters based

on the following three empirical facts of the U.S. economy:

1. Average annual GDP per capita growth rate is about 2%, and the ratio of the average

general government final consumption expenditure (% of GDP) is approximately 15%.

2. According to the U.S. Census Bureau’s “2017 SUSB Annual Data Tables by Establishment
Industry,” the largest 1,100 U.S. firms with more than 10,000 employees employ 37,739,206
workers in 2017.7 The U.S. had 5,996,900 firms and 128,591,812 workers, indicating that

the top 0.018% of U.S. firms contributed 29.348% of total employment in 2017.
3. Similarly, the top 0.336% of U.S. firms contributed 52.908% of total employment in 2017.

Before calibrating { A4z, @, 0}, consider the relationship between the size of intermediate-
good firms and entrepreneurs’ ability. Following Jaimovich and Rebelo (2013), we assume
that the intermediate-good and the final-good sectors are vertically integrated. Thus, that

intermediate-good firms hire workers to produce the final good. Now, let sj,; = nj /N, denote

"Source: https://www.census.gov/data/tables/2017/econ/susb/2017-susb-annual.html. (Accessed on April
14, 2020)
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the share of intermediate-good firms owned by an agent with ability A, and assume the following:

s . nh70 h
hO =
" No o LM hdF(h

(29)

This assumption implies that intermediate-good firms’ initial ownership is distributed among
entrepreneurs in proportion to their ability. Under this assumption, we obtain ny/ns: =
¢ (h*(g)) Yh € [h*® hpa|. Hence, the share of intermediate-good firms owned by agents,
Sht, remains constant over time.® Then, recall that intermediate-good firms are symmetric
and produce the same quantity. Thus, the number of intermediate goods owned by an agent
is proportional to the number of workers he/she employs. Therefore, the total employment is
proportional to the entrepreneur’s ability.

We calibrate {h,q., @, 0} as follows. Total employment is proportional to the entrepreneur’s
ability. Thus, the abovementioned three empirical facts of the U.S. economy are written as

follows:

1. ¢(h**(g =0.15)) = 0LH (h**(g = 0.15)) = 0.02.

hmam hmam
S, hdE (h) Sl aF(h)
S S =0. 29348 where hl satisfies T = 0.00018.
Sy hdF (h) [lmas AP ()
flmes hdF (h) e AR ()
) ]fmaz— = 0.52908, where h, satisfies T = 0.00336.
S hdF (h) [lmes AP (h)

Using an iterative process, we compute {hnqz,a,d} to satisfy the above equations. Then,
we obtain @ = 1, § = 0.0016, and A,., = 46,141,337.° The calibrated value of h,,., seems

sufficiently large. Hence, ability has a long-tailed distribution.

8From (13) and (29), we obtain
. h hmaz
Ao _ Ok _ 6L/ hdF (h) = ¢ (h**(§)) Yh € [, hias] -
Th,0 Sh,0 *s

This implies that nj,; grows at the same rate as Ny, and the share of patents, sj ¢, remains constant over time.
9Under these parameters and g = 0.15, our model indicates that the top 0.018% of firms employ 29.3% of
workers, and the top 0.336% of firms employ 53.2% of workers, which fit well with the U.S. data.
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Homogeneous-ability economy

Next, we consider the homogeneous-ability economy whose model features structural param-
eters {«,0,n,&,0,p, L,5,ﬁ} and policy instrument g € [0,1]. We use the same parame-
ter values as those in the heterogeneous-ability economy, except for h. Given these param-
eters, we choose h. Thus, the steady-state growth rate under g = 0.15 is 2%, that is,
o (q*(g = 0.15)) = 5EL(1 — ¢*(g = 0.15)) = 0.02. This condition yields h = 236, satis-

fying Proposition 3, hAee > h.

4.3 Results

Figure 1 shows the effect of changes in government size, g, on the growth rate of both heterogeneous-
and homogeneous-ability economies. Both economies have an inverted U-shaped relationship
between government size and economic growth rate, similar to Barro (1990). However, the mag-
nitude of these relationships significantly differs when government size is not extremely large

or small. In the homogeneous-ability economy, government size strongly impacts growth. As
government expenditure/GDP ratio increases from 5% to 20%, economic growth rate decreases
from 4.14% to 0.59%.

On the contrary, the effect on growth in the heterogeneous-ability economy is significantly
weak. We find an inverted U-shaped relationship with a flat top between government size and
economic growth. Thus, as government expenditure/GDP ratio increases from 5% to 20%,
economic growth rate decreases from 2.12% to 1.88%. This reduction is much smaller than
that implied by the model of the homogeneous-ability economy model.

This result agrees with Propositions 3 and 4. Heterogeneity in ability generates the inverted
U-shaped relationship with a flat top between government size and economic growth. This result
suggests a new insight into the magnitude of the effect of government size on growth, though

this relationship is consistent with Barro’s (1990) findings.
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4.4 Implications

Barro (1990) shows in his seminal paper that economic growth (and welfare) maximizing level
of the government expenditure/GPD ratio is equal to labor share using a simple AK-style
endogenous growth model with productive government expenditure. This result implies an
optimal government expenditure/GPD of approximately 0.7, and most countries’ government
size is below the optimal level. Subsequent theoretical studies have modified Barro’s (1990)
model in several ways and found that the optimal government expenditure/GPD ratio is much
lower than that induced by Barro (1990). Based on these theoretical results, several empirical
studies have estimated the optimal government size in each country. The debate about the
optimal government size has been one of the big issues in economics.

The present study provides a new perspective on the optimal size of government. Figure 1
shows that the correlation between government expenditure/GDP ratio and economic growth
rate in the heterogeneous-ability economy is not prominent when the government expendi-
ture/GDP ratio is moderate. This finding implies that the debate about government size is
unimportant to economic growth rate unless government size is extremely large or small. For
example, our numerical results in Figure 1 suggests that the U.S. economy is on the flat top
of the inverted U-shaped curve, and a slight change in government size is unimportant to the

U.S. economy from the economic growth perspective.

5 Conclusion

This study presents an analytical framework that can explain the positive, negative, and fuzzy
relationships between government size and economic growth in a single setting. Using an
R&D-based endogenous growth model, we show that a long- and fat-tailed distribution of en-
trepreneurial ability plays a key role in generating an inverted U-shaped relationship with a flat
top between government expenditure/GDP ratio and economic growth rate. We also calibrate
the model to U.S. data and show an inverted U-shaped relationship with a flat top between

government expenditure/GDP ratio and economic growth rate under plausible parameter val-
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ues. Our theoretical and numerical results suggest that the debate about government size is

unimportant to economic growth rate unless government size is extremely large or small.
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Appendix

A Utility maximization of households

The first-order conditions of the utility maximization of representative household are given by

¢ o =ML, (A.1)
A
Zj,t . (1 — Q)Q (i) l?2j7t =1, (AQ)
by /I\t = (p—71) s, (A.3)
G\’ .
Ny AN-(1—7)- {(1 — ) (ﬁ) lf“z]lv:‘;‘ — NZN,t — 5} = —( + ple, (A.4)
¢

1 if )\twt > Ct(5Kth
]h,t . ]h,t - (A5)

0 if )\twt S Ct(SKth

where \; and (; are the co-state variables associated with the budget constraint and the law of
motion for V;, respectively.

From (A.2), we know that all intermediate-good firms produce the same quantity, as shown
in equation (10). Since all intermediate-good firms are symmetric, we can eliminate the sub-

script j from z;; in what follows. Substituting (10) into (A.4), we obtain

Ny

v~
¢

A(L—7) {<1 ) (9) 1z — §} R (A.6)

J/

Let us define v, = (;/ ;. Substituting (A.3) into the above equation, we obtain v, = v + my,

which has the following solution:
v :/ e I Tudi g, (A.7)
t

Therefore, 1, represents the value of an intermediate-good firm.

In equilibrium, the threshold ability h; makes agents indifferent between being a worker
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and being an entrepreneur. Thus, from equation (A.5), h; satisfies w; = 1,0 K;h}. From (A.2),

all intermediate-good firms produce the same quantity:

0 2
G\ 1 —a)e
Zth:\I] (Fz) ltEZty \I/EQ

nE
[ |
B Equilibrium dynamics
B.1 The Euler equation
Inserting (10) and (18) into (1) yields
(%
= () par
G\’ G
_ 't « e e
_ @W)@Nw QW> ;
G 0
= NP <Fi) LF(h}). (B.1)

Using (B.1), we rewrite into the equilibrium condition for the final-good market, (17), as

G
Nt\I]lfa (ﬁt

t

0 6
o G\ @
) LF(h}) = Le, + Nyp (F’f) LE(R}) 4+ N + Gy, (B.2)

t

We define ¢, = ¢;/N;. Differentiating this equation with respect to time and inserting (9)

and (13) into it yields

Gl ) - ol (B.3)

Cy

Dividing both sides of (B.2) by NV;, we obtain

o = (§) F (e - £ 7S (B4
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Inserting the definition of g, G; = gY;, into (B.1) yields

)
Y, = (gY)aN,® U'°LF(k})

o VT = GENT LR

Y o a)
L= g e {LF (k)5 (B.5)
N,

Note that Assumption 1 ensures that the final-good production is an increasing function of the
size of government, g, and the labor input, LF(h}).
Using (B.5), we obtain

G §¥, o atw
= = 9\1} a—0 La o (hX)a
N, N 7 (h)=

(B.6)

Inserting (B.6) into (B.4), we rewrite the equilibrium condition for the final-good market as

& = (U= ) F(h)gee U e Lo F(h))as

1 o a(l-a
_é__.gm\l/ = 9)La BF(h*)

L L
o SOV e e “]Lﬂ TE () —%
- \pia(al__ea) _(\Ill_a —nW)ge-o HWM — ga ] La GF(h*) — %
a(l—a) [ 1—a 0 —(1—0() * « 5
= \Ij a——0 (\Ij —n\If)ga—Gq] ga 0:| La BF( t)a—@ —z
= e [(1 - pue)gat — gﬁ] Lo F ()= — %
— VT ga [a(2 — a) — g) La F (k)"0 — % (B.7)
Differentiating (B.7) with respect to time yields
5% a(l—a) 0 _ _0 « * _6 /! * * h:
a = Ve gaidfa2—a)—g| L. - F(hi)a=o F'(h{)h; - —
a—10 hi
a(l—a) 8 ) .
QU o= [a%0 F(ht)a%o gaso PR R
— a2 —a)—g}  — L. L, B.8
- =l =ab oy .
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Inserting (B.8) into (B.3), we rewrite the Euler equation as

1 *
. (re — p) — ¢(hy)
a(l—a) 0 0 *\ Lk ]

_ i ‘ a\I} a—0 Laaﬁféht>aﬂga0 ) {a(2 _ a) _ g} ) F/(ht)ht ht

B.2 Occupational choice

Inserting (10) and (B.6) into (12), we obtain

0(l—a)

G ’ a— —Q G “ —Q
w, = a(ﬁ) N1t <Fi) I}

0
G\ @
= a(ﬁ) A S

6(1—a)

__6_ 0O -
= Oéga79\I/ a—0 La79 F(ht)afe Nt\I/

al—a) o o 0
= a\I] a—~0 gafaLa79F(h:)oc79Nt'

Recall that we assumed K; = N;. Using (B.10), we can rewrite equation (12) as

a(l—a) 2}

Taking logarithms and differentiating both sides of (B.11) yields

0 F'(h)hi hi o I

Vi h,zk ’

a—0 F(hy) h

Using the definition of 14, (A.3) and (A.6), we obtain

no_ G M
Vg G At
A

— == (p-n)
¢
= Tt—;.
t
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(B.11)

(B.12)

(B.13)



Inserting (10) and (B.6) into (7) yields

- (-7 |-

= (1—7)|¥l™

= (1—7)[wt-e

a(l—

G\ . ..
(- - () LF@»—4
{(1 =) = U™} geow =" La F (k)0 LF (k) — €

o)

= (1-7) [vFa(l - a)g LT (h) 7 — ¢

= (1—m) [I(Ay;

where

II(hf; 9)

9) —¢l

a(l—a) «

= 0% a(l — a)ge—s La=s F(h})a.

From (B.13) and (B.14), we obtain

i . (1—m) - {ll(h};9) — &}
Vg ! y .
Then, (B.11) implies
1 oh; _ ohy _ (1= a)LF(h;)dhy
Vy 04\1’0453*1:9&)gﬁLﬁF(h:{)ﬁ ik 9) f1(#:9) |

(1—a)LF (i)

Inserting (B.17) into (B.16), we have

vy

_:/r't_
Vg

(1—=7)(1 —a)LF(h})oh; {11(h;;9) — &}
I(h}; 9) '
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(B.15)

(B.16)
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Inserting (B.18) into (B.12) yields

0 F(h)hi\ B (1= 7)(1 = a) LF (h})oh; {T1(h};g) — &}

- IO L A, ¢)° . (B.19)
a—0 F(hi) ] By I1(hi; g)
B.3 Government budget constraint
Using (B.5) and (B.14), we can rewrite the government budget constraint in (15) as
_%gqla(l::>L%9F(h*) o _
n=1 e AR J . (B.20)
Mg~ ¢ 1= (1- )
[1(h7; g)
Note that Assumption 2 implies
9 <1 and 1-— #_ >0, (B.21)
Ck(l . Cl{) (1 _ 5 ) H<hmamag)
H(hmam; g)

Since II(h}; g) is an increasing function of A}, and II(h,,,; g) = 0, Assumption 2 ensures the

existence of a h(g) € (Mmin, Pmaz), Which satisfies the following condition:

g
a(l—a) (1 _ m>

When Ay € [h(7), himaz), ¢ € (0, 1] is satisfied. In what follows, we concentrate on the case of

=1 (B.22)

hi > h(g) in which the government budget is balanced.

B.4 Equilibrium dynamics

Equilibrium dynamics is characterized by (B.9), (B.19), and (B.20). Eliminating r; from (B.9)
and (B.19), we have

o I(hj;g) . F'(hp)h; 0 F'(h)h] By
& a-oi-wr P ey Y TR G |
(1 = 7)(1 — ) LF(h})%; {T1(h;9) — €}

- i —{p+oolh)}.  (B23)
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Using the definition of II(A}; g), we can rewrite equation (B.7) as

¢ =

11(5;9) {e(2 - a) — g} — a1l —a)¢

a(l —a)L

Inserting (B.24) into the left-hand side of (B.23), we have

a1l —a)L g o Fh
[Hw;g) 02 —a) g} —all—a) (@a—0)0 e @79 50
L0 Fmh hy
AT TR }h_
_ L Pk [ oall(h;g)-{a-a)—g} T\ I
- {1 ) [mh;;g) {a2—a)— g} —a(l—a) "” N
B {1 L1 P [wa — Ok 9) - {a2— ) — g} + af(1 — a>5] } iy
a =0 "F(j) (ki 5) {02 —a) — g} — a(l — a)é =
— I(h:5) Z— (B.24)
where
L F(h)h: (oo —O)(hi;g) - {a(2 — a) — g} + af(1 — )
PG =14 05 Ty | Mg {a@—a) =g} —ali—ay | &%
Finally, inserting (B.24) into (B.23), we obtain
D(hi:g) - Z—
(1= )(1 = a)LE(R)oh; {TL(h;; §) — €} *
- T — {p+ ook}
(1)L - Q) LF(h)s {TI(h}; 3) — €} [h* B (ks 9){p + oo(h)}
(ki 9) CT A=) = a)LF(h)0 {I1(h; g) — €}

(1 —7)(1 — a)LF(h;)d {II(h; g) — £}

hi —

I1(h;; g)

p+op(hy)

a(l—a) (1—%) -g

a(l—a) (lfn(h#j;y))

(1 — a)LE(h})d (1 -
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_ (A-n)A - a)LF(h)o{TI(hi9) — &} |, p+aod(hy)
II(h}; g) ¢ ¢ 1 LF(h})o
(et -a) (1- ey ) -} 20
(A =7)d =) LE(h;) {I1(h}; ) — &} . -
= s 9) -lhy — RHS(h};9)], (B.26)
where
RHS(h::g) = p+o9(hi) (B.27)

o= (1- i) -9} 0

Finally, we show that the steady-state threshold, h**, is characterized by h** = RHS(h*"; g).
Recall that we concentrate on the case in which the government budget is balanced, i.e.,

hi > h(g) (see equation (B.22)). Then, the definition of A(g) implies

II(A(g); 9) {a(2 — @) — g} — a(l —a)§
= all(h(9); 9) + a(l — a) - {II(A(g); ) — &} — TI(R(g); 9)g
= oII(h(7); 9)

> 0.

Therefore,
II(hi;9){a(2 —a) — g} — a(l = )¢ > 0,

holds for any h; > h(g). Under Assumption 1, this implies I'(h};g) > 0. Moreover, (B.22)
implies II(h(g);g) > & Since II(hf;g) is an increasing function of hy, II(h};g) > £ Vh] €

[h(g), hmaz) holds. Therefore, under Assumptions 1 and 2, we have

h*
signh—fk =sign{h; — RHS(h;;9)}.

t
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\h% < Os ny 0
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— — : > I}
O hmin h(g) h*s(g) hmaa:

Figure C.1: Steady-state equilibrium.

C Proof of Proposition 1

The steady-state threshold value of ability, h**(g), satisfies (20). From (B.22) and (B.27), we

obtain
ORHS (hi
( t) < 0’
ohy  h;e(n(@) hmaz)
lim RHS(h;;g9) = +oc.
ht Lh(g) (hi:9)

Therefore, if e > RHS(hpmas; G), there exists a unique h** € [hpin, hmae] that satisfies
hi = RHS(h**(g);g) (see Figure C.1).

Now, we derive the condition for h,e. > RHS(hmas; g). Equation (B.27) implies that

hnae > RHS(Bomae; ) < A(g) > L;f , (C.1)

where

A(g)zaa—a)-{l—m}—g. (C.2)
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From (C.1), we have

19 0
H<hmax§g)2 ‘ a—0 .
a(l —a)b 19 1

a—0 . H(hmam§§) ' 5

N(g) = a(l-a)-

: H(hmax; g) —1

Q|

_1,

0
oa—0

v _04(1—05)9‘ 19 . o
Vi) = O (i) +

_ a(l-—a) ¢ ~(1+ 0 )

. H(hmaza g)

QI
w_/

Q| —

a—0 H(hmax7§)§2 a—10
(1 —a)f 13
(Oé - 8>2 H(hmar; g)QQ

Let us denote the maximizer of A(g) by g*, which is given by

e a(l —a)b 1S 1 B
Mgn=0 & = =% U(hmas; §°)  G* b=0
o a(l —a)h¢
Il )G = ——F—
<:> (maaﬂag)g a—9

a(l—a @ o 1 -
o U a(l - a)(g) i LS = %

‘«Y(l*a) o o 6&
= \Ij a—0 a* a—@La—G =
(%) -

a—0
o \Iflfag*L: < 0§ >
a—0

o ¢\
9 = giap " \a_9¢ ’

Therefore, A(g) has a unique maximum point.

Using (C.2), we obtain

lim A() = a(l—a){l— S _)} — o,

g—0 limg—m H(hmaz; g
A1) = a(l—a){l—ﬁ}—1<0,

max)

Assumption 3 ensures A(G*) > ap/Ldhpa,. Therefore, there exists a unique 0 < Gpin <
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0 > g
gmin §* gmaz \1

Figure C.2: The range of g in which the growth rate is positive.

Gmaz < 1 which satisfies RH S (hmaz; Gmin) = RHS (hmaz; Gmaz) = Pmaz O B**(Gmin) = M (Gmaz) =
hmaz (see Figure C.2). Finally, equations (13) and (C.1) imply that A*(g) < hpe. and
¢(h**) > 0 for any g € (Gmin, Gmaa)-

The above shows that there exists a unique steady-state threshold value of ability, h**(g),
for any g € (Gmin, Gmaz)- Since equation (20) implies that the steady state is unstable, the
economy is always in the steady state equilibrium. Since h**(g) > h(g), 7 € [0, 1) is satisfied in

the steady-state.

Q.E.D.
D Proof of Lemma 1
D.1 The derivation of equation (23)
Differentiating (13) with respect to g yields
8¢(h*s) _ xS T/ (1 %8 dh*s
5o = L) S (D.1)
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From (22), we have

ORHS(h*;9)

dh* g
dg ~ | _ ORHS(h™;g)’ (D-2)
ah*s
Using (B.27), we obtain
ORHS(h*;9)
99
o p+op(h*)
¢ \? LE(h*)5
l—a)(1-—> ) —g} .22
att-) (1- i) -7f 25
£ o 1 _
1—a)- : LTRSS g) — 1
x{a( a) =52 a—0 3 (h**; )
R e S
M1—@(1—m§@>—g a-— (h**;9)g
Using the definition of g* in Assumption 3, we obtain
all —a)el 1 _a(l-a)se 1
a—0 (k™ g)g a—0 ol —a){UleLgF(h)}ar
B 1 1 €6
(P} (oL} o=
g\
= : D.4
(5#0) (>
Inserting (22) and (D.4) yields
. P
orusurey) ., (i)
— = —h*®- : : (D.5)

Next, differentiating (B.27) with respect to g yields

ORHS(h**; g)
ah*s
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1

o ()} (2%

y [a(—n(sLh*SF'(h*S) . {a(l —a) (1 _ ﬁ) _ g} . W

—(p+a¢(h™)) - {04(1 —a): H(hfs;g)z ' aie ’ ?é]?:)) (R 9) -

ooy o) )

LF(h**)5

«

1
«
*SLF/ AT
X {aéh (h™*) —LF(h*S)
%S, = 1 —O{ Lo /(7. %8
FRHS(0°35) 7 h*s { e 70
¢ \ LF(h*)s
#latt =) ( ) 1
h*sF/(h 5)
F(h*s)

Oé(l - Oé) <1 - H(hgs;g)) -9

R i (= R (L (e B

h*sF/(h*s) a(l B a)ge 1 }
. —_ g .

_ Fh) . ~
= {O‘““‘(l S V1Y)

OZ(]_ - Oé) (1 - H(hgs;g)> - g

(D.6)
Inserting (D.4) into (D.6), we obtain
h*SF'(h*?) ) _ _— g* ﬁ _
aRHS(h*S7g) - F(h*s) |:OCO'+OC(1 Oé)"_g {(gF(h*S)> 1}:| (D 7)

Oh*e - a(l — a) (1 — ﬁ) — g

Finally, inserting (D.2), (D.5), and (D.7) into (D.1), we obtain

PP ) .
= OLh™F'(h"™)- a(1=0)(1- mesg; ) =9
dg h*;f;ii’;ﬁ)‘s) ) {acr+a(1fa)+g.{(#z*s)>ﬂ 71”

1+ —
a(lfa)(lfm)fg
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SLh* F(h*) {( A }

F(h*s ~ B o :
h*sfm(hls) : [Oz(l —a) (1 — ﬁ) — g] + [aa +a(l—a)+g- {(gF(h*s)> _ 1”

D.2 An inverted U-shaped relationship between g and ¢(h**)

Next, we show that there is an inverted U-shaped relationship between g and ¢(h**). Since
Assumption 2 ensures a(l — ) — g > 0, the denominator of the right-hand side of (23) is

positive. Therefore, we have
0 < g ZgF(h™). (D.8)
Since h**(Gmin) = B**(Gmaz) = hmaz (See Lemma 1), we have

gman(h*s(gmzn>) = gmmF<hmam) = gmzn < g*,

gmamF(h*s(gmam>> - gmamF(hmax) - gmax > g*

Therefore, there exists at least one §""** € (Gimin, Gmaz) such that g* = gtres F(h*s(g"hme*)) (see
Figure D.1).
Next, we prove the uniqueness of g"¢*. Note that (13) and the definition of "¢ implies

dh**(g)/dg|s—gtnres = 0. Therefore, we obtain

d{gF'(h*(9))} _th g _th dh**(g)
— F h*S TES resF h*s res .
dg gzgth'r'es ( ( )) ( ( )) dg gzgth'res
— F(h*s( thres))

> 0.

Therefore, gi"es, which satisfies g* = g *sF(h**(g'"v**)), is unique. Moreover, h**(g) is a
U-shaped function of g (see Figure D.2). Finally, (13) implies that the growth rate of N,

®(h**(g)), is a monotonically decreasing function of A**(g). Therefore, we can conclude that an
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Figure D.1: Existence and uniqueness of gthresh,
h*S (g)
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hma:l)
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Figure D.2: U-shaped relationship between g and h**(g).

inverted U-shaped relationship exists between g and ¢(h**(g)).
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Q.E.D.

E Equilibrium dynamics in the homogeneous-ability econ-

omy

E.1 The Euler equation

We retain the notation used in the heterogeneous-ability model as far as possible. Most of
the first-order conditions in a heterogeneous-ability model can be applied to the homogeneous-
ability model. Note that F'(h}) in the heterogeneous-ability economy is replaced by ¢;. When
F(h}) = q; holds, we obtain

G _ F'(hp)h;

qt B F(’ﬁ)

Then, the Euler equation in (B.9) can be rewritten as

a(l—a) 0 2 0
1 I I 1 a\IJ a—0 La—H qtaiaga—ﬂ _ th
—(rH = p) - = . Ha2-a)—g}- = E.1
— (= p) =07 (a) 7 - {a(2—a)—g} ” (E.1)

where ¢ (¢*) = §Lh(1 — ¢*).

E.2 Occupational choice

In an equilibrium with both workers and entrepreneurs (i.e., ¢; € (0, 1)), the threshold condition

in (B.11) is replaced by

a(l—a) _0 o~
QU e gaa Laagi? = v oh, (E.2)

where /7 is a ratio of the co-state variable associated with the budget constraint and the

co-state variable associated with law of motion, i.e., vfT = ¢F /A
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Taking logarithms and differentiating both sides of (E.2) yields

0 d_n_ N

SO E.3
a—0 ¢ v ¢ (E3)
where the second equality comes from the definition of v/.
When F(h;) = ¢ holds, (B.18) can be rewritten as
' 1 —7H)(1 — a)Lq:6h {117 (q;: ) —
ﬁzrf_( 7)( a)Hqt 7{ (a::9) — &} (B.4)
Ve 11 (g:; 9)
where
17 (g 3) = "o a1 = a)ges Leog; .
Inserting (E.4) into (E.3), we obtain
0 d_ g (=70 a)Ladh {11 (a:g) — ¢} (E£5)
a—=0 q K I (q4; ) ‘ |
Then, (B.20) is replaced by
= J . (E.6)

)
all—a) (1 - =——
( ) ( I (g5 g)
Since M (Amae; g) = 17 (1; ), Assumption 2 implies IT7(1;g) > ¢ and

g

Recall that 117 (g;; g) is an increasing function and I1(0; g) = 0. Therefore, Assumption 2

< 1.
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ensures the existence of ¢(g) € (0,1), which satisfies the following condition:

9

_1, (E.7)
'3
ol - a) (1 - HH<g<g>;'g>)

when ¢; € [¢(7), 1] and 7/ € [0,1) hold. In what follows, we concentrate on the case of ¢; > q(9)

in which the government budget is balanced.

E.3 Equilibrium dynamics

From (E.1), (E.5), and (E.6), we obtain

) H H(, .~
H N 4t _ (1_Tt )(l_a)LQt(S{H (Qtag)_g}' /E—RHSH G
(@:9) " (g 5) [ (a:9)|
where

{a(l —q) (1 _ m) _g} . ngg’

a(l—a)

M(g:5) = U a(l—a)garLasg ",
o~ L [loa=0)"(g;9) {a(2—a) =g} +ab(l —a)f
Mo = | i g et ] O

Similar to our approach in Appendix B, we can obtain I'(¢; g) > 0 and 1% (q;;5) > £ Vg, €

[q(g),1]. Therefore, under Assumptions 1 and 2, we have

sign% = sign {ﬁ — RHS"(qy; g)} : (E.8)
a

The equilibrium fraction of workers in the homogeneous-ability economy is characterized by
h=RHS"(¢": 7). (E.9)

Q.E.D.
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F Proof of Proposition 2

Here we similarly follow the proof of Proposition 1. The steady-state fraction of workers, g¢*,

satisfies (24). From (25) and (E.7), we obtain

ORHS™(q,)
dq q:€(q(9),1)

lim RHS"(q;;9) = +oc.
+49(9)

< 0,

Therefore, if h > RHSH(1: §), there exists a unique ¢* € [0, 1] that satisfies h = RHSH (¢*; g).
Next, we derive the condition for h > RHS®(1;3). Note that II(Amaee: §) = 117 (1: §) holds.

Then, (25) implies

h>RHS"(1,5) & Ag) > % (F.1)

where the definition of A(g) is given in (C.2). Then, Assumption 4 ensures A(g*) > ap/ Lbh.
Therefore, there exists a unique 0 < g, < gif < 1 that satisfies RHSH (1;gH, ) = RHS"(1;g%,.) =
hor ¢*(g2,)) = ¢*(g,,) = 1. Finally, (25) and (E.9) imply that ¢*(g) < 1 for any g €
(gh. . g ), and it implies that the growth rate of N;, ¢(h*®), is strictly positive for any
9 € (Grins Fmaz)-

The above shows that there exists a steady-state fraction of workers, ¢*(g), for any g €
(gH...g ). Since equation (E.8) implies that the steady state is unstable, the economy is

always in the steady-state equilibrium. Since ¢*(g) > ¢(g), 7" € [0,1) is satisfied in the steady

state.

Q.E.D.
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G Proof of Lemma 2

Since the steady-state growth rate is given by ¢ (¢*) = 5[@(1 — ¢*), we obtain

oot (q*) o~ dg*
5 ——5Lh-d§. (G.1)

From (E.9), we have

—ORHS" (¢ 9)

dq* 0g
= G.2
dg  _ORHS"(q":g)’ (G2
oq*
Using (25), we obtain
ORHS"(¢%9) _ p+o¢™(q)
o7 ¢ ) }2 Lq*s
al—a)(1-=>—) -3} .
{ t=a ( M (gg)) 7 a
f 6 1 H/i x. =
1—a)- : ST (g% g) — 1
X {a( a) (g g2 a—0 3 (¢";9)
_ ___ RAS"(g:y) {“(1 —a)0 1 1}
a(l - a) (um) —3 a—0 (¢~ 9)g
(G.3)
Using the definition of g* in Assumption 3, we have
a(l —a)él 1 ol - )8l 1
a—0  T"(¢*9)g a—0 ol —a){Wl-eLjg}as
o 1 €0
{gq*}ﬁ {\I;lfaL}ﬁ a—10
7\
= | = : G4
(&) 9
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Inserting (G.4) into (G.3) yields

ORHS"(q"9) _ 4 (ggT> Sl .
Next, differentiating (25) with respect to g yields
ORHS"(¢*;9)
aq*
B 1
= 2 I\ 2
o= (1= ) -9 - ()
~ Lq*o
X [a(—1)5Lh- {a(l —a) (1 - HH(f]*.g)) - g} : i
1 Lq*é
o) ol -0 b 2 )
Lé
o= (1= ) o 2]
_ 1
o1~ 0) (1~ i) ~ 9
~ a
X [a(ShL Y
/% « all —a)é Lo
1 1 Lé
fott=o (1= ) -2 2]
E*
B a(l —a) (1 T g)> -3
a(l —a)é 1 £ _
g [aﬁa. o= Tigig) {a(l_a) (1_ HH(q*;9)> _QH
b a(l —a)él 1 }
= — d . + ol —a)+ . — — g .
a(l—a) (1—%)—@ [(w =ty M(g5g) 7

45



Inserting (G.4) into (G.6), we obtain

i . _ g* ﬁ .
ORHS"(¢;5) @ [O‘UJFOé(l a)+g- {(gq ) 1}] oo
oq* T . - : _
q al=a) (1= i) =9
Finally, inserting (G.2 ), (G.5), and (G.6) into (G.1), we obtain
~ (g;)ﬁfl
h . 99
o™ (¢*) N a(l— a)(1_nH(§]*'§))_g
—— = O0Lh-— @)
dg ql*[aoJra(lfa)Jrg.{(%)ozfefl}:|
a(lfa)<1fm>fg
5L/fzq* . {(;;)”‘9 _ 1}
B (G.7)

{aa—l—a(l—a)—i—g {(g)“ie—l}]

Next, we show that there is an inverted U-shaped relationship between g and ¢ (¢*(g)).

Since Assumption 2 ensures a(1l — «) > g, the denominator of the right-hand side of (G.7) is

positive. Therefore, we have

do" (¢*)
dg

*

> _

AV

99" (G.8)

Then, we show the existence and uniqueness of gtes# ¢ (gf. g ) such that g* =

thres,H ,

g Hy (gthres,H)

. Since ¢*(g2,,) = ¢*(g,,) = 1, we obtain

gmznq (gmzn) = ggzn < g*7

gman (gmax) - g”f’l[al' > g*7

Therefore, the intermediate value theorem implies that there exists at least one gt"esf ¢

(gn}{ma gTI;LIam) such that g = gthr@s Hq* (gthres,H)'
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From the definition of gt""¢$# we have
d {gq* (g>} — q* (gthres,H) + gthres,H X dq* (g)
dg g:gthres,H dg gzgth'r‘es,H
— q* (gthres,H>
> 0.

Therefore, g""**H is unique and there exists an inverted U-shaped relationship between § and
o™ (q*(9))-

Q.E.D.

H Proof of Proposition 3

Note that huag > h implies ap/(L6h) > ap/(LShmaz). Therefore, from (C.1), (F.1), and Figure
3, we obtain gy, < g, and g2 < Gimae-

Next, we show that max; ¢ (¢*(g)) > max; ¢(h**(g)) when h is sufficiently large. Note
that the §™* and g"*>H are defined as g* = " F(h**(§?"**)) and g* = gihres:Hg(gthres:H),

respectively. Using the definition of g* in Assumption 3, we obtain

%)
0 a
H(h*s( thres)’gthres> — \Plfa ( )LF(h*s< thres)) . ( ée) 7 (Hl)
o —
0 0
HH(q* (gthres,H>; gthres,H> — \Ifliaa(l o Oé)Lq* (gthres,H) . (a _56) ] (H2)
Since
hmaz
¢(h*s( thres)) — (SL/ hdF(h) > (5Lh*s thres {1 o h*s thres))},
h*s(gthv‘es)

holds, (20) and (21) imply

p+05Lh*s thres {1 . h*s thres))}

—thres LF(h thres 6
{Oé(l — Oé) . <1 - I(h** (g thfps) gthre8)> - gth } %
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Rearranging the above equation with g'"v¢* = g*/F(h**(g"""*)), we have

RO > ey e () 0 el )

Next, let us consider the case of a homogeneous-ability economy. Equations (24) and (25)

imply

/}; _ p—l—U(SLﬁ X (1 o q*(gthres,H))

_ La* (gthres,HY)§
{a(l - a) ’ (1 - HH(q*(gthT‘ef,H);gthres,H)> — thres,H} . Lot (@ — )

Rearranging the above equation with gt*res# = g* /¢*(gthe>H), we obtain
¢ (gt = 1 : [ =+ (1 + 9) 7+ aa} (H4)
a{(l-—a)+ao} [Léh 0

Therefore, from (H.3) and (H.4), F(h*(g" ) > ¢*(§"°*¥) holds when h is sufficiently
large.
Finally, we show that max; ¢ (¢*(g)) > maxy; ¢(h**(g)). From the definitions of gtres:H

and g'"**, the following equations hold:

max o (G) = (g (G"eT)) = 6Lh - (1 — ¢ (g"es ),

hmaz

max ¢(h™(g)) = ¢(h™(g""*)) = oL / hdF(h) < 6Lhyag - (1 = F(h™(g""))).

h*s (gthrcs)

Since F(h** (")) > ¢*(g""**H) holds when h is sufficiently large, max; ¢ (¢*(7)) > max, ¢(h** (7))

holds when  is sufficiently large.

Q.E.D.
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I Proof of Proposition 4
First, let us show that

d¢<h*s<g)) < d(bH(q*(g)) S 0 vg c [gthres,H gH ]

dg g=Ggmaz dg

holds when Ay, is sufficiently large. Since h**(Gmaz) = hmaz holds, (23) is rewritten as

dp(h™*)
dg

gzgmaz

(o3

s {7 1)

_ _ ok ﬁ ’
hmazF}(hmaz) . |:Oé<1 — Oé) (1 - —H”»,némaa:)) - gmaw] + |:OCO' + Oé(l — Oé) + Imazx * {<giaz) — 1}]

where

a(l—a) _0

Hlim(gm‘w) = H(h*s(gmax)vgmax) =W a0 04(1 — Oz)@%g;[/ﬁ.

=lim

From (C.1) and Figure C.2, there exists g € (0, 1) such that Gmae, — girr as hpee — +00,

max

and {(g* /glim )@ — 1} < 0. When limy, . 1o fomas F (lmae) # 0, we obtain

lim M = —00. (1.2)
Rmaz—+00 dg J=Gmaz
Since
H( *(=
oS d¢ EZ] (g)) S 0 vg S [gthre&Hagnqax]?

is obvious, we can conclude that when h,,,, is sufficiently large, equation (I.1) holds.
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Next, we show that

do(h*$(g Aot
¢( dg(Q)) . > w > 0 vg c [gmm’gthres H] (13)

holds when h,,,; is sufficiently large. Since h**(Gmin) = Pmaz, (23) is rewritten as

dp(h™*)
dg

g=3gmin

S LA {(gg:n)ﬁ" - 1}

_ _ N ’
hmazF}(hmaI) ' |:Oé<1 B O{) (1 - lem(i?mzn)) o gmln] + |:OCO' + Oé(l o Oé) + gm’LTL ' {(gfnzn> B 1}:|

where

a(l—a)

lem(.@mm) = H(h*s(gmzn)vgmm) =W a0 a(l - a)gngLa 0.

From (C.1) and Figure C.2, there exists g/ € (0, 1) such that g, — g7 as Ayper — +00,

and {(g /glim ))m — 1} > 0. When limy,, s+ 00 Pnaz F' (Rmaz) # 0, we obtain

mwn

do(h*s(a
T Ao ) TN (15)
hmaz—>—+00 dg G=0min
Since
d H( *(=
0 S ¢ il(.]g (g)) < +00 Vg c [gmmjgth'res H]

is obvious, we can conclude that when h,,,, is sufficiently large, (I.3) holds.

Q.E.D.
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